Chapter 1

Mathematical Preliminaries

1.1 Notations

R™ the set of all n-dimensional real walued column vectors ©
(R™)*: the st of all n-dimensional rea valued row wvectors w* that is
called covector.
An element w* £ [R")* defines a linear map from R™ to R through inner
product:
G

n

fwf vy =t = [y - W] | P | =Y Y

_tlln 1=

Smooth Vector Fleld: smooth mappinge from R® to R® = n-tuples of
smooth functions stacked 1n column

Smooth Covector Field: smooth mappings from R” to [R™)* = n-tuples
of smooth functions stacked in row

Let A be a mapping from R™ to R [a scalar field)

Gradient or Differential (dA): a covector field of the form

A [8}« oA a}a]

dhi= g = Jr, 91, o,



Jacobian of a vector field f:

s |28 %
“ fxy  Gzg (=1
dr : R

Oz,  O=g ry

Lie derivative of a scalar field A along a vector field f: directional derive-
tive of Ain the direction of f

= (el flah) = (o) = 3 5

Lie derivwative 1= a scalar feld.
Eoce:

}.g(ﬂ?] :ﬂ?f = Llf}'-g = 3Ty
Mot atlons:

dl Ly A
) g
LiA:=Lp---Li A
k
Lie bracket [product): another vector field

[, d(w) = adyg:= Lyg— Lo f = 2 fla) - L ofa)

LE‘LJ”}' =

B
1) f, g constant = [f,g] =10
1 [fy4 =0= Lyg=L,f = [, ¢ commute
i) f, g linear vector fields, f = Fr, g = Gx
[figllz) = Lrg— L f = GFx - FGr = (GF - FGlx

(=0 i F, G commute as matrices)



Netation:

adigla) = [/, [y [, olll = [, adi~ gll )

Propeeition: Lie brackst

1. ie bilinear

[rfu+rafay ] =mlfy @] + 73z 41
[fiyrg +rag] =nlh, el +ralf, 9l

2. 18 skew commutative

[f:.q]:_l-_q:lﬂ

3. satlsfes Jacobl 1dentity:
s Levell+ (o oy S+ [, [ 9]l = 0

Proof: Exerclses
An Interpretation of Lie Brackst

Casze I

for { € [0, Ldt
=) Erie B
Case I1: |I]| o [lefi]
r) tor =
”“““"‘3':{:?’(:@ for € [y
1
x+§dtf(x) . (x+1 it ()
o~ 2
\\x&dtf(x)+1dtgx+1dtf(x)):x+dx(f g¢)
oS xa Laitg(®)+ Lot (x+ Latg(x) =x+ a9 )
3

vaTeternr fOCHLdta(3)



Take the diflerence:
o4 drlD _ (34 dalel) = dal o) _ galad)

~la 161+ o+ “dtf() - o) - flot %af@ixﬂ]

o) + o) + L) o)k = a) — fi) - %tm}g{m)édﬁ]

—

mﬁd:ﬁ

1 d d 1
=qar |27 | = Jaetsg

Denvative of a covector fleld w along a vector field f: ancther covector

field I T y
Lyofs) = 174 (g) rafa) L

Propeeition: o, &, A: real valued functions

1.
Loy Alz) = (LyAlz))odz)

2.
[aof, Aallx) = e 2) =)l 9)(2) +{ Ly @)} el 2) gl @) — [ Lo 2) ) (2] £ ()

Ly glx) = L Lylz) — LoLy Alz)

Lo fws] = o 2] fl2)( Lpwlx) ) HE (21 wiz], fla]dede)+ Ly flx) ol 2)wx)
L,d)() = dL M=)

Lyiw, gile) = (Lpwla), ooy +{wlz), [, gl <)



Proof: 1)

Lt Ma) = Sala) 1) = 2 fla)alz) = (L, o) ala)

Other proofs are left as exercises.
Linear change of coordinates is defined by a linear map ping

z=Tr

where ¥ 1z a nonsingular # ¥ 7 matrix.
Nonlinear global [local)] change of coordinates is defined by a vector field

z =%z

that iz a global {local] diffeomorphism:
1) # 1) ie globally (locally) invertible, Le. there exdste afunction &1 z]
such that
F$z)) =1 ¥Yze RMU C R
1) % z) and $-1(z) are both smocth mappings on R*(U C R™).
Propeeition: Suppose #{1) 1= a smooth vector field defined on some U

R". Suppcee the Jacoblan matrix of € 15 nonsingular at a pont ¢ = 2°.
Then, on a suitable open set UF C U, containing 2%, ¥{x) defines a local

difleormorphizm.
Ex
Ao I i o 2 2
[ = B, 1, = in 2. YrE R
Jacoblan: %
711
dr | 0 cosas

has rank 2 at 22 = (0, 0). Indeed, % definee diffeormnorphism on

a
e = {'Iﬂ?uﬂ?z:' D]y <2 5}

For any st ¥V 00 U & 12 not diffeomorphiam becanse it 1= not injective
[oneto-onel.



1.2 Distributions

Suppose fi,---, fz are [smooth) vector fields defined on U7 C R™.
Define {smooth] distribution:

D) = span{ filx),-- -, fal2)}

= { fle] = alz) fil2)+-- toalx) falz), mlz), -, ael2) emooth scalar fieds].

Given £ € U, Alx) is a subspace in R™.
Mot ations:

Lo (A 4 Da)(z) = Dalx) + Aalz)
2. (A0 Sg)la) = fqlx)ndalx)
3. A D Ag i Aqlx) D Aglx) for all @
4, fe At fla) e Alx) for dl o

Suppoee Fis an n ¥ n matrix whose columne are smocth vector fields.
Then the distribution defined by n columns of Fis the image space of
the matrix F:
Alx) = Im{Flx)).

Dimdfx) =rank of Flz)

Ex: ' = R*
I T I
)= { 4o (L4l o ]
1 Iy I
0
M) :spcm{ 1+ ]} it x =10
1

&l{;v]:spm{{lf:val,{i]} if o, #10
1 0

If &y, By are smooth, &y + Ay 1s smooth.
Heowever, & 0 &g may not be smocth although Ay, A are smooth.



Ex:

141

() :,spm{ )

}

i ” Ll 1) :,s;mﬂ{

(10 Aa)la] = {{ﬂﬂl}(:t:]l oo n Lo

Definition: A is nonsingular if 3d such that

dmiAfx))=d ¥rel

A singular distribution is also called a distnbution of variable dimension.
A point 2° € TV 1s regular if there exasts a nbhd & of 2° on which & is
nonsingular.
A nonregular point 2° € &7 15 called singular.

Ex:
) M Iy
Frl= |14z (14+m)m
1 Ta 0

1 it E] =1
The set of singular points 1s {o € R* 12y = 01,

Lemma: Let & be a smooth distribution and 24° a regular peoint of 4.
Suppoee dim[2(2°)) = d. Then there exdst an open neghborhood U of 27
and a et { f1,---, fal of smooth vector fields defined on U with the property
that

1) the vectors fix],---, fil ) are linearly independent at each ¢ U°

1) Alx) = spand filx), -, fil2)} at each 2 £ TP,

Moreover, every smooth vector field 7 € A can be expressed, on {7, as

dim(4() = { o7

d

miw) = 3 ale) i)

where cy[x),- -+, c4( %) are smooth scalar fields defined on U,
Lemma: The set of al regular points of a distnibution &, defined on U,
1= an open and dense snbset of V.



Lemma: Let &y and A be two smooth distributions, dehined on U, wath
the property that A is nonsingular and Aq(x) C Aqlx) at each points 2 of
a dense subeet of {7, Then A, C A

Lemma: Let &y and Ay be two smooth distributions, dehined on U, wath
the property that £y s nonsingular, & C Az and 2y (x) = Agle) at each
points T of a dense subset of U7, Then &y = A,

Lemma: Let 2% be a regular point of Ay, Mg, and &y N Ay Then there
exdsts a nbhd U7 of 42 such that the restriction of &y 0 Ay to £ 12 smooth.

Dief: Mvis involutive if

MELMATRENA = [7,T) E A

Fact: #: nonsingular, 7, € & =

o,
o
T
|
R
G)
e
G)

Then TFAE
a] M e 1nvelntlve
B [ file & ¥i<r1<d
_ g;*ank(ﬁ[ x) - falz)) = rank{filz) --- filz) [f, flz)) ¥r ¥1<
jp_ of: {a = b] Obvious
(a

b)
[TijTﬂ] = [i;':ffh id;f;] - ZZ[C i ;

= Zd;i; (Lm-fl-d;'f;' - Ln‘jfj C.‘f) Z;E; (CM ff‘ﬂf’ - dCIf o f;)
“EE[(p o) [pee)

— ;; (C.' dlfiy 1] + il L) £ — di{ By i) f.':l

(a & c]l Obaicnz.




Exl:
&o=spand fi, fab  (+#)

2132 1
fiiét‘]':{ é ] fz(ﬂ?h[ﬂ ]

dims =2 1for all e R

where

00
[, fall2) = [ 00
01

2, 10
Tﬂﬂkl{f1fg[f1,fg]}||:$j|:?"m.k|: 1 0 U]:S

0 ﬂ?g].

= A not inwelutive.

Bx2: U={zcR*:ai+2i# 0} =R*\ {ze R*: 2 = (0,2, 0]}

&= spand fi, f2}

i) —I
Silz) = { -1 falz) = [ — 0%, ]

dimA=21tcrall e IF
-1 0 0 T oo 2 -1 —d1,
[f,fallz)=1] 0 -2 0 -1 |-|00 0 —ir, | =
0 o1 0 o oan Ty

rank fi f2 [, f2])lx) = mnk[ -1 —2r, 2

where

= Ade involutive.



Fact: Anyone dimensional distribution is involutive [ f, = fand [y, fi] =
o).

Fact: Ay, Ay nwlutlve =0 Ay 0 Ay involutive

However, & 4 & may not be invelutive even it &y, &; are 1nvel utive

Ea: Consider (##). Let A=Ay + A where

Sy = spand fi} £ = spand fa)

g, Byt nvolutive
&vonot invelutive
Def: codistribution:

Alx) = spanfa(a], -« - el 2]}

Given £ € U, () 1= asubspace of (R)*.
Def: Annihilator (A4(x)) of Alx):

AE) = Jwr e (R {wt,vh = 0% € Alx))

a codistribution.
Def: Annihilator (04 x)) of Qx):

OHz) .= {v e R™ :{wh, vy =0 ¥wt € Qz)]

a distn bution.
Fact: the annihilator of a smooth distribution may not be smooth.
B

&= span{r}
|
Ly [0} Hx#0
ﬂ‘m_{ﬂ* if =10

= not amocth.
Fact: the anmhilator of a nonsmooth distribution may be smocth.

B
&ﬂa:}l:spm{[i ” ﬂ,g[;r]l:spaﬂ{ }

10

141
1




&0 Ay onot smooth

ot =BTy §2

stooth because it is spanned by
w =(1-1)
wy =1 —(1—m))
Properties:
L dim&+dimat =n
2.5 D A AL C AT
3. [Ag 0 &gt = Af + At
Suppose & = spanfcolumne of F}. Then
AMa) = (€ (R Fla) = 0)
Suppose [l = span{rows of W}, Then
Otz) ={ve R : Wixh = 01 = ker{Wix))

The similar lemmata to distribution hold for codistribution.

Lemma: Let 1° be a regular point of smooth A, Then 2° 18 a regular
point of AL and 3 nbhd €7 of 2° such that the restriction of At to UP 1z a
smeoth codistribution.

& nonsingular distributlon =

Alz) = span{ fi2) -~ fal)}
where fi, ++-, fi are smooth vector fields.
At smooth, nonsingular, dim At =n—d= At = spanfw (2] - waoalz)}
Then
(il He)y =0 VI<i<d 1<i<n—d Yo P

or

wil 2] Flz] =0 [+

11



where
Flz) = [filz) -+ falz]].

Suppose one secks the solution of (+) in the form of exact differential:

— d}'f
’U..'J.- —_— E.
Namely, find n — d linearly independent solutions of

dA; Ay .
ZSlfla) - falal) = S0 F) =0.

Question: When does there exdst the solution to this problem?
Def: A nonsingular & 18 compeletely integrable if, for each 2@ ¢ U, 3
nbhd U® and n — dreal valued functions Ay,--- An_g defined on U such that

spanddiy, -+ dA,_gt = A1 on TP

Complete Integrability? & Cuestion

Frobeniue Theorem: A& nonsingular distribution is completely integrable
ift it 1= involutive.

An Application of Frobenine Theorem

Let 2 be involutive and dAy,---,dAs_g be n— d linearly independent
solutlons to Question at 2P,

Among (2] = &y, -+, (%) = £,, I d functions whose differentials are
linearly independent such that, together with the differentials of A's, form
7 linearly independent covectors. Let ¢y, ---, ¢y denctes the functions thus
chosen and

Pat1(®) = M(@)y- -y P = Anal )
= the Jacoblan of iz)

c=#g=|
$ul)

i& nonsingular at 1” = & local diffeomorphism around 27
Supposs F=TE L = 7= o

. dE
= |4




The last n— d rows of the Jacoblan of & are dA;, -+, dA,_; and epan At
=

Ty (Z]

T.,‘IEE:I

r(g)=| ™

0
For 1< 1 < k,let 2 bea distribu_tion Wi_th dimension d; such that

AR EETRR AT
£y involutive around 2% = 3 A4, 1 <t < n— d; such that
spanddig, -+, dAa_g,} = A
Mg involutive = 3 g, 1<t < 0 — da such that
span{ gy, -+ i} = A7
ML C AT 23 fngiaay e fnody such that
span{diy, o, dAaia, b+ spanddin_g 11, 0y Ginoda} = 7
dCO-rOllar}f: Let £y e D S, Sy's are involutive it 3 a nbhd U7 of 2°
> Aoy AL o A2 R L R
defined on U™ such that
M= spanfdAl, -+, dAL 4]

ﬂql = &IJLI —|—5}‘L}'&?’J/{d}.|1] " d;{';‘f—l—ﬂ‘f}
for 2 <1<k

Invariant Distributions
Notation: [f, &) := spani[f,7], 7€ A}

M1z invariant under a vector feld fif

TEL = [fiTed

13



0
[fialca

Fact: A noneingular: 7 € A =
d
T =Nl

= Als invariant under [ iff
rle s vi<icd
Proof: {=] Obvious

(<)
=974, gm.fﬂ.&f cidr)

_I_ f: +§LJ”:

From the proof of the above fact, notice that

[f, 2] mﬂ{[f,ﬂ] S Uk

Bt

&"i'[f! ﬂ‘] = ﬁ-I—é:,i‘J'{&ﬂ{[f,ﬂ]] ) "J[fjfd]} Z:Qp{&ﬂ{ﬂ,-- 1 Tdy [f!fl]j"'i [f:?-d]}'

Connection between invariance of a distnbution under a vector field and
invariance of a subspace under a linear mapping

V: eubspace of R® such that AV C V [invariant under A)

Let Alx) =T and flz] =

Let 4, -+, % be a basis for V¥ and define

Tilx) = v.
Then f
= - Ln= e v

14



and, thus, & Is invariant under f.

Lemma (*): Let A be a nonsingular involutive distribution of dimension
d and suppose A Is invariant under f. Then at each 27, 3 a neighborhood
U of 2 and a coordinate transformation # = #(x) defined on U7, in which

flz) = [E [1:]']3:@—1(3;. 18 represented by a vector of the form

I fili*a:"'nzﬂ'nzﬂ'-l-in"':zﬂ]l

fl}l‘li'zlj. ":|z|:l':|.-zd+1:l "':Iznjl
rl =
flz) Jipilzap,- - )

Falzasy -+ 22)

Frooh: Assumptions = A integrable
= 3 a neighborhood U and z = #{x) defined on U such that

‘%‘ﬂ'afﬂ’{dqﬁdﬂj B G‘rﬁ#n} = At

Suppoee T = €. Then

rl=-Frn=-g.

Fort =1,---,d, the last n — d components of 7; are 01in # coordinate and,
thus, 77 € A

& invariant under f = For ¢ = 1,---,d, [f,7] € & and, thus, the last
1 — o components of [%[f, ’T"]L—@-J{x} =[f, 7] are 0.

I

iﬁ:n d+1<k<n 1<t <d
2 - - - =

Lemma: Let /A be a distribution invariant under f; and f; Then Als
aleo invarant under [f, f3].

The proof of this lemma is straight forward in view of Jacobl Identity.

Remark: Let srmf(A) be the largest smooth distribution contained in A,

15



For nonsmooth &, A ls invariant under fif
[fysmi{ A]] C A
Since [f, smi{ A)] 1s smocth,
[, smi(L]] C smi{L).
{11 invariant under fif
WE L = wa gl

0
Lt =span{Lyw:we 0 C QL

Lemma: If & is invariant under f, 0 = At s also invariant under f. If
{11z invariant under f, A =01 1= also invariant under f.

16



Chapter 2

Controllability and
Observability

Def: & systemn is (locally) controllable if, for all 4, 21 € R*U C R"), there
exdsts input i« that steers 2o to 4y 1n finite time.

Def: A system ie (locally) controllable to &y if, for all , € RY U7 C R,
there exasts input 4 that steers 4 to 2y 1n finite fime.

Def: A system is (locally) controllable from 4 if, for all 4 € RAU C
R"), there exdsts input « that steers o to 4 in finite time.

Remark: Controllability from the cngin 1s also called Reachability

Femark: For " confinuecus” fime linear systems,

controllability & controllability to the origin & reachability

Def: A system 18 observable if, for all input % and the corresponding
output 4, the initial state 2 18 uniquely determined.

Linear in Input Systems:

by

& = flz) + glalu = flo) + 3 gl

y = hlz)

2.1 Linear Systems

T=Adr+Bu

17



y=Cr

Assnmptions:

1) 3 d-dimensional subspace ¥ of R™ such that ¥ is invariant under 4
(Ar eV, Yz e V)

) Buc ¥V, % c R™

11i] ¥ emallest subspace that satisfies 1) and 1i)

3 Teuchthat z2=Tr =]z - 50 .- 0foralzec ¥V

= TV =R x {0} C R"

Agsumption 1) = TAT 'z TV, ¥zc TV =

x 4, A
R 11 A
TAT ! = 4= 0 A ]
Assumption i) = THu e TV, ¥Yu e R™ =

== [

I

B = -3-1131 + ;1122-'2 +Eﬁ

= 4;12232

1l
Zﬂ[ﬂ — BAJJTZI(DII 4 j;TBAn(T—T}ﬁuBAmrdezmj n VEI'BA”I:T_T}‘Elm[T:IdT
T = EA‘QTEEI{EI]I

1l
Controllable point at #7 from 2{0) = Fx{0) has the form:

ty) = 2t +v

where

i) =eMA01) and ve TV

18



From the linear system theory, it holds that o o
Assumptionill) & TV =Im{BAB ... A" 'B)=Im{B 4,8 .- At
{0} ({controllable subspace)
|l
T&ﬂk{ﬂ ﬁl1ﬂ1 e ﬁf;iﬂj = d
Hence, (A1, B i controllable.

Under Assumptions 1), i) and iii), the set of all points controllable at 4
from (0] is

Spars gy = [FER" 1o =eg{0) +v, v € V}

Thesystemis controllable RV =R ff V = Im[B AB ... A*1Biff
ranklB AB ... A"1B]=n

Azznmptions:

1] 3 & dimensional subspace Wof R™ such that Wis invariant under 4

H Cr=0,%¥rc W

1] Wlargest subspace that satisfies 1) and 1i)

1) and 11} = 3 Tsuch that

"é'.l = 4&.11.3.1 + ;113252 + Hﬁ-
2= 4:1:::433 + Eﬁ
y = Chz

19



& &,

cA Y B

Assumption i) & W= ker . = [0} ¥ ker . [un-
At {:‘jgj%—dq
observable subspace)

1l

&

h A

Tk Q:  l=a-d
Gy Azt

Hence, (€4, Az;) is observable.
Under Assurnptions i), ii) and iii), the set of all indistinguishable points
at £y s
S =T e R rr=alty) +w, we W},

o
: : : <4 _
The system 1= observable it W = [01 it ker ) = {01 if-
C'A-_n—l
&
f rank : = 1.
O An-1

2.2 Local Controllability

Froposition: Let / be a nonsingular involutive distribution of dimension
d and suppoee A is invariant under f, ¢, -+-, §m. Moreover, suppose
spand g,y G b S Then for each 2% 3 a neighborhocd U7 of 27 and
z =%z defined on U” such that

G = Gy G + el Gl

40



tfff:((ﬂ
¥ = A, )

where G = (21,0 -+, ) and 3 = (Zi41,0 -+, 7).

The proct 12 obvious from the "application of Frobening Theorem™ and
Lemma [ *).

For local decompeosition 1n the abowe proposition, /& must

1) be nonsingular

11} be involutive

1ii) contain the distribution A = spand g, -, fml

1v] be invariant under f, g1, -+, g

Question: Minimal such A7

Lemma: Let A be a smooth distribution and 7y, -, 7 vector fields. The
family F of all distributions which are invanant under 7, .-+, 7, and contain
S has a minimal element, which 1s a smeocth distabution.

Proof: Clearly, F # 0 [Exx A =R").

Ny, g B F = ANy D Aand is invariant under 7,00 T = AN A E
F

= A= Macrd O A and 1s invaniant under 77,---, 7, = her=s A
minimal ) ) )

& omust be smooth because A D smi(A) O A and smi(A) s invariant

under 7y, -+ -, .

|
minimal A satisfying 1) and iv)] alwaye exdsts.
Notation: {7j,- -+, T|A¥ The minimal A satisfying 1ii) and iv).
Cuestion: Is {7y, -+ -, 5| &% Invel utive?
Lemnma: Let
2o =2,

g
Sy = D+ 5T, Saca)

Then, for all &, .
L C {ﬂ! Ter 1ﬁi‘|&>'
If 3% such that Age = Agoyq, then

B = {1y ,Tq|£}.

41



Froof: Suppese &y C {7, -, |83 Then

g g
Dy = D 57 ] = Sy + N spand[n, 7] T € Ay

g
C Ly + éjﬁ'ﬂ&ﬂ{[ﬂ',?’] 1TE '::ﬂ, 1ﬁ'|&}} - {:ﬂ, : ":%lﬁ}'

Hence, fa C {71y, |8 = & C{m, -, o) forall &

Moreover, from the above equation, /A = fq C Ay
Mg = Sguyy = Sy is invarant under 7,---, 7, because [1, 4] C

D1 C S for each 1.

Question: When can the stopping condition be met?

Suppose f's are all nonsingular

= diﬂl&k {G‘Hﬂl&k+1 R’_.: ool fy = .-'ﬂ.j,_|_1

= K <n

Suppose some fy's are singular. Then we have the following lemma.
Lemma: 3 an open and dense subset &7* of U7 auch that, for cach o 2 U7

{Tyywe - ,“I'ﬂﬂ}l{d?}l = &n—l(ﬁj'

Proof: Suppose V open set on which &) = &gy (3] for all ze V.
The Proof of Previous Lemma = {71, -+, 7| &3(2) O Sz for adl v € V.
Suppose {7y, -« -, Ty| &4 2) ;&k.[dﬂl at some TE V. Then define

e v [ Al HrxelV
A= {{rf,---,n@:a(:ﬂ gV

TeAC(n, 1By = [, 7] € (e, Tl AN
in V, TE M= A and [’T',':I ﬂ.j;-d] i ﬁ,i;-1_|.1 = M = [*r.,*r]l{:r]l E ﬁ,ﬁ-d(:ﬂj,

Yre V.

= A 3 A (becanse = Ay) is invariant under 7,--+,7, and is "smaller”

than {73, -, 7 2.

= contradictlon = {n, -+, | AY2) = Lpda) for dl o V.
{7i: Regular points of Ay = Uk open dense subset of 7

= [ := n", Ui open dense subset of {7

In a nbhd of every € UF, &g, -- -, Ay are nonsingular.

42



= Sy = {7y, T LY on Ut

Lemma: Suppose & is the span of some vector fields in {7,---, %1,
Then 3 an open and dense subeet U'* of U7 wath the following property. For
each 2 € U*, 3 a neghborhood ¥ of 24° and d vector fielde [with d =
drrmimy, -, T A3 2%)) By, - -, 8 of the form

i = [Uey [troty ooy [th, 1]

where v < A — 1 {which may depend on ] and ,-- -, ¥, are vector fields in
the set {7, -+, 7} such that

{71y, Tl &0 E) = span{ (), -, Gilz)}
for &l re T

Proof: We will prove the lemma by induction.

Ut in the previous lemma. Let dy = diml £g) = dim{ 4.

Assumption = Ag = Als the span of some vector fields in {71,---, 7]
= 3 dp vector fields in {m,---, 7} that span Ao

Let dy = chml 2] and suppose Sy i the span of dy vector fields of

th = [1"?1 [1"?—11 E [1"11 1"'3']]]

where t, - - -, ¥, are vector fields in {m,---, 7}
TE Ly = T=0f 4+,

[T;'l oyt +e - g, by, ] = Cl[ﬂ':l AR "+Cdk[ﬂ'1 gn‘»]""ILrj ey )+ - '+|{L‘rj G B
I
&Fﬁ'+1 = &\‘-‘—i'[ﬂ: ﬁ\‘-‘]"’ . '+[ﬁi':| &-‘-‘] = f’paﬂ{ﬂfj [ﬂ, '9"]:! B [Tq, '9'] i1 E 1 E dﬁ'}
Mgy nonsingular = 3 diyy vector fields of
& = [1"?1 [ﬂf—ll Ty [1"11 1"'3]]]

where vg,- -+t are vector fields 1n {ry,---, %}, which span &y, locally
around .

Lemma: Suppose A Is the span of some vector fields in {7, - -- yTo} and
{71, ,Tp| &) 1 nonsingular. Then {71, --, 7|40 18 involutive,
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Froof: On U, oy, 00 € &,y =
d d
0 = C'}Igfj dq, = C?S,
where &s are vector fields in the previcus lemma. In a nbhd 7 of z,

)

d
[5'-1: '5"2] = [Z;C}'gh 2':?&}] = Sp[&ﬂ{ 'gl':l [lgl-!l '9}] :1 E qk:Ij <_: 'i]'
1= =

Frevious lemma = A,y invariant under 11,---,7
= My invarant under [7, 7]
By induction, A, is invariant under & = [ty, [tery-- -, [ty th]]]

= (8, L] C Bact 2 [0, 85] € Bacy 2 01,0 € Doy
= on U%, [0y, ) € {m, -y | Dy for @y, € (T, -y T Do)
Consider

A= {Thy=-- 1Tq|ﬂ‘> + span{[ '91"] : &y '9;' E{Ty- - 1?;;'|£::']‘

1
A (rye e, mlD)
|
&II:I?]I ={Tyy" - 1qu5‘>|{$]| on U7
{Taye ey T &4 nonsingular = By the lemma on page 8, A={Ty e, A
= [fh, 8] e A=im,-- -l*rq|ﬂ}for all &,8; ¢ {ﬂ,-_--,“rﬂﬂ}
= o0, 0] € {71y - Tg| L) for @, 02 € {11y -y T B
Lemma: Suppose & s the span of some wector helds in {r,--+, 7} and
Hpoy 1s nonsingular. Then {7, - -+, 7| &) is involutive and

{Tij' " :qué"} = &n—i'

Proof: The prodf 1s obvious from the previons lemmata.

Toretap,let 7y = f, 74y = g, ¢ =1,--- ;m, and & = span{ry, -, Ty )
Then

'if:_qu T _t}‘m|f>j5'{&ﬂ{_t}‘1, e 1_'?"-"4}} HOFS}HEUIE‘I_ .

= <f1 Hryeee y Gl SPAN 1y - oy G} )18 involutive, conbaln span{ g, -« -, gm}

and i invariant under {f, g1, -+, g}
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=» Local decomposition 1 poesible.

SUppose {fj_qh e ,_"-}'mlﬁj“-'-'m{f, LiTR 1.'?”1}} HOHSiHEUIa‘r
I

Ancther local decompeeition 18 possible with C.-g =10.
Question: What 1= the relationship between these two decompositions?
Meotatlon:

P= {f;_'?i;' " ,_t}‘m|5jﬂf&ﬂ{_@‘1, 1.'?”1}:"

R::<f1_'?11"'1gm|$aﬂ{f1§11"'1§m}>
Lemmma: Pand B are zuch that
al] P+span{ flC R
b)if xie aregular point of P+ span{ f1, then (P+spand f1){x) = Rlx).
Proof: PC Rand fc B = a)
Previous lemma = On U*, B1s spanned by

th = [1"?1 [1"?—11 E [1"11 1"'3']]]

where v € {f, d1,-++, G}
Either

i) 8 = fespan{f}

or

ii) WLOG, t € {g, =, g} (=0 =f = [o, 0] =00r = fon =
%= t = [1"?: [1"?—11 T [f! _qf]]] 18 OKII . .

For % € {f, 01, "1 %w}s 8 € P and Pinvariant under f, gy, g =

fh = [1"?1 [1"?—11 Ty [1"11 _'?}']]] £ P

1), 1) = On U & = [on, [vp-1,e -, [v, w0 € P+ span{ [}

= On UF, RC P+span{f} = On U*, R= P+ span{ f}.

x regular point = P+ span{f} nonsingular on a nbhd ¥of = On ¥,
R[zx) = P+ span{ f}{z].

Corcllary: If P and P+ span{ f} are nonsingular,

dirnl B) — diml P) = il P + spand{ f}) — dim{P) < 1.

P, P+ span{f}: nonsingular = A: nonsingular = P, A: invclutive

Case 1: PER
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= 3 a ndghborhood TP of 40 and # = (%) defined on UP such that
span{dgep, -+, den} = R
spanf dfr, -, d} = P
on U+, where r— 1= dim[ P).
feR and o e PC R
|

7= fllizl:l e ,anl +_'?1|12:1:| e ,ZHIITL

Foot = footlzm, o Z0) F geoilzy - 20l
Zp = foly oy 2]

Zopr =10

Zn =1
Cage 31 P = A.
fePCH
iy

Z=10

Cases 1 and 2 = All but [at meet) one of thelast n— r +1 components
that are not aflected by input are constant wath time.
Theorem: Suppose R with dimension 7 15 nonsingular. Then, for each

2" e U, 3 aneighborhood TP of 2" and 2 = #(x) defined on U” such that
a) the set R(2°%) of states reachable starting from 2° along trajectories
entirely contained in U7 is a subset of theslice

Spo = {2 € U1 2] = Prpa (27 -+, dul 2] = ¢l 2™}

b)] R(z"] cortaine an open subset of S
Proof of a) is obvious.
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Theorer: Suppose P with dimension pand P+spand f1 are nonsingular.
Then, for each 2" € U, 3 a neighborhood U7 of 2” and 2 = $(x) defined on
U guch that

a) the set R{2", T of states reachable at time T starting from 4 along
trajectories entirely contalined in & 12 a subset of the slice

Seo = {7 Ut dppr(7) = Gppa (BH{2")), fpyal®) = Goyala”), -+, dal7) = dul2”))

where @.,J},(;I;»U] denctes the state reached at time § = T when ﬁ(ﬁ]l = 0 {or all

te0,T]
b] Ri2% T contains an open subset of Spop
Proof of a) is obvious.
The syetem 18 locally controllable iff Pis nonsingular with dimension n.
For single input case,

P = spun{g,adg,---,0df " g}.
Hence local controllability & dim{span{y, adrg,---,adi g} =n

2.3 Local Observability

Froposition: Let / be a nonsingular involutive distribution of dimension
d and suppoee A ls invariant under f, ¢y, -+-, Gm. Morecwver, suppose

span{dhy, -+, dhy} © A, Then for each 27 then 3 a neighborhood U
of 2% and #= %({x) defined on U° such that

G = Al Ga) + @l Gu

Ca = falla) + gal G
¥ = Alc)

where ¢ = [z1,-+, ) and €2 = (&4, Z0).

Proof: Using the coordinate transformation in Lemma [*), everything
except ¢ = Al(2) 1s obvious. However, span{dhy,---, dh;} C At implies an
element of span{dhy, -+, dhy} has the form

(0 - 0ggaf2) - whlz)]
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For local decompeosition 1n the abowe proposition, /& must
1) be nonsingular

1] be involutive
1ii] be contained in the codistribution {span{dhy,---, digl)+

1v] be invariant under f, ¢, -, @

{1
0= At must
1'] be nonsingular
11") be spanned, locally around each point ¢ € U7, by n — o exact covector

felds
111') contains the codistribution £ = spanidhy,-- -, dh}

1v') be invariant under f, g, -+, gm

uestion: Maamal such A or minimal such £37

Lemma: Let {1 be a emooth codistribution and 7,---, 7% vector fields.
The famly of all codistributions which are invariant uwnder 7,---,7 and

contaln £ has a minimal element, which 1s a smocth codistribution.

1l
minimal {3 satisfying 1ii") and iv') always exdsts.
Question: Is minimal 2 satisfying i1i') and 1v') involutive.
Neotation: {7y, -+, 7|8 The smallest codistribution that contains {2 and
1& Invanant under 7, - -, 7.

Lemma: Let

ﬂu = ﬁ

g

e =M1+ Y L lhoy

Then, for all &, .
e Ty Tl L
If 3% such that {lge =l yy, then

L = {le' e :Tli'lﬁ:"'

Juestion: When can the stopping conditlon be met?
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Lemma: 3 an open and dense subset U7* of U7 auch that, for cach 2 €5
':le T ”I',;.| ﬁ:}l[*f;jl = ﬂﬂ—l(*ﬂ

Lemma: Suppose &4 = span{da;,---,dA,}. Then 3 an open and dense

subset U7* of U7 with the following property. For each 2" £ U, 3 a negh-

borhood ¥of 22 and d exact covector fields (with d = dimin, -+ -, |03 2°))
Wy, -,y of the form

w = d}t;- or = dﬂy,---Lu])ﬂj

where v < A — 1 {which may depend on ] and ,-- -, ¥, are vector fields in
the set {m,---, %} and A; i afunction in the set {A,---, A,} such that

LTaye ,’I'.;.|E=3:}II:1?II = @aﬂ’{wii*ﬂ: e ,u.a(a:‘]l]-

for all ze TF.
Lemma: Suppaee £ = spanfdiy,---, dA,} and {7, -+, T|{2) 1= nonsingu-
lar. Then {7;,- -, 7| {8+ 15 inwolutive,

Lemma: Suppeoee 03 = spand dAy,---,dA,} and 8,y Is nonsingular. Then

{Tyyr ==y T |E0E 1s involutive and
(Tiy- oy Tol E} = Qncy

Torecap,let 1y = f, 731 = ¢, 0 =1,---,m, and 0 = spanddhy, - -, dhg).
Then

{fy gy ey | span{dhy, -+ dh 1% nonsingular = Local decompsition is
poesible

Mcotation:

Q: '::f:l Hiyee :l_';rmlf’pm-"’{d'h’h T d'hp}}l
Theorem: Suppose € with dimension s i1s nonsingular. Then, for each

2" e U, 3 a neighborhood U7 of 2" and z = #(x) defined on U such that
a)] Any two initial states 2% and 4% of UP such that

¢l =) :qélliﬁ:bjl t=5+1--n

produce 1dentical output functions under any input which keeps the state
trajectories evolving on UM,

b) Any initial state 2 of U” which cannot be distingnished from 2” belonge
tothe slce

Seo={zeU": ¢i(z) = dila"),s+1 <2 < m}

The eyetem 1s locally observable i1ft € 1e nonsingular with dimension n.
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Chapter 3

Exact Linearization for SISO
Systems

Linear in Input System:

&= fla) + glz)u

y = h{z)
3.1 Examples
Exl: g )
14T
Let
¥ =z + 3z
1
_ Y AR I
:F—\Jz-i- l+4 d 7 l+q.'
Then 3 + 322
Y- 2 LA
i =3+ 3)i = 1+$2u—3ﬁ.
Ex2:



Ty = 23 4+ (1 4 2i)u.
Let

Eaxd:

Let

Hence
=g =2+ 1+ =1

?.-"2 - Eﬂﬁiﬂl + E$1$1$3 + I{]_ -|-;t:1]|g;2 23,-13,-2 + E@Hyzyl +§'§

_ a2 — 1 4
_Eyﬂ}fz( + 1y )—|—|{1+y1]|1.;_

1

Let 1
- _ Ya— 0
abwer 9?1?2( + - )-I-’U].
I
T = 1
:i,."gz’i'.-'.

il

(1441w



3.2 Relative Degree

Def: A linear in input system is said to have relative degres v at a point 2"
if

1) LgLﬁh{x] =0 for all #in a neighborhood of £ and all £ <r— 1

i) L Ha) #

Warning: There may exdst polnte where relative degree is not defined B
LELF'IhI{,ﬂ?}I # 0fer all xin a neighborhood of 2% but LELF'lﬁ(ﬂ:‘:‘] =10])

However, the relative degres 1s defined 1n an open and dense subset.

Linear Systern: flz] = Az, g{z) =B, Mz) =Czx

= Lihz) =CAx = Lhhir) = CA*B

=

CA*B=10 Yk<r-1
CA1BZ£10

Such v 18 the difference between degrees of denominator and numerator poly-
normiale of the transfer function His) = C{sf — 4]~ B (see Problem 2.2-16
in Linear Systems by Kailath).

Interpretation of Relative Degree

Given #{17) = 27,
y(°) = Halt%)) = o)
y(t) = 2 = B fla(e)) 4 gfale) (8] = Lyhlale)) + Loh{aft) )
51, LA(a(f) = 0 for all £ 10 = 4(£) = L;A{a{t)) =

() = S0 - SR g)) 4 fat))old)] = 3A(o{e)) 4 L, Ll o)

Ity =2, LLA(x(f)) = 0for all { w % = ¢(f] = L3A[a(t]]
By ind uction,

y®t) = L5t Alaft)) vk <ntmt”
¢t (1%) = Lpha) + L L5 hf2")ul ")

= r 1s exactly the number of times one has to differentiate the output
%) at time £ = " in order to have the value (") of the input explicitly
appearng.
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A Technical Lemma: Let ¢ be a real valued function and f, g vector fields
defined on U7 C R™. Then for any cholce of 5, &7 > 0

L grerg Ly dl) = (dL} (), it gl )

- : _1) C) LDt ¢l a), ad gla)y = 2—1)" C) L7 Eas Lt ¢l )

Az @ consequence,

) Logla) = LLdls) = = LId() =0 ¥oe U
i) Loglx) = Lun‘;g@(ﬂ L= nakg¢($) =0vzel
are equivalent.
Proot:
L gyerer o Lp @l 3) = Ly e g Ly @) = Ly Lgun L ) — Ly Ly ()

= I [LfL L O]

- {L,and?ﬂ-]gL}“qu(a:] - Lﬂd?ﬂ_]gz;ﬂ@m]
= L?Lad?+r—]gL}¢|I$:| - EL;Lﬂd?+r—lgL}+1¢($:| + Lndl;ﬂ—lgL}-}z@S(ﬂ:}

Now the first part follows.
For the procf of the second part, let s = k= 0. Then,

agobla) = 1) (7)) B BB o

Hence, 1) = ii). On the other hand,
LoLi¢ = LiL Ly ¢ — Ly gL' ¢

= LpLo L7 — DL Lyp g L2+ Ly yra L 70
= BL L= Uy Lugyg L6 + By B¢
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Hence,
r

L Liglx) = ;{-1]" (:) LF_"Lnn‘}gﬁfﬁiﬂ

Hence, i) = iJ.
Lemma: da(2"), dL;A2"), -+, dL7"A(2") are linearly independent.
=1 k '

FProof: ¢ =h, s =14, k=10, r =110 the previous lemma =

I
(L), ady o) = 3 -1 () B BB A =0 for o o?, 45 < 72

(AL} ha®),ady g(a)) = (~1)711 (j) LI Ha®) #0 ¥itj=r—1

iy
e
B t(a9) dygfa®) - a2
4L} h(29)
0 ), ()

= . , |{¢¢¢]I
(dLy hla), g(a®))

has rank ¥ and, thus, the lemma follows.

= 7 < nsnce B+ 1 covectors cannot be linearly independent 1n n-D
space.

Fropeeition: Suppose the system has relative degree v at 2% Then r < n.

oet
¢ilz) = M)
a(x) = LyAlz)

dol) = L bla).
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Ifr<n, 3 n—rfunctions ¢opy(x],- -, da(x] such that

()

¢alz]

has nonsingular Jacoblan at 1 and thus defines a coordinate transformation
in a nelghborhood of 2% The value at 4% of these ad ditlonal functions can be

fixed arbitrarily. Moreover, it is always possible to choose @oyi(2), - - -, dal2)
in such a way that

$(z] =

Ligilz) =0 ¥r+1 <1< non "
Prooft L L7~ 'h{2%) £ 0 = g2°) # 0 = G = span{g} i= nonsingular

around

& l-D. = & involutive = 3 A2), -+, An1l2) such that
ﬁjﬁ'm{d}".h---,d}.n_i} = GJ-

SUppose
dvn G+ span{dh,dLih,- - dLTIAL) £ 0
1
G o spanddh, dLyh, -+ dETRY
|
(span{dh, dLph, .- dLFA})E D G
1
g(2°) annihilates all covectors in span{dh, dEh, .- dLF A} 2")
|
Contradiction (because {dEF ' A(a7), g{a")) #0)
|
dem{ G+ span{dh, dL;h,- - dLTAY) =0
1l
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3 n— rfunctions among {Ay, -+, Ag_y by WLOG Ay, Ay, such that
dhy dLhy -y dET Ay dAy - A,
are linearly independent around 2", By construction,
(dAilz), gle)y = LAlg) =0 V1<t <n—nawn 2.
Note that A;{x) can be replaced with A;(x) 4+¢; and, thus, WLOG A;(2") can

be assigned arbitrarily.

2= %1

Il
= Ly hz(t)] = ¢alalt)) = alf)

%"I &
g“l

iy _dhdv _ dhdr
& i &

Gy oW do BTN _ g aft) = dlett) = e

% = Ly h(aft)) + L L7 Alaft)Jult) = bla(t)) + al 2t ))u(t)

where

alz) = Ly L™ A 27 ()]

olz) = Lyh(27(z]).
Naote: al2” = &(2"]) £0 = alz) # 0 for all 2 m 27
. Suppose Prprlx), -+, du(a) are chosen in such a way that Lygi(x) = 0.

% _ % (fl2{2)) + gle(t))elt)) = Lyl a{t)) + Logilalf)Jult)
= Ly ((1)) = gi(2(1)

where
a4 = Lg(3 () vr+1<i<n.
To recap,
dz
- =l



= = 1)
% — bt + alafe)ult)
d3r+1

“n — gl
¥ =hz) =2

u .Z',- Z r4)} Zn =Y
—j b{2) + afz)u > S - S -
A ... f
Zr41 Zn
zZ=q(z) |
r+1<i<n

3.3 Exact Linearization by Feedback

T syetems
Ty = fi(ﬂf"i]l +_tjf1|[$1]|’f&, 7 € R”

&y = fol@a) + @iz, = € RP
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are sald to be locally feed back equivalent if 3 4 = af 2]+ F{x)v and 2, = (x4 )
such that the closed loop system

t1 = flz) + ala)eln) + gz 8l v

in 4y coordinate 1=

w=gttrea)| o elmen)
= ful®a) + gl zajv.
v U = y
a(z)-{-ﬁ(z)v . :—’{((;“))'*'g(z)u -,

Question: Is the gven nonlinear system feedback equivalent to a linear
and contrallable form.

A linear in input system 12 sald to be locally state feedback linsanizable 1f
it is locally feed back equivalent to alinear systern in (linear and contrellable)
Bruncveky controller form

(010 0] [ 0]
I 0
F=lrotor o1 |24 |v=der 4 b
a0 0 -1 0
a0 0 .0 1
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SUppose ¥ = M.

Lh{hﬂ
vmdg=| ¥ :(ﬂ?]'
Ly h{x)
|l
% = z(t)
G'E,Efg
— = 5l1)
Pt =l
dz,

7 = H2(t)) + afz{t)Jult).
Note: afz) #0 for al 7 n 2" = $71{a")

= ﬁ(—b(g}l +u) = m(_z;ﬁhm 4 0)
U
X )
s = alt)
ot = )
Lo — t).

= Brunovely controller form = State Feedback Linearizable.
flz") = 0 (2% equilibrium peint) and A{a") = 0 (WLOG) = & =

%(1°) = 0 (equilibrium point in new coordinate)
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Lemma: The exact lineansation 1s possible iff 3 a neighborhcod &7 of 2°

and a real valued function A{x), defined on U, such that
T= fla) + glz)u

y = Alz)

has relative degree n at 2",
The proof of snfhaency 1= obvicous.
Question: How to find A7
A nswer:

Solwve PDEs
LAla) = L LiAz)=--- = LEL?_S"}.II:I?:I =1
with
L LI A7) # 0.

This condition prevents trivial solution Alz) =rc.

)
Selwe ODEe

L) = Lugyoh(2) = - = LgragMz) =

with
Lﬂd?_]gﬁ(a;ﬂ) # 0.

Theorer: TFAE

a) The exact feedback linearization is possible near 2.

b) 3 areal valued function Alx) defined in a neighborhood U of 27 solving
the FDHs wath the condition.

)

1) (9(2°) ad;ff2®) - ad?~' g{2"]) has rank n

1)1 = span{g, adyg,-- -, adf g} is invelutive in a neghborhood of 2°,

Proof: (b = c) (¥F) = 1)

= Dnonsingular

L) = Lygyohs) = -+ = Lgpea Ma) =0

dpg
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{1
Az (_q(:t:]l ads glz) - ad}“‘zg{a:]l) =1

= Dis completely integrable = ii).

(b & ¢) 1) = Dnonsingular with dimension n— 1

1) = 3 A{z] ench that D = span{di}

= Alz): solution of PDE.

Suppose Alx] doesn’t satisfy the condition.

= dA{x) s annihilated by a set of n linearly independent vectors =
dA(x) = 0 = contradiction.

= Alz) does satisfy the condition.

Nate: For 2D systems, 1) 1= always satisfied.

Thestabilisation of state feedback inearizable syetem can be achieved by
additional pole placing static state fesdback

v =—Kz=—ah{z) - alpz)— - — ot B A1)
where
K:(Cn""?n—ﬂ'
iy

—Lphiz) — T ik hix)

“= LI A3

3.4 Exact Partial or Input/Output Lineariza-
tion by Feedback

Suppoee <7 for any A
Full linearization is irpossible but partial linearisation wheee input fout put
reprezentation 1= linear 1= possible.

1
ol 2]

(—b(2) +v) = (—Ljhlz) +)

1
— —_—
LELF_ih{ﬂ



ar ]

Eo Ad 4o

7 =g(&n)

=5
where

g} Zey1 Fri1
=1 n=| t |, 9=
Zp Zry I

1

The input foutput behaviour of the systemis completely characterized by the
r-D linear subsystern: His) = L

L

Ly
Q

2, = qi(2)
r+1<i<n




3.5 Zero Dynamics

Consider the exact input-output lineansing control law for a linear system:
fle) = Az, glz) = b Alx) = Tz, Suppose A, ¢ 18 a minimal realisation.
Now the transfer function from ¢ to 4 1s % and, thus, the exact input-out put
linearising control cancels the seroe of the original system and places the rest
of the cleged loop eyetem poles at the crigin. Hence the exact input-cutput
linearizsing control law 1z the nonlinear counterpart of the sero cancelling
control law.

Notice that if there was unstable sercs, the resulting closed loop system
1= unstable due to the unstable poles that cancels the unstable serce.

Cutput Zercing Problem: Find initial state g and input @ such that
g = 0for all £ > 0.

yzl:lt;, 61_:"':6'5':"
Clearly this is achieved if &{0) =--- = £(0) =0 and
_ b0, nlt))
wolt) = = aye)

where 7 1s any solution of the sero dynamice:

7 =q{l,n), n{0) arbitrary,

The name of sero dynamics stems from the fact that 1t 1= the internal dy-
namice with the constraints that v = 0. Indeed for linear systems, the
denominater polynomial of the sero dynamics 12 the numerator polynomial
of the original system (see Remark 4.3.1 in the text book).

For output seroing in 2 coordinate, we need

ﬂhEM:Z{ﬂ::hj{ﬂ:...;;;—ih{ﬂ:ﬂ}

and

i) = 00l

-~ af 0, g{x(t]))

Then the sero dynamics 1= the restriction of
&= fla) + glz)uo
to Q4.
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Note1f 2 = 01s the equlibrium point, = 0 15 the equilibrium of the zero
dynamics.

Def.: The linear in input system iz locally asymptotically (exponentially]
minimum phase at 4 if the equilibrium paint 9 = 0 of the sero dynamics 1e
locally asymptotically (exponentially) stable.

Remark: If the system under consideration have multiple equilibrinm,
it may be minimum phase at some equilibrium pontz and be nonminimnm
phase ab some others. Moreover some equilibrinm points of the system may
not be equilibrinm points of the zero dynamics.

Theorem [Stabilization of Minimum Phase Systems]: If the system has
relative degree r and 1e locally exponentially minimum phase, then

v=—Kz=—alz] - cilybz) — - — cr s L7 A 5]

with £+ c_18™ 1 + 4+ 4 5y Hurwits results in a locally exponentially stable
ctlesed loop system.
Proof: The closed loop system has the form

be

7=ql&n)
where ) )
0 1 0 0
0 0 1 0
A= : :
0 0 g .. 1
—lg =0 =0 -0 —Cry

The linearization at the crigin is

4 0
[%m,m 200,0) ]

By assumption, 412 Hurwits, Moreover, exponential minimum phase implies
g%lil:l, 0) iz also Hurwits. Hence the theorem follows.
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3.6 Exact Linearization by Change of Coor-
dinates

T syetems
& = filz) + ;mlwu, % eRT
iy = fz(i"z]l +_Gf2($z]ﬁ, T £ R®
are sald to be locally state equivalent if 3 23 = &4y such that

Iy = f1|{ﬂ?1]| -|-_'§f1|{515‘1:|”M

in Iy coordinate 1=

|
;=% xg) 1 =% zg)

= le{d’!ﬂ +§2|I:1?:4]|1:&

Question: Is the given nonlinear system state equivalent to a linear and
controllable form.

A linear 1n 1nput system 15 sald to be locally state lineanizable if 1t 1=
locally state equivalent to a linear controllable system of the form

o

—cyy 10«0 0 i
—fp_y O 1 -« 00 0

= : H slEt o
—op 001 -1 0
-y 000 0 1

Lemma: Let 2 = #[x]. Then

Froot:



dE

d[& 1)
s e

I= dz

=3~ a)

Lemma: Let # = ®(x]. Then [{, ¢]in # coordinate is equal to [ [, 7] where

o ks
f—[ f z.r—[ g]
i =¥~z iz r=3-z)
Proct: ; ;
& &
7,5 = [ o |E S_@_]{J
_{1d [d& de)\ [dz
- _ﬁ _ﬁ szio(n 02 iz s=8-1(z)
djd ) de) [
- do | de =3z} dz d\mg =%z}
“[(8[E9) v [
dﬂ:‘ d«ﬁ: ==%-1{z) Iiﬂ: lix =% 1z}

d& df
(dxﬂf+ dxia:) ] s
0% fdy, df [da
ue (d—if— %f")]s:@-:.:x;. = %1,

Theorern: TFAE
a] The exact state linearization is possible near 2.

b

1) (gla”) ady f2®) - ady~ g(a")) has rank n

1) [d g, adfrg] =0,0< 4,7 < 0o, eqivalently [godig =0,0 < <
in—1.

Proof: {a = b) Obvious since 1) and 1i) hold for the given form of linear
controllable system and are invanant under coordinate transformations.

(a & b) WLOG, we assume f(0) =0 [0 is the equil. pt of the original
systemn ). Let

=3 a)

Iy = spanfadsg,- - -, 0d} " g}
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D:' = 5?5"5!’%{_'?1 T adi’_l_'?: adi’“.‘?: T ad?_l_'?} 1 i: t i: n—1
Dy = span{g,---,adf g}
1] and 1] = I is involutive and of rank n — 1
= 3 ¢, 1 <1< n, such that
{d@h Blnu—l':'J =0

¥ = (ddi adlTfy6) # 0
1) = mnk{cﬁqﬁl,---,dqﬁn]j- =7

= z=(dlx] --- d(2))T = (2] local diffeomorphism
In 2 coordinate,

dd _
o= || = e E e = e
=3z
_[dE _ -y B
whopiz) = | gpodeng| =0 F e = 2oy
s=d-1(1)

where

==3-z)

11}' = [’}’,(E}I Eiy )Tflizjl Ef'] = {d,}r}'! ’}','E,-}JEJ..' - {d’}-!.’}f}-ﬁj}ef =0

= (B, ey = (A%, gy =02 .;r;.- P = _},-'}]"'f' =10

> M=M= 5=z

Define &(z) = [ ,"E—ﬂdf and ¢ =d; 0 ¢y sothat for 1 <1 < m,
(i Doy =0

(g ad) gy = 1
and z = (d(x) --- )T =: B[x) local diffeomorphism
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In # coordinate,

) = d—‘*’g] —
de =3z "
.. [d®
at_pd = gaﬂ%—n_ﬁ’] e }—En_l

where

. "Lodf
&n—z = ad’ ;= [- fena] = .Z; .:izf €

= %:land %Zﬂ,i#ﬂ—z

= al =[] = 322

|:':£_’2:gl
= %Zlandﬂi—;:ﬂ,iil

I
fiztia)+zp 1<i<n-1
JTn = ?:E"nlizljl

44



I
dpd = e pediZfy == el
11) implies
0 = [ i) =[en ] = (-1 3 T )

flil:lll =0= /f:bl'izlj = —p_j&1

_ i
iy

(21 )er

3.7 Observers with Linear Error Dynamics

For the sake of brevity, consider

&= flz)
y = hiz)
Goal: find a neighborhood TP of 27 and # = ${x) defined on T, such
that
b= |21 = A7+ HCH
=3z}

y=HhE"(2)) =Cz
for all ze (U], k: AU") = R", and () 4) observable.

Suppose the goal 15 possible. Then consider an observer of the form

£=(4+GC) - Gy + Hy)
Il

Linear Error Dynamics
é=[{4+GC)e
where

e=i-z=(— %1
Note that, from the observability of (€] 4), the eigenvalues of 4+ GC can

be arbitrarily assigned.
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Theorem: The goal 1e possible 1ft
1) dirl span{ dh(s®), AL, a®), -, dEf-Aa)}) =
1] 7 is such that _ _
[adyr, adir] =0
foral 1<, 5 < m.
Naote: By Jacobl Indentity, ii] &
[ryadir] =0

for alllgkgﬂﬂ—l.
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Chapter 4

Canonocal Forms

4.1 Parametric Strict-Feedback Canonical For-
m

Conslder

= hle)+ ia.-f.-(a + ol

where #;,---, 8, are constant unknown parameters.

uestion: When do there =ast a parameter independent contrel « =
cl ) + FlE)v and £ = #[£) such that the closed loop systerm in & coordinate
1= of the parametnc strict feedback canonical form:

Iy =T+ qﬁf'(a:ﬂﬁ’

C]-Z?g = I+ E;ESE'(CITH Ct?gjlg

Fnot = TnF Gy (31,00 Taa )6
o=+ fala)f

The parameter independence implies the feedback transformation must

hold for & =0.
For & = 0, the question beils down to the feedback linearisability of

¢ = ol ) + sl thu

51



= The feedback linearizability of £= f,(£) + go()u is necessary for the
question.
For the question, f; in & coordinate must have the form

1il 71

fi=lgh gy f*"':ﬂ?ii:ﬂ?ﬂ
) il 7]
0
ey 11 = 22 € spanen}
[En 1,}.] aqﬁ n—11| n-1 T aaqé En € 3PN g, En_1}

[es, fi] = 2 qéJIEfES?m{En:En 17"y €1}
)

[, /i] = [6€n, fi] = alen, Fi] — Ly.0ea € sponie.} = span{p} = G
[adfc._qﬂl fl] = [[Aca: + &'Em If";'En]i fl] = [[Afa:! If";En] + [&'Em If";'En]i fl]
= [(n 1 5{& :1:.+1) € — Q1 + b;?aﬁn - c&%en, fil = [oen + Peay, fi]

= [':IEM fl] + [ﬁﬁﬂ—h fl] = Q{Eﬂj f'] - L.Iru' tEn = Jﬁ[Eﬂ—lj fl] - L.lru'ﬁ'gﬂ—l
E SpORf€n, €n1} = span{, adr i} = &

(0?50, fi] € G2
Theorem: the question is possible & = fa(&) + go(E)u 1s feedback lin-

earizable and

[adl g0, f1EG 0<j<n-0 1<i<p
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4.2 Partial Parametric Strict-Feedback Canon-
ical Forms

Lt

E= fole)+ ia.-f.-(a + ol

Suppose 1 Asuch that ¥ = A(¢) with this system has relative degree p when
# = 0. Then 3 diffeomorphism & = #(£) such that

& =z +pf2)f

&y =2 + 407 2)

oot = 2, 47 (2)8
o = ool ) + ol)u + (2]
Fopt =tpprp +5, (3]0

En = P + Y5 (2)0
=

We want 4y depends only on &y, 25,0 =1,---,p -1
As before, try

[ad}-o_';'ijjff]E GJ‘: j.:l:lj---”ﬂ—ﬂ
1

§=0: & = span{g} = span{e,}

= L'G’u, fl] £ @m{ﬁp} = [JEP:I fl] £ f’paﬂ{ﬁp}

fi= S Wiig; - -

= [JEP!I fil= T3 i1 %E} - LI.EEP = %ﬁ? =1

= /":blli*ﬂ :/":'Il)l'lia:h"':|$P—11$P+1:|"'1$ﬂ]| _

We want 4 to be independent of Zpq4, -+, 2 for ¢ = 1,---, p and don™
care about 4 being independent of &, fort =p +1,---, 0.
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= Mo good = Try something else

Note that 5
fl. B [Eﬁ.]E:Q"{sj
iy
by = [ LA f] o #74 = (BB A) 0 31
Hence,
@blf 'Qflr'lu'(ﬂ?ﬂ
il ol Ty, 3]
?zf"-pl' ?:f"m'lia:l!.' t :a:pjl
{

dipy; € span{dz}
difei € spand dry, deg)

I5"!r'5ff'.t:'f € span{ dry, -, 'ixp}
|

d L) =ddif)=d {[dﬁ]e:é-lcs}ﬁ%—;q [(%) f"] - }}

=d ([ﬂi}.ﬁ]fzq—ll:x}) = ([Llfl.}.]f:q.—llisj) = d’gﬂﬁ, E 5;36&?1{&:1:1} = @aﬂ{d}.}
d{ Ly, Ly, A) = d{[ Ly Ly Ale=9-2153) = diai € spandry, da} = span{dA, o Ly, A)}

ALy I A) € spanfdd, oo, d 2 A))

where

Ha) = M@~ t{z)) =

Hence, under this condition, the transformed system wall have the form

Iy =1, +?,f;1r|{$1}|5
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& = @y + 4 (21, 7,) 0
. T
Tomt = n + a2,y o )1
o = Yool w) + ol w)u + 4 2}

Fot1 =thpqrp + ?z!f:flh:w

n = P + 95 (2)6
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Chapter 5

Stabilization by Backstepping

In this chapter, we will consider the global asymptotic stabilisation of a class
of linear in input syetems by the technique called "Backstepping” . Before we
procesd to the main resulte, we first explore the global asymptotic stabila-

ability of the system.
Def: A smooth positive definite and radially unbounded function 7 :

R" - RT iz called a contrel Lyapunov function if

inf {%aﬂ[ fla) + _q{a:‘]m]} <0 WD

scR
Theorern: ¥ 3 a control Lyapunoy function, then we can find « = ol x)

such that
7 = Lol a) + sloelal] < W

for some positive definite W and, thus, the closed loop system 15 globally

asymptoticall y stable.
Throughout this chapter, the exastence of contrel Lyapunov function is
assnmed.

5.1 Integrator Backstepping

Consider
f=coer— 24

P,
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Want 2{f] — 0 as § — oo,
Only equil. pt with £ =0: {0,-1) = Want (0, -1] globally asymptoti-
cally stable.

Consider the -subsystem where £is the contrel input. Then thefesdback
linearizsing contrel 4+ pele placement at —1,

f=—tsr+2’—2x

yields

Let Viz) = 122

Then (2] < % = inf; &(f(x) + g(a)e) = infy afeoss — 2 +) <
—1? <20 = Vis a control Lyapunov funchion.

Ancther simpler stabilising controller is ¢ = —cce t — . Clearly, a
Lyapunev function for the clesed loop systemis Vi) = L2,

We now return to the full system. Conslder £ as a virtual control to the
z-subsystern. Then the desired ¢is

Caes = =01 — cos & =: & 2],
Define the error variable
r=f—fg=C—ofx) =+ g+ cosr
I

Focsr— P +[E+ar+tost]-or—wsr=—ar—-1*+z

é:é—c':r:é+(cl —sinx)d = + (6 — sin 1) (—cla:—a¢3+z).

Try
V(s 8) = V{a) +32° = 36+ 2(¢ + oot cos )’
U

Vit zu) =t-ar—2*+ 2]+ 2 [TL + {6 —sinx) (—clst:— T’ +z)]
=t — 2t —|-2:[:1:+ﬁ+(r:1 — sin &) (—.::1:1:—:1;‘" +z)] :
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To male the stufl inside the brackst —c,2? wath ¢y > 0 for the negative
definiteness of 14, pick

= —C7— T— [0y —sin g (—cia:—:t:3+z)
I
V= —qx®— 2% — o

= Closed loop syetem 18 globally asymptotically stable.
Lemma (Integrator Backstepping): Consider

= fla) +g2)e (+)
=,

If 3 a control Lyapunov function ¥ for the system (+] with £ as its control
and £ = ax) is the stabilising control for (],

1
Vi@ §) = Vi) + S[E - ofa)]’
1& the control Lyapunov function for the full system. & globally asymptoti-
cally stabilising controller for the full eystem 12

u= ¢ - afe) + 2 (Dl(2) + o) - ewlela), o0,

Proct:
7i= - cfa]
I
= flz) + glzllofr] + 4]

o= 2 f(2) + la)lalz) +2)

dr
1
i =%{f+_qa+gz}l +z[ﬁ— g(f—kgia—kzﬂ
= g2 v - 1+ glat 1) + g
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< W)tz 2t glat ) + g
Fick
w=—dé - ala)) + (@) + olo)d] - lw)dla), o0
iy

Vo< —Wia) — e <0 if (2,2) £ 0.

5.2 Backstepping for Strict Feedback System-
S

Consider the strict feedback system:
&= fle) + ol2)E

& = Al + mln &)6
&= flm &,6) + mlm &, 86

&_1 = fooal®y Gy ey Gemr) F Goma (0 By ooy G ) G
é‘-‘ = fj;-iﬂ?, 61: T fﬂ +_'§'3¢'|I$:l 611 o :lfi'jlﬁ‘

where 3 a control Lyapunov function for the ssnbsystem.
First consider the subsystem

&= flz) + glz)t
& = hlm &)+ almé)é

where £ 1s virtual control. Try

Wlo,&) = Vig) + l6 - ofs)?
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Need & = ¢ such that T i negatlve definite.

Vi < ~Wiz) + [6 - ola)] {%iﬂgiﬂ T A E) + als &)

2 fla) + _@f(aﬂﬁ]}
= _W(a) +[6 — o) {%ﬂgiﬂ Al &)+ alo i) ea(m, )
(816 -l )] - (Al +gi:r161]}

=-Wiln &) + %iiﬁ alalz Gl - alz, &)l

Pick oy such that Wila, ) =0 (2,8) # (0, ol z)).
If gy # 0for all (3,6, one possible choice 1s

-1 —o|f — alr —d—V:t: ) — filx
m(:c,a):—m[w{ 16 - ol - Yiz)ola) - e, &)
21l + ol a]} .
Then Wi, 6,) = Wie) +cilts — o)

With appropriate oy, consider
j:1 = *F:{[XIII + Gl'{xl:lfz
6 = il X, 6) + al X, )6

where
_| = _ | fl=) + gl=iE _ 0
X = [ o RiX)= [ fll[:t:,gfl]l ] , Gi{X) = alz,b) ] -
Try

VX, &) = Vi) + 2l - (KT
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+ %Zg;[ﬁ — aioa| Xy )]

d?(li,fﬂ_mlixi,fﬂ[fa ol X)]

and, for some appropriate ¢, Wi( Xy, &) >0 (X, &) £ (0, alz), e [ XG]).

Then
¥ S _m(-xin fﬂ)

At the kth step, consider
Xei = Fll X)) + G [ X )&
6 = Rl Xy, &) + o[ XKy, &Ju

where
_ | Xeoa _ ﬂ-ﬂXE_ﬂ +Gi_zixk-2]ﬁ-1
Hees = [ - ] Pl %) = [ sl Xy G ]
0
Gt L) = [9}—1(131-—2,@—1] ] '
Ty 1
Vel Gy -y ) = Voa[ X ) + 25 — s (Ko}
+ gz;[ﬁ' — atica [ X )],
Then

i+ (G — i) [f,:c + et — j;—k:ll(ﬁcq + Gi-—lﬁ‘:l]

dVs

< =Wt [ Xegy G ) + Tt —=— o1l G — oy

H — o]

Jo + mu— E_i [F i+ G}-fk]]
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= W) (6 ) e e 0

By + G @J]

< _M(L—iszj i 0.

Pickusuch that Wl _y, &) > 03 (2, &) # (0, of 2], )y - -y ()
If g # 0 for all (x, £1,-- -, &), one possible choice is

dlﬁk 1

1

v=Llate-an)- Ptg s dﬁltﬂw@@]

Then W = Wast + a[& — o]

5.3 Robust Backstepping

5.3.1 Nonhnear Damping for Systems with Matched
Uncertainty

Nonlinear eystem with matched uncertainty:

& =u+P(z)AlL)
where 'gf)[ﬂ?] iz knowmn and &(f] i bonnded.

Case It Alf] = Al0)e—*
Try 4 = —cr. Then

&= —cr +h{x)Al0)e

Suppoee W) = 27
&= —ex+22A0)e",

Change of variable: w=1

=

. 1. 1 okt — _k
*U.J——E;F CE—&(D] f=cw— A0)e™™

I
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wlt) = [w(ﬂ)_ B o, M0
1
ft] = 3{0)(c+ &)

[+ % — A0Ja( 0] + B(0)(0)e

The denominator 1s sero at time £y if

e+ k- A{0)x{0]]e = - A(0)5{0)e

1
Aoty — A(0)x{0)
A0)2(0) — (c+ k)
|

e TR | A
Torecap, A0)2{0) =c+ k>0 =

I
o
+
i

1 A(0)2{0) ]

1 Af0)z(0
of) —+ o0 = ?—Pif:(C+k)1“[&(njx((ﬂjj—((i+k]

= Finite BEscape Time.
Howr can we prevent finite escape time?
Let’s try adding a nonlinear damping term in the above contrel:

% = —cx — 2L

Pick
x) = mbix), &0
I
% = —cx — ke[ )
I



= ot =k fogfa) - D] 4 B g 210
|l
V<o if $ER::{$=|¢1£|éﬂ%}
|l
|Mh{mn#dwﬂﬂﬁ}

fll}l":l:lo drst{a{t), R} = 0.
Lemma: Consider
& = flz) + glz)fu + Plz) "Lz v, )]

where (2] 18 p ¥ 1 vector valued smooth function and Alx w,d) 1s px 1
vector valued uniformly bounded function.
If 3 control Lyapunov function for the system without uncertainty,

w=ola) - KA, x>0

achieves global uniform boundedness of {f) and convergence to the residual

s [ESE
— . 1 -1 =5
R-—{:v-lxi LY 00N ( rye )}

where Y, o, Yo are class A, functions such that

nllad) < Viz) < wlld)
Ylld ] < Wiz).
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5.3.2 Backstepping for Systems with Unmatched Un-
certainty

Eoc:
I={+ 2% arctan CAgli)

E= (14 & + e Agt).
atep 1:

xarctan fAg(E) r= 270, 1) = i (2) 2 (6 1)

ki
1284 (8 )le0 = || 80 arctan f]|e = 7| Lalleo-
Warning: If we had ¢ instead of arctan £, we would be in trouble.

oy [2) = —or — Ky mpilz).

Errer Variable: z = ¢ — ()

&= -0+ 2 — ki) + 4y (288 ).

For V = 1%, )
V=20 — ar’ — medf + o &y
<L 23— o — arh o || & ]ee < 27— 12 + II%;JIM
1
atep 4
= —gr+z— madile) + ()06 1)
2= (L4 &+ e 2olt) - B¢ 1 archan el
:(1+§ﬂ]|ﬁ__f+ —d—:t: “arctan £| Hglt)
dr
where
% =—q — KI%[ )] = —a - Srigt
Fick

2
1&2# —CQZ+%6—$—H§Z [ﬁf—%farctanf] }
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Viln,8) = V() + 377 = 70 + 2[€ - ew(o)]

|
. . 2
E:V+zi§z;r—clcr3+%+zé

& 2
= 1?4+ m+z{—r::43— Fa#

44

der :
e EI:I:2 arctan f]

_|_

g5 _ %5{:2 arctan f ﬂn(ﬂ}

ik d :
< —0 T — ot 4 % e %5{:2 arctan f]

o
H2| |e=f - %f arctan &) |s
2, 184l | 112ell
< —0f - ort + T + I,

= T, % bounded
= =2+ m(z) bounded

Lemma: Consider
= flz) + ¢lz)u + Fla) &2, u,1)

where Flx) is a known # ¥ ¢ smooth matrix valued functions and Ay i g
vector valued uniformly bounded uncertanty
Suppose 3 4 = af{x) such that

W 1f(a) + da)ate) + Flak(m, ] ~Wis) +

and thus 2{f) s globally bounded.

Now consider
&= flz) + gl2) ¢ + Fla) &2 1)
é =u+ "'1'!"'(3:1 ﬂT&E(*ﬂ:J 611"';1 ﬂ
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where ¢z, ) 1& a kmown p x 1 smooth vector valued functions and A, i
vector valued uniformly bounded nncertainty. For this system,

w=—dé— ofa)] + () (x) + ol)d) - (z)ola)
de

—46—Mﬂ]%¢wéﬂ“+dx }

guarantess global uniform boundedness of #{f) and &) with ¢,k = 0.

() Flz)

5.3.3 Robust Backstepping for Robust Strict Feedback

Systems
&1 = 33 + ¢f{m) iz, u, 1]
Fy = 2o + G320, 7)1, 0, 1)
Tno1 = 2n + ¢3—1($11 T 1:13”—1]'&'{51:1%1 ﬂ

Fn = fla)u + ¢E($j&($: i, 1)
Corcllary: z(f) is globally uniformly bounded if
1

v Fayenle)

where
& =& - l:-'\':'l'—lli*ﬂ‘;hl:l e :|*ir:|'—1]|
. . ]
1—1 d':f[—l -1 d‘:ﬁ—l
al'{a:l! e :|51:h|:I =0 — &+ pd Wfﬂﬁf-l-l — KiZ /'?-II)I - JZ; GECI?;' /"1"")?
with i, ki =0,
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Chapter 6

Stabilization of Systems with
Unknown Parameters by
Adaptive Backstepping

6.1 Adaptive Control

I=u+ 8z
where # 1= unknown constant parameter.
Pick
# = —cx — Ke?{x)
iy
b =—cr— xpdx) + Ml x).
V=112

2

ff{—cx?+'9—
= Ik
1

ol < 1O
(i) — ﬂ:'lxliﬂﬁ :
Hence, the above control guarantees the global boundedness.
Goal: Want z{f) — 0 as { — oo.
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When & is known, an asymptotically stabilizsing control law is
i = -] — oz, o =0

When & iz unknown, nse certainty BEquivalence:
w=—fr) -z, ¢ >0

where 8 is an estimate of 8.

uestion: Find the update law for # that leads to asymptotically stable
ctleeed loop system.

Cloged loop:

& =—cx+ hilx)

where the estimation error # is defined by

§:=8- 4.
Volr) =102 = V= —q 2 + dmflz).

Vs d) = 7o+ %92

1l
V=2t + %5‘3‘ = —oy2® + dh(x) + %5‘3‘ = —cy2* + 8 |mp(x) + %3‘ .

Pick the parameter estimator as

I= = apla)

|
-I:'r]_ :—Clﬁ::z i: .

Hence, with the adaptive nonlinear control

@ =—cr— i)
d=ywylal,
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the closed loop system s
& =—cx+ iz

b = —ymyi(a).

The equil. pt £ = U,g = 015 globally stable.

= , % bounded :}~_|§J bounded.

Let M= {{z,8:¥ =01 ={{0,8)}. Then

LaSalle’s Thecrem = z(t] — 0 as { — co.

Vi=l=2=0= &=0= &) =0.

If 4(0) # 0, then #t) = 0 as { — co and we hawe global asymptotic
stability.

I 4i0) = 0, we don’ have GAS because every [0, g:l 1s an eqml pt.

Hemmrenrer, gl{ﬁ]l — Dasi = oo.

In general, this doesn’t imply &) — const a= f — oo (Bxx 8(f) =
sinflnt]).

But we can show that #(f) — const as t — co.

To see this, observe 2% ¢+ ,1792 > 0and 1) < 0.

= 31’1[0@% such that 1{({) = Wiloo) as t = oo.

= :I;J-I-,l—r 2 2Vifoo) as f — oo,

= 81— £, ByVi{oe) as f — o0,

6.2 Adaptive Integrator Backstepping
£ =15+ 0m)
if:g = .

If # 1= known,
(2, 8) = —oz — Bz ).

Vil 8) = 3ot + 5o - culm, )

2
Fick the integrator backstep ping controller:

d
= —'52(5172 - a1($1,3]] -+ %[i‘z + S'?f’]'
1

T



1
]:’E(ﬂ%'?]' = -0 — oo T — calm, §))%

If # i unknown,
Step 1: a4 virtual contrel =

o2y, ) = —awy — ey
791 = yo Pz ).

Error variable: z;:= &, — 2y, )
For uniformty: 2 =2

H=—oy a0 -0 )

1
Vilz, ) = §3’1 ﬁiﬂ—ﬁﬂg
iy
]:’I = 31.%1 — %(H—‘ﬂﬂ‘iﬁ = Fda— C1.312+|II9—191:| ('5531 — %191) = Hon— C1312.

atep 2:

. - I'il?ﬁ Iff&1 If'!iqu I.'}!qu
32—132—'511—15—%1 {ml’ﬁi {fxli +'9'?'I)]| ']"f:fl)i
dlex i o
— dxl m'}vgf') '511,9_,-J

1
Vil iz, 22, %) = Vil 2, th ) + g*ﬁ
1
V=V +mh=—ad+n 251+ﬁ—% dm Y — dm@b :
1

Choose

%= —2 — CaZy + %:ﬂ; + %f}f@bzl + dm@b

Tl



E:—clzf—cgzﬁ (8 — *rfl']lf;@b

The RHS may not be <7 0.

Want to cancel the last term = Introduce new estimate 9, | Overparametrisa-
tion)

%= —# — C2z+ Ii%a:‘g + %f}f@bzl + 1, dmgﬁ)
y
. diy
2y = — g — |II5I ‘i'.? :Id‘j:]_/g{)
1
E(31]Zg]1911193]| = I"r1 + gzg + E_r}rliﬂ — T.?gjz
1 1
=lad +a) + ﬁ[(ﬂ—ﬁu}l?ﬂ&_ﬂg)?]
1
Vi=W + 2k - %III‘? 219,
d 1 :
=22 - a2 +2 |~z - 5= (8~ da) o) — (8- )
de 1;
= oo (60 [z ( iﬂiw%m).
Pick
: d
’f?z:—f}r%"}wﬂ
1

Vo= —c12f — 0.
The closed loop system:

A?:’1 :—C131+,Zg+|[l9—‘t? :|'l',!.'lf'

.‘é’g:—Cng—,Z] |II£J ‘i.? ]dﬁl

iy
Py = yihz
T2



dCﬁ ’u"p_'l,'_Zg

= —y— T
or
i 21 _ -0 1 21 + '9!':' 0 I? - "[?1
ot & - -1 - & I —nn:—z:-’l',f:' — ’I'.?g

d b0
ﬁlﬁ;] Yo i-—l@f»]

Assnmption: Conslder

= flo]+ Fa)d + gl

= oz, 7
4 = Tz, )
and V{z,?) PD and radially unbounded in II:I: # — &) such that

dviﬂ? ?)[f{x) + Flz)f + glz)ol 7, Tf’]']"‘ (ﬂ? )T, ¥) < - Wiz, d) < 0.
Lemma:
& = fla] + Fla)f + glz)0
£ =
Conslder

= —colf — ez, ) + %(ﬂ%‘ﬂj[ﬂﬂ + Fla)d + gl2)(]

Tt %) - F i )dx), o>
d = Tz, 9)

b= -0 | B, 07 (¢- ols,0)

where ¥ iz a new estimate of &, [' = I'T is the adpatation gain matrix. Under
the assumptlon, the adaptive controller guarantess global boundedness of

(i), E(8), Pl), ?#) and regulation of Wiz(i),9(f)) and &{f) — of x{f),9(1)).

the associated Lyapunov function is

Vi, 6,0, 7) = Vi, 0) + g[f— alz O] + %("3‘ — BT 8- ).

T3



6.3 Adaptive Backstepping for Parametric Strict-
Feedback Systems

Conslder the parametric strict feed back canonical form:
& =2+ ()8

C].?g =TI+ 'g{)g'($1,$2:|3

Fot = Tn +/9£"nT—1|[$1:' ot Jﬂ:n—lj|5I
In = fla)u+d(2)8.
Theorem: Suppcee fla) # 0 for all € R™. Consider

L e )

% = =
flz)
i . i—1 @ECH—I . . .
#. =T (@f), —}: 7c) ?,bf)z, 1=1,-,n
where
& =5 = 'ﬁ.l'—lli*'rlj "t ]a:ll—l]'ﬂl]' "t ]'T?I'—III
o= =i — o1 — | — 3 da"_l?,f) Tﬁ'
1 11 I= f; d\fﬁ} 1 |
;

i1 dC{,‘_ 1 lfilﬁ','_1 i
Ty | % D [ =y k|4
2 [a:m, AR 3 (@f’f e T’i*) f]

=1

The above controller guarantess global boundedness of aft), ?(f),---, ¥.[£)
and regulation of 7y (f) and &(f)—25,¢ =2, -+, where 28 = — %0y (0, 25, -, 25, ).
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6.4 Extended Matching Design

6.4.1 Reducing Overparametrization
Sh = T2+ S'l',flf'(ﬂ:ﬂ
Sf:g = U
Goal: Want to avold overparametnsation.
Strategy: leave # undetermined in Step 1.

atep 1:
H1=—C131—9’5!(J
1
H=—-antn+ 9’95
1 1
1‘?(.2-’1, I§|:| = Ezf -+ ﬁgg
|l
. 1;
H:zizg—cizf+§(¢zi—%5').
atep 4:
s d-lf-ﬁ dﬁlé _ dlﬁ'1 _9&&1 gdfﬁ dlﬁ]é
=u— gtz +8f) - —pb=u— e - b - 8
1 1 1 1
1’5=1’I+§z§:§zf+§z§+ﬁ§3
iy
: 13 dhir dex dex dloey b
Vi=zm—ozi4d — =8 Lpy — B —9—1— L
a AR C1.Zi+ (’l',fl)zl )+zﬂl lifIH dxl?j) l"?"ll) E_]
:—clzl+5i[@f)zl— giil —55' + 2, zl—i-ﬁ—iia:g—@i;@b dd?.@ .

Choose

=¥ (@fﬂa - %%)
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and

deyy deyy 3
- a’

h=—2 — %+ aﬂ:r g —
1l
1= —0 iz — oo < 0.
The desed loop system:

d

b I It | 2 P
E ! _|:—1 —Cg] o +|:—nd‘-—§:"l;{)]g

Lr5'3“'-‘1 4

b= ’F[@f) .

= 3112'315 bounded and #(t),z:(f) — 0 as { — oo.
If 4h{0) # 0, § 0 ast— o

6.4.2 Boundedness without Adaptation and Improving
Transient Performance

Goals: achleve boundedness without adaptation through nonlinear damping
and 1mprove translent performance wia trajectory initialization.
For this, consider

£y = 33+ Gl x|
Cf?g = U
i =I.
Step 1: Error variable
=W =1 =I — i
iy
=1+ 5"951'(131] -

oy = —0& — -"f-lff"i'éff'2 - 9’9{) + g
I

Th



B =08 — ffizl'ﬁf’2+zz+'§"z{’: &y =Tp — 0.
T = %zrf + ;—ng =

Vi =2z — iz — Kk zil? 4+ 8 (?,bzrl )

atep 2:
GEC& GEC.H GEC& lfiCﬁ
_ dﬁl d-t:ﬁ dCﬁ dlﬁl - d{:f;[ ;
= d\xl 9 ,¥Ifl lg 'l',flr' r = El_é-
1’5=1’I+%z§=%z§‘+%z§+%93
I
Vi=an—aq -k +9 (@f)zi )
G'ECl’l GEC& G'EC-H dlﬁ’l " G'EC& ;
+, Ll 5' ?,EJ @ g’) y,—@—g‘]
_ a G'ECI1 13
= gzt — kit + 8 |4 - %5'
+z |3+ U — ﬁxl éd&l@b iﬁlﬂr—ﬁr—%g‘]-
Choose i
1
=% (%531 - W%)
and

2 L]
U= =2 — oy — Kaia (%ﬁ')) +g 2+§dﬁ1¢+dﬁ1 ,.—|—3|' —|—%§'—5‘
1

T



. den \°
Tfa = —r:lzi .l‘ii.Zi'l',!'IJ - ngg - ."Cgf:fg (Ei'g!ﬁ) E 0.

The deeed loop aystem is

(3] gy |2
4 ()

gt | 22
b=l -z |

Global stability and asymptotic trau:lung

z = U,g = 0 18 globally uniformly stable and the asymptotic trackang
lims e 2f) =0 is achieved.
Boundedness without adaptation

y=0=
dz] [ -a-xg 1 7 3
{2 L]
1 1
V= glff|2 = g(zf +23)
I

V= —017 — 0F — }A Y — Kz (dm "':flf') + 78 - zzdﬂl"}f’g

2 " .
= oz — k- my (zlw— Ei) L (zgfgxiim i) L

K 4y Ky x5,

i g2 ae

oy 2R gl Mo 1Y

L -0z — s —|-4 + I < —to|2]* + T

h
where . 1 1 1
E]:,—lTIll'l{ClJI':g}J E—a"‘a
= Ty, Tz bounded since V<oif |2? == LB — PP

L - &l‘ E'D &HDED .- " = L L
Transient performance improvement wath trajectory initialisation
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¥ # 0 also glves

gﬁmjg—mw+fg
O < Z120e) + 350060 = ale) < VA(0) = Zle(0)? + 3= A0}
iy
18115 < A2 Q)| + 8(0)*
iy
d 4 g, 1 2 2
7 [147) < —2eld® + 7 -02(0)7 + 8(0)7]
iy

1
£ < |2(0) %7 + —[]A0)]* + {07,
A8 < J2A0)] gy AN +80)7]
= Transient behaviour depends on ¢y, &g, %
Question: RHS ™, as xptp A7

Answer: No, becanse it may happen that |20)] 7 as ko .
Recall the error variables:

=3 — U

2y =Xy — vy =X+ 012 + Km it 4 - g,
= If z # 0,1t may happen that |z(0]] & &1,00 2

Nevertheless, 3 a systematic way to improve transient performance through

trajectory initialisation [render 2(0) = 0 independently of parameters by ad-
justing the initial part of the desired trajectory).
® Oet



get

1

Wl

ll2(E)]]eo <

= RHS », 2 Kotp .
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Chapter 7

Observer Backstepping and
Output Feedback

7.1 Observer Backstepping

7.1.1 Unmeasured States
State Feedback Revisited

F=-x+a2*+2°¢

C=—ki+u
where & == 0.
Supposs &, ¢ are measurable = backstepping controller
e R
iy

P=—r+2iz, z=Ff-
F=—kftutizl—r+at+2%) = k4w 4 2a -2+ 222).
For ¥z, £) = (2% + 22},

¥ =—a +z[¢3—k§+u+2x(—a:+xﬂzj].
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Fick
# = —cz— 2+ kf = 2{—x + 2%2)
I
V=—x—cz
I

x =10, &= 0is globally asymptotically stable equil. pt of the closed loop
syatern:
T=-—r+z'z

F=—cr— 1.

State Hetimates as Wirtual Controls
Supposs {is not measurable = Try Separation Principle
Consider the observer: .

&= —kt +u.

DeﬁneE:f—éi

E=—k = (1) =0
|l
F=—rtat + a2 a3
%: —kE+u
it
fis only poesible virtual contrel =
7=t mla) =428
|l
F=—z+riz+2%
F=—cx— ot 412
.

Similar to certainty equivalence case, 1t can be shown that this system possess
the finite ezscape time properties.
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Nonlinear Damping

This problem can be handled adding a nonlinear damping term.
atep 1:

mix) = -2 — slz)x
1l
F=—x+2ir— otsla) + 2%

1

Design 5(#) wsing Vlz) = 122
V= —2*+ 22 — 2%s(z) + 2{2%)E.
Fick
$|I:I?:| = I'i11132, If-!"-1 =)
iy
CE1|I$:| = —5132 - dlﬂi‘?’
r={-ayfr) =427 +dya?
&= —z—dis* + 3% + 22
|

. ]
V=22 —daf 4ot il m —P 4 P —dy (P — ) B
20,0 T

1
—_— 2 —
< —% +:1;33—|—4d1§2.

Indeed, better RHS 12 attained if we add 52 term:

lay L

Wix &) = Viz) + 7 ER

1
WE =
I
A R T R N NN R SR N
! dy ko dyr = &, ey ddy 7
atep 4:

b=kt %I{x][—:ﬂ—kﬂ:‘* +a2¢)

83



lf«!ilCt'i 25

T
Again to attain better bound for the Lyapuncy fum:tlc:-n add to 1] not onl
7* term but also & term:
B 1 B 11
Valz,z,8) = Wz, &) + z+gd;¢€g {a:‘ + 2 +(ﬁ+ﬁ)§*]
iy
< —ait gy =B i%"*
i 4, d,
—k€+ﬁ—%( -z +a2* 422 - EE]
SRy
dex dex
4z |2 -k u— Elicrj(—:r ot 22| - zﬁl(az‘]xzf
Pick
§ = _m_dﬁfiumﬂ :ﬁ+%+&h =z 42t +228)
nonlinear damping
|l

doy \° do 1
Voo -t @f(ﬁg Ay
dixy 1A% 3
_ ) 4
=-v-e ‘mgﬂ‘dﬂgﬂ’@ﬂf ‘Ef) gt

{—:1:2—52:3—4—(%+%)€2.

= r=0,z=10 E— 012 the globally asymptctically stable equl. pt of the

clesed loop system:
d=—r—di2® + 272+ 27

F=—cz—at—dyz dﬂa:g 2—@,1:2%
- ¥ dr dx
¢ =—kt.
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7.1.2 Observer Backstepping for Qutput Feedhack Sys-
tems

Consider the cutput feedback form:
I =22 + (v
£3 =2 +u(y)

Fom1 = Tp + o (y)
Lo = Toyr +ply) + bmfily)u

in—l =TIy +/5{"n—1|1y1| + blﬁiy]ﬁ’
n =taly) + bofily)u
i = I.

Assumptions: b,5™ 4o + 85+ by 1s Hurwits and fAly) # 0 for all ¢.

Fewrite the system as

& = Az +Ply) + ofly)u

Y=
where
-
' : hly)
b= 2| o= ww=| s |, A [H]
5 ; nl3)
by

An exponetial observer 1=
b= Ax+Hy - §)+Py) + oy

845



i=c%

where k18 chosen so that 4y = 4. — ko 1s Hurwits.
Error variable F =4 — 4 =
F= Ak

Theorem: Suppose bs™ +--- 4 b5+ & 18 Hurwits and g, 4, -+ -, ¢4
are known and bounded on [0, c0) and 44! is plecewise contimous. Then
3 feedback control that guarantess global boundedness of 2{f) and 4{f) and
regulation of tracking error:

limn [y(t) — 4-(2)] = 0.

f—= oo

One cholce 18

1
= [ — 3 — el
U bmﬁ(ﬂj[ap Tot1 yrp ]

where
5= —1,
#i=4i- HI’—ii?’!&:h' e 1*&:"—11 Wryr e 13"E'I_2}]| - ?.-'IE-I_”
mo=—0a4 — th# — ’951@]
|SE‘::lrl'— : n
o = —08 — 21 — 'il' (Wi) 2 = k‘,(ii;" - 51'31] - /"J'!I’llli?-"lzl
dﬁ, 1 -2 dC(

&2+ () ++Z; g4+ iy — &) +hly 2W“+”

7.2 Adaptive Observer Backstepping for Para-
metric OQutput Feedback Systems

Exarmple:
Iy = 2+ ()
£y = 2y + Oifuly) +u
5&3 = U

= 2.
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T'q, Ta: unmeasurable
Goal: Design an adaptive nonlinear output feedback controller that guar-
antees asymptotic tracking and boundedness of all states.

Rewtite the plant:
= Ar+ bu + *iy),

01 0 Wily)
4=100 1], b=111, %ﬂ(ﬂ={%ﬂz(ﬂ]-
000 1 0

If # iz known, the observer would be
b= Abbut(y)+ry—§) = Ab+hutodly)+Hy—ct) = dod+but8p(y) +hy

where

—k 10
Ay=A4—ke=| =k 0 1| iz Hurwits.
—ky 00

However, & 1z unknown
& = Aok +bu + ky + SH(y).
To reconstruct &, break 1t up in two parta:
&= fu + '5'61
1
= dolo+hy +hu, €= dofs +(y).

Ermror variable: e=x—d =1 G — 05, =

= & 0 = Ao+ by + bk 09(3) - Aot — hy — u— Aoy — Bl

= dofz— fo— 861) = doe.
A, Hurvats =
r=f+00+e

where € converges to sero exponentially
Step 1: Tracking error: 2 = ¢ — ¥»

BT



A = §—Gr = Tyt () =1, = Gt 0i et (v — b, = St (]G] e

The only candidate for virtual control is ;.
The second error variable:

Zzzfl:uz—
I
2 =zt o+ wt e

Fick
o= —02 . — G.':1.Z1 — 19111'.-'

where ¥, 1s the firet estimate of 4.

|l
f:»:’1 = -0 a3 — dlzﬁ + |{IfJ — ‘[?1]’!1-'4‘ £a.

V__zu w 9,0 +

T
tf1 P
where ¥ =0, By = PI}DandE;,AO+A§'PD——

I

-I:"I = .251,.;:’:1 — }—}r(ﬁl— ‘ijlij‘ij.li —+ ._"%1% (ETPDE)

=nz —oa— da + (8 — ) (zrlw — %‘&) + 26 — %ETE
1
= Hiq— I'_'.“1,Ef"12 + |[I5I— ‘191] (Zl’i'..l'.-'— %Tyl)
1 1P 1, 1
—"il |:Z1 — EE;} + EEE — d_1E £
1 3
< mz— o+ (-9 (zlw - %ﬁl) i 2 T

Ha



Choose

T = Yzt
Step I: ]
= fm —
—ﬁ+4@(? ot ‘|‘fm— & —i
jgl( Jgf:fn +f13 +'l',!5'zli ]ljl dm ﬁgl 791

=+ Ealy — for) + s @((fmawﬂgj

d d d .
Tl h@+fﬁ+%tn—i§,—£%wm—y,

=t + kol — Cog) + Eoa — fu:uz N |[ ko + E1a + 1l 7))

dory . do dex dex
‘ﬁ%ﬁﬁ%‘ﬁw‘ﬁﬁ“
Fick
dee, ) d
U = —Cyy — # — iy (@1) Fy— k’z(?f fn :l fm + dzl (fnz -I-‘i?zﬂ-']

da doy . da .
51[ bl + G +afale)) + d—%fyﬁﬁi'}fwzﬁyr

where ¥, 12 new estimate of ¢ and the third term on RHS1s nonlinear damping
for the disturbance €.

1

) doey dey 4 dery
=02y — 2 — W =) —dy [—— | 2y — ——E.
& %2 1 d:r,f ( ::]' 2({@) 2 ; 2

1 1 1
I-'E = I-"I -+ §z§; + ﬁilﬂ — T.?g]g + d_QETR:'E
U
I"rg V+Z'gzg |{|9 ’I'? ]|’T.93 dg
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3 T

2
——ETE — Cply — Iy
4, 2

dex 1., dorg y d 1
- (d_yl'wzz + %’f?z) (8 — ) — dy (@1) z— %%Ez tf;; ele

£ 07 — el - (4%1 + %) £fe — (dd?wzg + ‘ifl'g) (8 — ).

2
< Hz— 08—

Fick
= — dywzg
I
. a4l 1
V{—cz:‘—czg——(—-l-—)ﬁTﬁ
2 1449 2 dl GE;

= 21, %3, U1, Vg € bounded and 2,226 = 0 as § — oo,

= y =2 =2+, bounded = & bounded becanse & = dofs + 9(v)
= {py = &y — € — 0, bounded.

w= ?:'i'le + Lfli% bounded = oy = —gz — dhz — Pyw bounded

= ffng = tog+ :i,.-",- and T =63+ 602 + Iﬂfig bounded.
Define QL::L‘,;— Ty + 1.

é“::i:;.,—:'t:g+:f:1 =4 — &y — Pl y) — u + T2+ Ry ()

=~ +y8hly) - aly)).

¥ bounded = ¢ bounded = 2 =+ 23— ¢ and G = & — & — 862 bounded
= 4 bounded.

Conslder the parametric output feed back systeme:
i1 =2 +ily +Z'9;’?fr';1

=T+ "':ﬂh + E;'gﬂb; 2

Tort =% +ilop_aly) + Z'g;"":b;'.#—liﬂ

a0



by = Tpa1 +nply) + gf;ﬂ;-@f»;-.pm + bl

o = Ynly) + i;w,.nm + By

=5
where &y, ---, 8, and fy,---, b, are unknown constante.
Aszumptions:

o The sign of by, 1= known.
o The polynomial B{s) = bs™ +--- + b5 + iy 12 Hurwits.
o Aly) # 0 forall g

o The reference signal ¢, and its first p derivatives are konwn and bound-
ed and 4%)(t) is plecewise continnous.

Rewrite the plant as:

b= A +ly) + zf;a;-@f»;-m by

y=c'r
where
S
: 1
i 0
b= b = :
: 0
ba

Dly) = Wialahy - a7

Choose k& such that Xp = 4 — kcT i Hurwits and define
b0 = Aol + ky +b(y)

a1



6}' = Aol + 9y
0y = Aoty + en ;7

where & 1 #th coordinate wector.

Then , ~
=G+ 505+ N b,
Z; il ; Uy
MNete that _
oy = (4]
where

A= dg) + e, flylu.

Define observer error vanable:
P ™

£ = dse.

Theorem: Under the assumptions,
1
%= o — U s + O
M) ’

Oy = sgn{ba)T[wn(y, &2, 93, g9 - §.e1]
’I'.?g = ].—| ”l'i,l'.-'g 52} ﬂtzj "I'Fl:zjI @'I:”:' - zl£p+m-|-1]zﬁ
79[ - P’U.-',' (' E( :I:lﬂl: :I:IT?: :I:lff"g-l 12':' i

where
=0 -1,
& = Umi— '::fl'—lhf:l E(I:I!I ﬂl:lj:l ﬁilj!flg_l}j - 791.1?5':'
o = —Tﬂ?ﬂ&

d .:i
0y = —Cpdy — 192.p+m+12:1 - '-1"2 ({iij.fl) al [fﬂz +"':!II'|J |I ]I] ﬁ?wﬂ
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dﬂ']_

doey
+kgﬂm1+dfn[ﬂ.o€n+kjf+'§f)u +Zd€-

™ GECI1

[ Aot +9,{y)
oo+ (j‘jg +;r,rrel)55rn(b T [wl—ﬁ,el]zﬁ%ﬁ,
6 =~ — it — b (%) s+ S s+ sl -

+£wm1+ .:ifc. S Ao + ey ol ) Z .::‘.ff ot + ()]

= ey dex_y
+E;{&J Ao +(

d':fl 1

) [[ath + 21 €ppma1 22 + 2 dé le;zf + Z d@rl -1 it
wi =[x +dz + Gat o, Yty Pt T G toa Vet 2]

dley_
w? -~ d:y 1|:/"1'-II"1,1 =+ 61.21 e 1/"15".9.1 + ipuglﬂ':'-gl Ty Umon ﬂm'g]

E(I.:I = [60.1: Tt fﬂ.l':l' " :6?.11 T 6}?‘."]
ﬂlil:l = [th,l]- o jT'IEI,l':l e j't'lm—l,lj T t"m—l,f:ﬂm,lj T t"m,f—l]
TF:I.:I = [ﬁ?i o 11-?:11
ﬁ(rlj = [ﬁrr; ey 5-[:']
guarantees global boundedness of aif), Colt), -+, C{f) and wlf), - -, vlf)

and
iy ) — 4,(£)] =0.

f—= o

ys."-ir'e:f) sgn{ba)Tws — gre)z

_|_
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