11. Ordering and Approximation

11.1 Introduction

Exact solutions of the Navier-Stokes eq'ns are rarely obtained.

Svstematic approaches for the development of approximating

solutions are required.

The logic used to obtain the simplifications 1s examined to develop

procedures that can be applied in other flow situations.



11.2 Characteristic Quantities

Order of magnitude analysis = important terms : retained
unimportant terms : neglected
Making each term dimensionless using characteristic quantities :
v/V = v (dimensionless velocity vector) : order unity
a characteristic velocitv

Table 11-1. Characteristic and Dimensionless Variables
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The continuity eg'n :

V-0 = Ev-uzﬂ or V-v=0
The Navier-Stokes eq'ns :
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11.3 Characteristic Pressure

Inertially dominated flows : II=pV~

Then, N-5S eq'ns becomes

Re(Sr * §E+W %;+%Pl 2;
Viscous dominated flows I1= ﬂf




11.4 Characteristic Time

When the characteristic time 1s given by the time required for a

flmmd element to move through a characteristic distance,

characteristic time = flow time : 7T = if’
Re (-2Y . 5-Vo)=-VDP+ vZp
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11.5 Ordering Arguments

All dimensionless quantities are of order unityv.

= Sr=1

Changes in dimensionless quantities taking place over dimensionless

length scales are of order unity. = all dimensionless denivatives are

of order unity.



The relative importance of each term 1s therefore determined by the

magnitude of the dimensionless group.

(Example)
Consider the case of a long cvlinder of radius I immersed in an

infinite body of fluid. The cvlinder oscillates about its axis with

frequency ©w @ vg=Vsmnwt at r=10I1
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Then,

Rev: Vvo=-VDP+ vZip
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linear eq'n
When Re 1s small,
£ Sr>land Re<1 : 0=-vVP+VZy
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11.6 Solution Logic

Simplifications (
T Approximate Equation

Exact equations

\

Approximate Solution Exact Solution to
to Exact Equation Approximate Equation

Fig. 11-1. Logic of the process for obtaining approximate solutions.



(Counterexample)
00lx +v=0.1
x+10ly =11
Assume that O(x)= O(v). = neglect the first term in the first eq'n
v=01
x+10ly =11
= yv=01 and x=09
the neglected term : 0.01x = 0.009 looks perfect

But, the exact solution : x=-90 and v=1



11.7 Inviscid Limit

Inertially dominated flows
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viscid fluid flow (n=0 )

. singular, second derivative has been lost
one boundary condition cannot be satisfied.
(no-ship condition)



