
Numerical Analysis for Chemical Engineers

Taechul Lee (tclee@prosys.korea.ac.kr)

April 18, 2002



Contents

1 Modeling, Computers, and Error Analysis 2

1.1 Mathematical Modeling and Engineering Problem-Solving . . . . . . . . . . . . . 2

1.1.1 A Simple Mathematical Model . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Computers and Software . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2.1 The Software Development Process . . . . . . . . . . . . . . . . . . . . . 3

1.2.2 Algorithm Design . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2.3 Program Composition . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2.4 Quality Control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Approximations and Round-Off Errors . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3.1 Significant Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3.2 Accuracy and Precision . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3.3 Error Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.4 Truncation Errors and the Taylor Series . . . . . . . . . . . . . . . . . . . . . . . 5

1.4.1 The Taylor Series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.4.2 Using the Taylor Series to Estimate Truncation Errors . . . . . . . . . . . 7

1.4.3 Numerical Differentiation . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 Roots of Equations 9

2.1 Backeting Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1.1 Graphical Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2



2.1.2 The Bisection Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.1.3 The False-Position Method . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Open Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.1 Simple Fixed-point Iteration . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.2 The Newton-Raphson Method . . . . . . . . . . . . . . . . . . . . . . . . 10

2.2.3 The Secant Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2.4 Multiple Roots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2.5 Systems of Nonlinear Equations . . . . . . . . . . . . . . . . . . . . . . . 12

2.3 Roots of Polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3.1 Polynomials in Engineering and Science . . . . . . . . . . . . . . . . . . . 13

2.3.2 Computing with Polynomials . . . . . . . . . . . . . . . . . . . . . . . . 14

2.3.3 Conventional Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3.4 Root Location with Libraries and Packages . . . . . . . . . . . . . . . . . 15

2.4 Engineering Applications: Roots of Equations . . . . . . . . . . . . . . . . . . . . 15

3 Linear Algebraic and Equations 16

3.1 Gauss Elimination . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.1.1 Solving Small Numbers of Equations . . . . . . . . . . . . . . . . . . . . 16

3.1.2 Naive Gauss Elimination . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.1.3 Pitfalls of Elimination Methods . . . . . . . . . . . . . . . . . . . . . . . 17

3.1.4 Techniques for Improving Solutions . . . . . . . . . . . . . . . . . . . . . 18

3.1.5 Complex Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.1.6 Nonlinear Systems of Equations . . . . . . . . . . . . . . . . . . . . . . . 18

3.1.7 Gauss-Jordan . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2 LU Decomposition and Matrix Inversion . . . . . . . . . . . . . . . . . . . . . . . 19

3.2.1 LU Decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

3.2.2 The Matrix Inverse . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3.2.3 Error Analysis and System Condition . . . . . . . . . . . . . . . . . . . . 21



3.3 Special Matrices and Gauss-Seidel . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.3.1 Special Matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.3.2 Gauss-Seidel . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.3.3 Linear Algebraic Equation with Libraries and Packages . . . . . . . . . . . 22

3.4 Engineering Applications: Linear Algebraic Equations . . . . . . . . . . . . . . . 23

4 Optimization 24

4.1 One-dimensional Unconstrained Optimization . . . . . . . . . . . . . . . . . . . . 25

4.1.1 Golden-Section Search . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4.1.2 Quadratic Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

4.1.3 Newton’s Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

4.2 Multidimensional Unconstrained Optimization . . . . . . . . . . . . . . . . . . . 27

4.2.1 Direct Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

4.2.2 Gradient Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.3 Contrained Optimization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4.3.1 Linear Programming . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4.3.2 Optimization with Packages . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.4 Engineering Applications: Optimization . . . . . . . . . . . . . . . . . . . . . . . 30

5 Curve Fitting 31

5.1 Least-Squares Regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

5.1.1 Linear Regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

5.1.2 General Linear Least-Squares . . . . . . . . . . . . . . . . . . . . . . . . 34

5.1.3 Nonlinear Regression . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

5.2 Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

5.2.1 Newton’s Divided-Difference Interpolating Polynomials . . . . . . . . . . 35

5.2.2 Lagrange Interpolating Polynomial . . . . . . . . . . . . . . . . . . . . . 36

5.2.3 Spline Interpolation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36



5.3 Fourier Approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

5.3.1 Curve Fitting with Sinusoidal Functions . . . . . . . . . . . . . . . . . . . 41

5.3.2 Fourier Integral and Transform . . . . . . . . . . . . . . . . . . . . . . . . 41

5.3.3 Discrete Fourier Transform (DFT) . . . . . . . . . . . . . . . . . . . . . . 44

5.3.4 Fast Fourier Transform (FFT) . . . . . . . . . . . . . . . . . . . . . . . . 44

5.3.5 The Power Spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

5.3.6 Curve Fitting with Libraries and Packagies . . . . . . . . . . . . . . . . . 45

5.4 Engineering Applications: Curve Fitting . . . . . . . . . . . . . . . . . . . . . . . 45

6 Numerical Differentiation and Integration 46

6.1 Newton-Cotes Integration of Equations . . . . . . . . . . . . . . . . . . . . . . . 46

6.1.1 The Trapezoidal rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

6.1.2 Simpson’s rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

6.2 Intergrations of Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

6.2.1 Romberg integration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

6.2.2 Gauss Quadrature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

6.2.3 Improper integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

6.3 Numerical Differentiation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

6.3.1 High-accuracy differentiation formulas . . . . . . . . . . . . . . . . . . . 51

6.3.2 Richardson extrapolation . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

6.3.3 Derivatives of unequally spaced data . . . . . . . . . . . . . . . . . . . . . 52

6.3.4 Numerical integration/differentiation formulas with libraties and packages . 52

6.4 Engineering Applications: Numerical Integration and Differentiation . . . . . . . . 52

7 Ordinary Differential Equations 53

7.1 Runge-Kutta Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

7.1.1 Euler’s Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

7.1.2 Improvement of Euler’s Method . . . . . . . . . . . . . . . . . . . . . . . 55



7.1.3 Runge-Kutta Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

7.1.4 Systems of Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

7.1.5 Adaptive Runge-Kutta Method . . . . . . . . . . . . . . . . . . . . . . . . 59

7.2 Stiffness and Multistep Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

7.2.1 Stiffness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

7.2.2 Multistep Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

7.3 Boundary-Value and Engenvalue Problems . . . . . . . . . . . . . . . . . . . . . . 63

7.3.1 General Methods of Boundary-Value Problems . . . . . . . . . . . . . . . 63

7.3.2 ODEs and Eigenvalues with Libraries and Packages . . . . . . . . . . . . . 64

7.4 Engineering Applications: Ordinary Differential Equations . . . . . . . . . . . . . 64

8 Partial Differential Equations 65

8.1 Finite Difference: Elliptic Equations . . . . . . . . . . . . . . . . . . . . . . . . . 66

8.1.1 The Laplace Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

8.1.2 Solution Techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

8.1.3 Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

8.1.4 The Control Volume Approach . . . . . . . . . . . . . . . . . . . . . . . . 67

8.2 Finite Difference: Parabolic Equations . . . . . . . . . . . . . . . . . . . . . . . . 67

8.2.1 The Heat Conduction Equation . . . . . . . . . . . . . . . . . . . . . . . . 67

8.2.2 Explicit Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

8.2.3 A Simple Implicit Method . . . . . . . . . . . . . . . . . . . . . . . . . . 70

8.2.4 The Crank-Nicholson Method . . . . . . . . . . . . . . . . . . . . . . . . 71

8.3 Finite Element Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

8.3.1 Calculus of variation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

8.3.2 Example: The shortest distance between two points . . . . . . . . . . . . . 73

8.3.3 The Rayleigh-Ritz Method . . . . . . . . . . . . . . . . . . . . . . . . . . 75

8.3.4 The Collocation and Galerkin Method . . . . . . . . . . . . . . . . . . . . 76

8.3.5 Finite elements for ordinary-differential equations . . . . . . . . . . . . . 77



8.4 Engineering Applications: Partial Differential Equations . . . . . . . . . . . . . . 77

A Using Matlab 78

A.1 [O�u� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

A.2 Matlabl��í . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

A.2.1 C�\P� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

A.2.2 Customization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

A.2.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

A.3 ]j#Që�H . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

A.3.1 if, else, and elseif . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

A.3.2 switch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

A.3.3 while . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

A.3.4 for . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

A.3.5 break . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

A.3.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

A.4 �<ÊÃºëß�[þtl� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

A.5 Matlab\�"fÕªaË>Õªo�l� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

A.5.1 plot"î
§î
#Q . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

A.5.2 �¦/åL plot"î
§î
#Q . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

A.5.3 ÕªaË>�̀¦Õªo���H���Ér"î
§î
#Q[þt . . . . . . . . . . . . . . . . . . . . . . . 115

A.6 \V]j . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

A.6.1 Linear Equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

B Using Fortran 130

B.1 [O�u�x9���6 xZO� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

B.1.1 MS Window\�"f���1lx
���H�íàÔêøÍ . . . . . . . . . . . . . . . . . . . . . 130

B.1.2 Unix Q���\�"f���1lx
���H�íàÔêøÍ . . . . . . . . . . . . . . . . . . . . . . 132

B.1.3 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133



B.2 X<s�'�ü<{9�Ø�¦§4� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

B.2.1 l��:r&h� ½̈$í
 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

B.2.2 l��:r&h�X<s�'���{9� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

B.2.3 {9�§4�õ�Ø�¦§4�\��'aK� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

B.2.4 Redirection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

B.2.5 Dimension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148

B.2.6 X<s�'��íl��o . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

B.2.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

B.3 ]j#Që�H . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

B.3.1 STOPë�H . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

B.3.2 GOTOë�H . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

B.3.3 PAUSEë�H . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

B.3.4 CONTINUEë�H . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

B.3.5 CALLë�H . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

B.3.6 RETURNë�H . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

B.3.7 IFë�H . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

B.3.8 DOë�H . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

B.3.9 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

B.4 ÂÒáÔ�ÐÕªÏþ� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

B.4.1 FUNCTION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163

B.4.2 SUBROUTINE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

B.4.3 ÂÒáÔ�ÐÕªÏþ�(����{9� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

B.4.4 ��s�ÚÔ�Qo�ëß�[þtl� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

B.4.5 EXTERNALë�H��6 x
�l� . . . . . . . . . . . . . . . . . . . . . . . . . . 182

B.4.6 IMSL��6 x
�l� . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186



Abstract

Ãºu�K�$3�s����¦
���Hõ�3lq�Érçß�éß�y�E�l�\�¦
����Ãº�<Æd��Ü¼�Ð³ð�&³�)a����z�́]jÄºo¦̀�	כ �̂¦Ãº

e����H+þAI��Ð ½̈�&³
���H~½ÓZO�\�@/ô�Çõ�3lqs���. ¢̧ô�Çs�Ãºu�K�$3�s��9¹כ�ô�Çs�Ä»��H@/ÂÒì�rz�́
]jÄºo��� �̂¦Ãºe����H�&³�©��ÉrÃº�<Æd��Ü¼�Ð³ð�&³½+ÉÃºe���¦s�XO�>�³ð�&³�)ad���Érd�����̂ëß�Ü¼�Ð

��H ~1�>� s�K�
�l��� jËµ[þt��.Õª�QÙ¼�Ð Ãºu�K�$3�s�����H õ�&ñ
�̀¦ ��5g"f z�́]j�o ô�Ç���¦ �̂¦ Ãº
e����.ÕªXO�t�ëß�Ãºu�K�$3�~½ÓZO�[þt�Ér@/ÂÒì�r�Érçß�éß�
��¦éß�í�Hô�Ç ú́§�Ér>�íß�õ�&ñ
Ü¼�Ð ½̈$í
s�÷&
#Qe����.Õª�QÙ¼�Ðs��Qô�Ççß�éß�
��¦éß�í�Hô�Çõ�&ñ
�̀¦��|ÃÐ@/���K����½+ÉÃºe����H~½ÓZO��Ér(��ÉÓ'�
\�¦s�6 x
���H~½ÓZO�s���.(��ÉÓ'���µ1Ï���
��¦>�íß�5Åq�̧���¾Ó�©�H�d\�����"fÃºu�K�$3�s�����HÂÒ
ì�r\�@/ô�Ç�'ad���̧7£x��÷&�¦e���¦l��>r\�r��̧K��Ðt�3lwô�Ç#��Q��t�~½ÓZO�[þts�r��̧÷&�¦e����.

s�õ�3lq\�"f��H������&³�©��̀¦Ãº�<Æ&h� �̧4Sq�Ð"f ½̈$í
�̀¦
��¦s� �̧4Sq�̀¦Ãºu�K�$3�l�ZO��̀¦s�

6 xK�"f(��ÉÓ'��Ð"fK����
���H~½ÓZO�\�@/K���ê�r��. �̧4Sq�̀¦ëß���H��Qì���Ér#	כr[þts�s�p� �̧A����
ÂÒ'�C�0>M®o~��ÂÒì�r{9��̧�	כ�s� 9Ãºu�K�$3�s�����H	כ ¢̧ô�Ç#��Qì�r[þts�7áxs�ü<�<H�̀¦s�6 xK�"f

K����Ùþ¡~��~½ÓZO��̀¦@/ÂÒì�r(��ÉÓ'��Ð&h�6 x�̀¦
���H�
s���.��6 x	כ���H���#Q�Ð��H �̧Ï?@1lxô�ÇÃºu�K�
$3�\�"f ú́§s� æ¼%i�~�� �íàÔêøÍõ� þj��H 10̧��1lxîß� ú́§s� æ¼s��¦ e����H Matlab̀�¦ s�6 x½+É �s���.¿º	כ
���#Q\�@/ô�Ç��Ér	כ APPENDIXÂÒì�r�̀¦�ÃÐ�¦
�l���êøÍ��.



Chapter 1

Modeling, Computers, and Error Analysis

1.1 Mathematical Modeling and Engineering Problem-Solving

1.1.1 A Simple Mathematical Model

Ãº�<Æ&h� �̧4Sqs�����H��¹ô�ÇÂÒìכ�ÉrÃº�<Æ&h�6 x#Q�Ð"fÓüto�&h�������&³�©�_�×�æ	כr�̀¦d��Ü¼�Ð"f ½̈$í



���H��Qô�ÇÃº�<Æ�̧4Sq�̀¦\�"f��s���.s	כ��õ�\�¦%3���H~½ÓZO��Érß¼>�¿º��t���e����.

Problem

definition


Mathematical

model


Numeric or

graphic results


Implementation


DATA
THEORY


Figure 1.1: The engineering problem-solving process.
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1.2 Computers and Software 3

• Analytical or exact solution

• Numerical solution

0A¿º��t���î�rX<K�$3�&h�K�\�¦%3���H~½ÓZO��Ér��Ò�¦Ãºe����Hë�H]j��ô�Ç&ñ
÷&#Qe���¦ ¢̧ô�Ç@/ÂÒì�r

_�z�́]jë�H]j��Hq����+þA&h�s��¦4�¤ú̧�ô�Çõ�&ñ
s��í�<Ê÷&#Qe��Ü¼Ù¼�Ð&h�]X�
�t�·ú§��.Õª�QÙ¼�ÐÃº
u�&h�K�\�¦ ½̈½+ÉÃºµ1Ú\�\O���.

1.2 Computers and Software

1.2.1 The Software Development Process

• Programming Style

• Modular Design : Devide into small subprograms

• Top-down Design : Sysmtematic development process

• Structured Programming : How the actual program code is developed

1.2.2 Algorithm Design

• Flowschart : a visual or graphical representation of an algorithm

• Pseudocode : bridges the gap between flowcharts and computer code

1.2.3 Program Composition

• High-level and Macro Languages : C, Fortran, Basic

• Structured Programming

– consist of the three funcdamental control structures of sequence, selection, and repetition

– only one entrance and one exit

– Unconditional transfers should be avoided

– identified with comments and visual devices such as indentation, blank lines, and blank
spaces

Numerical Method for Chemical Engineers
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4 Modeling, Computers, and Error Analysis

1.2.4 Quality Control

• Errors or “Bugs”

– Syntax errors

– Link or build errors

– Run-time errors

– Logic errors

• Debugging

• Testing

1.3 Approximations and Round-Off Errors

1.3.1 Significant Figures

Significant figure : The reliability of a numerical value

1.3.2 Accuracy and Precision

• Accuracy : How closely a computed or measured value agrees with the true value

• Precision : How closely individual computed or measured values agree with each other

1.3.3 Error Definitions

• Truncation error : approximations are used to represent exact mathematical prodedures

• Round-off error : numbers having limited significant figures are used to represent exact num-
bers

See Figure 3.10, 3.11 and 3.12 in the textbook.
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1.4 Truncation Errors and the Taylor Series 5

1.4 Truncation Errors and the Taylor Series

1.4.1 The Taylor Series

If a functionf(x) can be represent by a power series on the interval(−a, a), then the function has
derivative of all orders on that interval and the power series is

f(x) = f(0) + f ′(0)x +
f ′′(0)

2!
x2 +

f ′′′(0)

3!
x3 + . . . (1.1)

and this power-series expansion off(x) about the origin is called a Maclaurin series.

If the expansion is about the pointx = a, we have the Taylor series

f(x) = f(a) + f ′(a)(x− a) +
f ′′(a)

2!
(x− a)2 +

f ′′′(0)

3!
(x− a)3 + . . . (1.2)

Taylor series specifies the value of function at one point,x, in terms of the value of the function and
its derivatives at a reference point,a. It is occasionally useful to express a Taylor series in a notation
that show how the function behaves at a distanceh from a fixed pointa. If we call x = a + h in the
preceding series, so thatx− a = h, we get

f(a + h) = f(a) + f ′(a)h +
f ′′(a)

2!
h2 +

f ′′′(0)

3!
h3 + . . . (1.3)

Or with the substitutiona + h → xi+1 anda → xi we have an alternate form

f(xi+1) =f(xi) + f ′(xi)h +
f ′′(xi)

2!
h2 + . . . +

f (n)(xi)

n!
(xi+1 − xi)

n + Rn (1.4)

Rn term is a reminder term to account for all terms fromn + 1 to infinity:

Rn =
f (n+1)(ζ)

(n + 1)!
(xi+1 − xi)

n+1 (1.5)

• Mean-value theorem:
If a function f(x) and its first derivative are continuous over an interval fromxi andxi+1,
then there exists at least one point on the function that has a slope, designated byf ′(ξ), that is
parallel to the line joiningf(xi) andf(xi+1).

See Figure 4.3 in the textbook.
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6 Modeling, Computers, and Error Analysis
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Figure 1.2: The approximation off(x) with various order of Taylor series.
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1.4 Truncation Errors and the Taylor Series 7

1.4.2 Using the Taylor Series to Estimate Truncation Errors

Taylor series expansion ofv(t):

v(ti+1) = v(ti) + v′(ti)(ti+1 − ti) +
v′′(ti)

2!
(ti+1 − ti)

2 + · · ·+ Rn (1.6)

Truncate the series after the first derivative term:

v(ti+1) = v(ti) + v′(ti)(ti+1 − ti) + R1 (1.7)

And

v′(ti) =
v(ti+1)− v(ti)

ti+1 − ti
− R1

ti+1 − ti
(1.8)

Truncation error is
R1

ti+1 − ti
=

v′′(ξ)
2!

(ti+1 − ti) (1.9)

or
R1

ti+1 − ti
= O(ti+1 − ti) (1.10)

The error of our derivative approximation should be proportional to the step size. Consequently, if
we halve the step size, we would expect to halve the error of the derivative.

1.4.3 Numerical Differentiation

• Forward Difference Approximation

f ′(xi) =
f(xi+1)− f(xi)

xi+1 − xi

+ O(ti+1 − ti) (1.11)

or

f ′(xi) =
∆fi

h
+ O(h) (1.12)

where∆fi is the first forward difference.

• Backward Difference Approximation

f ′(xi) =
f(xi)− f(xi−1)

h
+ O(ti − ti−1) (1.13)

or

f ′(xi) =
∇fi

h
+ O(h) (1.14)

Numerical Method for Chemical Engineers
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8 Modeling, Computers, and Error Analysis

• Central Difference Approximation

f ′(xi) =
f(xi+1)− f(xi−1)

2h
+ O(h2) (1.15)

Notice that the truncation error is of the order ofh2 in contrast to the forward and backward
approximations that were of the order ofh. Consequently, the Taylor series analysis yields
the practical information that the centered difference is a more accurate representation of the
derivative.
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Chapter 2

Roots of Equations

2.1 Backeting Methods

2.1.1 Graphical Methods

A simple method for obtaining an estimate of the root of the equationf(x) = 0 is to make a plot of
the function and observe where it crosses the x axis.

2.1.2 The Bisection Method

In general, iff(x) is real and continuous in the interval fromxl to xu andf(xl) andf(xu) have
opposite signs, that is

f(xl)f(xu) < 0 (2.1)

then there is at least one real root betweenxl andxu.

2.1.3 The False-Position Method

A shortcoming of the bisection method

• equally dividing the interval

• no account for for the magnitudes off(xl) andf(xu)

9



10 Roots of Equations

An alternative method is to joinf(xl) andf(xu) by a straight line and the intersection of this line
with the x axis represents an improved estimate of the root. This mothod is called as method of false
position, regula falsi, or linear interpolation method.

The false-position formula is

xr = xu − f(xu)(xl − xu)

f(xl)− f(xu)
(2.2)

See Figure 5.14 in textbook

2.2 Open Methods

• bracketing method : the root is located within an interval prescribed by a lower and an upper
bound.

• open method : require only a single starting value of x or two starting point that do not
necessarily bracket the root.

2.2.1 Simple Fixed-point Iteration

Open methods employ a formula to predict the root. Such a formula can be develped for simple
fixed-point iteration by rearranging the functionf(x) = 0 so that s is on the left-hand side of the
equation:

x = g(x) (2.3)

2.2.2 The Newton-Raphson Method

If the initial guess at the root isxi, a tangent can be extended from the point[xi, x(xi)]. The point
where this tangent crosses the x axis usaually represents an improved estimate of the root.

The Newton-Raphson formula is

xi+1 = xi − f(xi)

f ′(xi)
(2.4)

Pitfalls of the Newton-Raphson Method are shown in Figure 6.6

Numerical Method for Chemical Engineers
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2.2 Open Methods 11

Figure 2.1: Graphical depiction of simple fixed-point method.

2.2.3 The Secant Method

A potential problem in implementing the Newton-Raphson method is the evaluation of the deriva-
tive. In Secant method the derivative is approximated by a backward finite divided difference

f ′(xi) ' f(xi−1)− f(xi)

xi−1 − xi

(2.5)

The Secant formula is

xi+1 = xi − f(xi)(xi−1 − xi)

f(xi−1)− f(xi)
(2.6)

The difference between the secant method and the false-position method is how one of the initial
values is replaced by the new estimate.

Rather than using two arbitrary values to estimate the derivative, an alternative approach involves
a fractional perturbation of the independent variable to estimatef ′(x),

f ′(xi) ' f(xi + δxi)− f(xi)

δxi

(2.7)

whereδ is a small perturbation fraction. This approximation gives the following iterative equation:

xi+1 = xi − δxif(xi)

f(xi + δxi)− f(xi)
(2.8)

Numerical Method for Chemical Engineers
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12 Roots of Equations

2.2.4 Multiple Roots

Some difficulities in multiple roots problem

• no change in sign at even multiple roots

• f(x) andf ′(x) go to zero at the root

• the Newton-Raphson method and secant method show linear, rather than quadratic, conver-
gence for multiple roots.

Another alternative is to define a new functionu(x),

u(x) =
f(x)

f ′(x)
(2.9)

An alternative form of the Newton-Raphson method:

xi+1 = xi − u(x)

u′(x)
(2.10)

whereu′(x) is

u′(x) =
f ′(x)f ′(x)− f(x)f ′′(x)

[f ′(x)]2
(2.11)

And finally

xi+1 = xi − f(xi)f
′(xi)

[f ′(xi)]
2 − f(xi)f ′′(xi)

(2.12)

2.2.5 Systems of Nonlinear Equations

The Newton-Raphson method can be used to solve a set of nonlinear equations. The Newton-
Raphson method employ the derivative of a function to estimate its intercept with the axis of the
independent variable. This estimate was based on a first-order Taylor series expansion. For example,
we consider two variable case,

u(x, y) = 0 (2.13)

v(x, y) = 0 (2.14)

A first-order Taylor series expasion can be written as

ui+1 = ui + (xi+1 − xi)
∂ui

∂x
+ (yi+1 − yi)

∂ui

∂y
(2.15)

vi+1 = vi + (xi+1 − xi)
∂vi

∂x
+ (yi+1 − yi)

∂vi

∂y
(2.16)

Numerical Method for Chemical Engineers
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2.3 Roots of Polynomials 13

The above equation can be rearranged to give

∂ui

∂x
xi+1 +

∂ui

∂y
yi+1 = −ui + xi

∂ui

∂x
+ yi

∂ui

∂y
(2.17)

∂vi

∂x
xi+1 +

∂vi

∂y
yi+1 = −vi + xi

∂vi

∂x
+ yi

∂vi

∂y
(2.18)

Finally

xi+1 = xi −
ui

∂vi

∂y
− vi

∂ui

∂y

∂ui

∂x
∂vi

∂y
− ∂ui

∂y
∂vi

∂x

(2.19)

yi+1 = yi −
vi

∂ui

∂x
− ui

∂vi

∂x
∂ui

∂x
∂vi

∂y
− ∂ui

∂y
∂vi

∂x

(2.20)

2.3 Roots of Polynomials

The roots of polynomials have the following properties

• For an nth-order equation, there are n real and complex roots.

• If n is odd, there is at least one real root.

• If complex roots exist, they exist in conjugate pairs.

2.3.1 Polynomials in Engineering and Science

Polynomial are used extensively in curve-fitting. However, another most important application is in
characterizing dynamic system and, in particular, linear systems.

For example, we consider the following simple second-order ordinary differential equation:

a2
d2y

dt
+ a1

dy

dt
+ a0y = F (t) (2.21)

whereF (t) is the forcing function. And the above ODE can be expressed as a system of 2 first-order
ODEs by defining a new variable z,

z =
dy

dt
(2.22)

Numerical Method for Chemical Engineers
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14 Roots of Equations

This reduces the problem to solving

dz

dt
=

F (t)− a1z − a0y

a2

(2.23)

dy

dt
= z (2.24)

In a simliar fashion, nth-order linear ODE can always be expressed as a system of n first-order
ODEs.

The general solution of ODE equation deals with the case when the forcing function is set to
zero.

a2
d2y

dt
+ a1

dy

dt
+ a0y = 0 (2.25)

This equation gives something very fundamental about the system being simulated-that is, how the
system reponds in the absence of external stimuli. The general solution to all unforced linear system
is of the formy = ert.

a2r
2ert + a1re

rt + a0e
rt = 0 (2.26)

or cancelling the exponential terms,

a2r
2 + a1r + a0 = 0 (2.27)

This polynomial is called as characteristic equation and these r’s are referred to as eigenvalues.

r1

r2

=
−a1 ±

√
a2

1 − 4a2a0

a0

(2.28)

• overdamped case : all real roots

• critically damped case : only one root

• underdamped case : all complex roots

2.3.2 Computing with Polynomials

For nth-order polynomial calculation, general approach requiresn(n + 1)/2 multiplications andn
additions. However, if we use a nested format,n multiplications andn additions are required.

DO j=n, 0
p = p * x + a(j)

END DO

If you want to find all roots of a polynomial, you have to remove the found root before another
processing. This removal process is referred to as polynomial deflation.

Numerical Method for Chemical Engineers
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2.4 Engineering Applications: Roots of Equations 15

2.3.3 Conventional Methods

• Müller’s method : projects a parabola through three points.

• Bairstow’s method:

1. guess a value for the rootx = t

2. divide the polynomial by the factorx− t

3. determine whether there is a reminder. If not, the guess is was perfect and the root
is equal to. If there is a reminder, the guess can be systematically adjusted and the
procedure repeated until the reminder disappears.

2.3.4 Root Location with Libraries and Packages

• Matlab:

– roots

– poly

– polyval

– residue

– conv

– deconv

• IMSL:

– ZREAL

2.4 Engineering Applications: Roots of Equations

See the textbook
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Chapter 3

Linear Algebraic and Equations

Matrix notation:

• sysmmetric matrix

• diagonal matrix

• principal or main diagonal of the matrix

• identity matrix

• upper triangular matrix

• lower triangular matrix

• banned matrix

• tridiagonal matrix

• transpose

• trace

3.1 Gauss Elimination

3.1.1 Solving Small Numbers of Equations

Problems when solving sets of linear equations

16



3.1 Gauss Elimination 17

• Singular

– no solution

– infinite solution

• Ill-conditioned : system that are very close to being singular

Cramer’s Rule : each unknown in a system of linear algebraic equations may be expressed as
a fraction of two determinants with denominator D and with the numerator obtained from D by
replacing the column of coefficients of the unknown in question by the constantb1, b2, . . . , bn. For
more than three equations, Cramer’s rule becomes impractical because, as the number of equations
increases, the determinants are time-consuming to evaluate.

3.1.2 Naive Gauss Elimination

The elimination of unknowns consists of two steps

1. The equations are manipulated to eliminate one of the unknowns from the equations. The
result of this elimination step is that we have on equation with one unknown.

2. This equation can be solved directly and the result back-substituted into one of the original
equations to solve for the remaining unknown.

But the above method can’t avoid division by zero in computer program. Need more elaborated
algorithms !

3.1.3 Pitfalls of Elimination Methods

• Division by zero : partially avoided by the technique of pivoting

• Round-off errors : An error in early steps wiil tend to propagate-that is, it will cause errors in
subsequent steps.

• Ill-conditioned systems : small changes in coefficients result in large changes in the solution.
An ill-conditioned system is one with a determinant close to zero. This means that there is
no solutions or an infinite number of solutions. However, it is difficult to specify how close
to zero the determinant must be to indicate ill-conditioning. This is complicated by the fact
that the determinant can be changed by multiplying one or more of the equations by a scale
factor without changing the solution. Consequently, the determinant is a relative value that is
influenced by the magnitude of the coefficients. One way to partially prevent a scaling effect
is to scale the equations so that the maximum element in any row is equal to 1.
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18 Linear Algebraic and Equations

• Singular systems : lose one degree of freedom and we would be dealing with the impossible
case ofn− 1 equations withn unknowns. Check the determinant whether it is zero or not !

3.1.4 Techniques for Improving Solutions

• Use more significant figures in the computation

• Use pivoting

– partial pivoting : make the largest element in the column to be the pivot element

– avoiding division by zero

– minimizes round-off error

– gives a partial remedy for ill-conditioning

• Use scaling : minimize round-off error for those cases where some of the equations in a system
have much larger coefficients than others.

However, sometime scaling introduces a round-off error. Thus, it is used as a criterion for pivoting
and the original coefficient values are retrained for the actual elimination and substitution computa-
tion.

3.1.5 Complex Systems

Convert a complex system into two real system and employ the algorithm for the real system.

3.1.6 Nonlinear Systems of Equations

Use a multidimensional verstion of Newton-Raphson method for nonlinear system. However, there
are two major shortcoming.

• Difficult to calculate partial derivatives

• Need excellent initial guesses

Need optimization techniques !

Numerical Method for Chemical Engineers
c©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



3.2 LU Decomposition and Matrix Inversion 19

3.1.7 Gauss-Jordan

Difference between Gauss and Gauss-Jordan

• An unknown is elminated from all other euqation rather than just the subsequent ones.

• All rows are normalized by dividing them by their pivot elements.

– the elimination step results in an identity matrix rather than a triangular matrix

– No need to employ back substitution to obtain the solution.

3.2 LU Decomposition and Matrix Inversion

LU decomposition provides

• well-suited for those situations where many right-hande side vector{B} must be evaluated
for a single value of[A].

• an efficient means to compute the matrix inverse.

3.2.1 LU Decomposition

Gauss elimination is designed to solve system of linear algebraic equations

[A]{X} = {B} (3.1)

Gauss elimination involves two steps: forward elimination and back substitution. Of these, the
forward elimination step require more computation times. LU decomposition methods separate the
time-consuming elimination of the matrix[A] from the manipulations of the right-hand side{B}.
Thus, once[A] has ben decomposed, multiple right-hand side vectors can be evaluated in an efficient
manner.

Equation (3.1) can be rearranged to give

[A]{X} − {B} = 0 (3.2)

The above equation can be reduced into upper triangular form with Gauss elimination.

[U ]{X} − {D} = 0 (3.3)
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20 Linear Algebraic and Equations

And assume a lower triangular matrix[L] which satisfies the following equation

[L]{[U ]{X} − {D}} = [A]{X} − {B} (3.4)

If this equation holds,

[L][U ] = [A] (3.5)

[L][D] = {B} (3.6)

A two-step strategy for obtaining solutions with LU decomposition

1. Decompose[A]into [L] and[U ]

2. Find a intermediate vector{D} with equation (3.6) and solve equation (3.3) for{X}

LU decomposition can be performed in Gauss elimination.[U ] is a direct product of the forward
elimination. For example, consider the following3× 3 system

[
A

]
=




a11 a12 a13

a21 a22 a23

a31 a32 a33


 (3.7)

The forward elimination step reduce the original matrix[A] to the form

[
U

]
=




a11 a12 a13

0 a′22 a′23

0 0 a′′33


 (3.8)

which is in the desired upper triangular format. The matrix[L] is also produced during the step.

[
L

]
=




1 0 0

f21 1 0

f31 f32 1


 (3.9)

LU decomposition algorithm:

• The factors generated during the elimination phase are stored in the lower part of the matrix

• Keep track of pivoting

• Scaled values of the elements are used to determine whether pivoting is to be implemented

• The diagonal term is monitored during the pivoting phase to detect near-zero occurrences in
order to flag singular systems.
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3.3 LU Decomposition and Matrix Inversion 21

3.2.2 The Matrix Inverse

The inverse can be computed in a column-by column fashion by generating solutions tieh unit vector
as the right-hand-side constants. The best way to implement such a calculation is with the LU
decomposition algorithm and it is one of the great strengths of LU decomposition.

3.2.3 Error Analysis and System Condition

Determination of ill-conditioned system:

• Scale the matrix and invert the scaled matrix. If there are element of[A]−1 that are several
orders of magnitude greater than one, then the system is ill-conditioned.

• Mutiply the inverse by the original matrix and assess whether the result is close to the identity
matrix. If not, it indicate ill-conditioning.

• Invert the inversed matrix and assess whether the result is sufficiently close to the original
matrix. If not, it indicate that the system is ill-conditioned.

The indication of ill-conditioning with a single number

• Norm: a real-valued function that provide a measure of the size of multicomponent mathe-
matical entities. For example, consider a vector in three-dimensional Euclidean space

[
F

]
=

[
a b c

]
(3.10)

The length of this vector-that is, the distance from the coordinate (0, 0, 0) to (a, b, c)

‖F‖e =
√

a2 + b2 + c2 (3.11)

where the nomenclature‖F‖e indicates that this length is referred to as the Euclidean norm of
[F ]. For matrix case,

‖A‖e =

√√√√
n∑

i=1

n∑
j=1

a2
i,j (3.12)

which is given a special name-the Frobenius norm. it provide a single value to quantify the
“size” of [A].

• Matrix condition number:
Cond[A] = ‖A‖ · ‖A−1‖ (3.13)

Note that for a matrix[A], this number will be greater than or equal to 1. However, the above
equation require computation time to obtain‖A−1‖.
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22 Linear Algebraic and Equations

3.3 Special Matrices and Gauss-Seidel

3.3.1 Special Matrices

• Banded matrix : a square matrix that has all elements equal to zero, with exception of a band
centered on the main diagonal. The convensional LU decompostion methods are inefficient to
solve banded systems.

• Tridiagonal system : Thomas algorithm

• Symmetric matrix : Cholesky decomposition

3.3.2 Gauss-Seidel

The Gauss-Seidel method:

• An alternative to the elimination method

• Iterative or approximate method

Convergence enhancement with relaxation

• Relaxation is a weighted average of the result of the previous and the present iteration:

xnew
i = λxnew

i + (1− λ)xold
i (3.14)

• λ = 1 : the result is unmodified.

• 0 < λ < 1 : underrelaxation, make a nonconvergent system converge or hasten convergence
by dampening out oscillation.

• λ > 1 : overrelaxation, accelerate the convergence of an already convergent system. It is also
called successive or simultaneous overrelaxation, SOR.

3.3.3 Linear Algebraic Equation with Libraries and Packages

• Matlab:

– cond : matrix condition number

– norm : matrix or vector norm
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3.4 Engineering Applications: Linear Algebraic Equations 23

– rank : no. of linearly independent rows or columns

– det : determinant

– trace : sum of diagonal elements

– / : linear equation solution

– chol : cholesky factorization

– lu : factors from gauss elimination

– inv : matrix inverse

• IMSL: various routines are exist to solve linear system

3.4 Engineering Applications: Linear Algebraic Equations

See the textbook
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Chapter 4

Optimization

Maximum

Root

Minimum

f’(x)=0

f’’(x)<0

f(x)=0

f’(x)=0

f’’(x)>0

Figure 4.1: The illustation of the difference between roots and optima.

An optimization or mathematical programming problem

Findx, which minimizes or maximizesf(x)

24



4.1 One-dimensional Unconstrained Optimization 25

subject to

di(x) ≤ ai i = 1, 2, . . . ,m (4.1)

ei(x) = bi i = 1, 2, . . . , p (4.2)

wherex is an n-dimensional design vector,f(x) is the objective function,di(x) are inequality
constraints,ei(x) are equality constraints.

Classification of optimization problem

• The form off(x):

– If f(x) and the constraints are linear,linear programming.

– If f(x) is quadratic and the constraints are linear,quadratic programming.

– If f(x) is not linear or quadratic and/or the constraints are nonlinear,nonlinear program-
ming.

• For constrained problem

– Unconstained optimization

– Constrained optimization

• Dimensionality

– One-dimensional problem

– Multi-dimensional problem

4.1 One-dimensional Unconstrained Optimization

4.1.1 Golden-Section Search

Golden-section search method is similar to the bisection method in solving for the root of a single
nonlinear equation. Golden-section search method can be achived by specifying that the following
two conditions hold:

`0 = `1 + `2 (4.3)
`1

`0

=
`2

`1

(4.4)

DefiningR = `2/`1

R = 0.61803.... (4.5)
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26 Optimization

Maximum

Figure 4.2: The illustation of the Golden-section search method.

This value is called thegolden ratio.

Disadvantages

• Many evaluation

• Time-consuming evaluation

4.1.2 Quadratic Interpolation

Quadratic interpolation takes advantages of the fact that a second-order polynomial often provides a
good approximation to the shape off(x) near an optimum.

An estimate of the optimalx

x3 =
f(x0)(x

2
1 − x2

2) + f(x1)(x
2
2 − x2

0) + f(x2)(x
2
0 − x2

1)

2f(x0)(x1 − x2) + 2f(x1)(x2 − x0) + 2f(x2)(x0 − x1)
(4.6)

4.1.3 Newton’s Method

At an optimum, the optimal valuex∗ satisfy

f ′(x∗) = 0 (4.7)
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4.2 Multidimensional Unconstrained Optimization 27

With a second-order Taylor series off(x), we can find the following equations for an estimate of
the optimal

xi+1 = xi − f ′(xi)

f ′′(xi)
(4.8)

4.2 Multidimensional Unconstrained Optimization

Classification of unconstrained optimization problems

• Nongradient or direct methods

• Gradient or descent methods

4.2.1 Direct Methods

Figure 4.3: Conjugate directions.

These methods vary from simple brute force approaches to more elegant techniques that attempt
to exploit the nature of the function.
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28 Optimization

• random search : repeatedly evaluates the function at randomly selected values of the indepen-
dent variables.

• univariate search : change one variable at a time to improve the approximation while the other
variables are held constant. Since only one variable is changed, the problem reduces to a
sequence of one-dimensional searches.

4.2.2 Gradient Methods

Gradient methods use derivative information to generate efficient algorithms to locate optima.

The gradient is defined as

∇f =
∂f

∂x
i +

∂f

∂y
j (4.9)

Derivative information

• First derivative:

– a steepest trajectory of the function

– whether it is a optima

• Second derivative: called as Hessian,H

– If |H| > 0, it is a local minimum

– If |H| < 0, it is a local maximum

– If |H| = 0, it is a saddle point

The quantity|H| is equal to the determinant of a matrix made up of the second derivatives and,
for example, the Hessian of a two-dimensional system is

H =




∂2f

∂x2

∂2f

∂x∂y
∂2f

∂y∂x

∂2f

∂y2




The steepest-descent algorithm is summaried as

• Determine the best direction

• Determine the best value along the search direction.
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4.3 Contrained Optimization 29

1. Calculate the partial derivatives
∂f(x)

∂xi

(4.10)

2. Calculate the search vector

s = −∇f(xk) (4.11)

3. Use the relation

xk+1 = xk + λksk (4.12)

to obtain the value ofxk+1. To getλk use the following equations

f(xk+1) = f(xk + λxk) = f(xk) +∇T f(xk)λsk +
1

2
(λsk)TH(xk)(λsk) (4.13)

To get the minimum, differentiate with respect toλ and equate the derivative to zero

df(xk + λxk)

dλ
= ∇T f(xk)sk + (sk)TH(xk)(λsk) (4.14)

with the result

λopt =
∇T f(xk)sk

(sk)TH(xk)sk
(4.15)

4.3 Contrained Optimization

4.3.1 Linear Programming

Four general outcome from linear programming

• Unique solution

• Alternate solutions

• No feasible solution

• Unbounded problems
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30 Optimization

4.3.2 Optimization with Packages

• Matlab:

– fmin : Minimize function of one variable

– fmins : Minimiza function of several varaibles

– fsolve : Solve nonlinear equations by a least squares method

• IMSL : various routines are exist to solve optimization problems

4.4 Engineering Applications: Optimization

See the textbook
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Chapter 5

Curve Fitting

(a) (b)

(c)

Figure 5.1: Three attempts to fit a best curve.

The simplest method for fitting a curve to data is to plot the points and then sketch a line

• (a) Characterize the general upward trend of the data with a straight line

• (b) Use straight-line segment or linear interpolation

• (c) Use curves to try to captuer the meanderings

31



32 Curve Fitting

Simple statistics

• Arithmetic mean

ȳ =

∑
yi

n

• Standard deviation : the measure of spread of a sample

sy =

√
St

n− 1

whereSt is the total sum of the squares of the residual between the data points and the mean,
or

St =
∑

(yi − ȳ)2

• Variance : The square of the standard deviation

s2
y =

St

n− 1

• Coefficient of variation (c.v.) : The spread of data

c.v. =
sy

ȳ
100%

5.1 Least-Squares Regression

Lest-squares regression is drived from a curve that minimized the discrepancy between the data
points and the curve.

5.1.1 Linear Regression

A least-squares approximation is fitting a straight line to a set of paired observation. The mathemat-
ical expression for the straight line is

y = a0 + a1x + e (5.1)

The error, or residual, is the discrepancy between the true value ofy and the approximate value,
a0 + a1x and that is

e = y − a0 + a1x (5.2)
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5.1 Least-Squares Regression 33

The criterion for least-squares regression is

min Sr =
n∑
i

e2
i =

n∑
i

(yi,measured − yi,model)
2 =

n∑
i

(yi − a0 − a1xi)
2 (5.3)

To determine values ofa0 anda1, differentiate (5.3)

∂Sr

∂a0

= −2
∑

(yi − a0 − a1xi) (5.4)

∂Sr

∂a1

= −2
∑

[(yi − a0 − a1xi)xi] (5.5)

And setting these derivatives equal to zero, we get the so-called normal equations

0 =
∑

yi −
∑

a0 −
∑

a1xi (5.6)

0 =
∑

yixi −
∑

a0xi −
∑

a1x
2
i (5.7)

The coefficients of a straight line are

a1 =
n

∑
xiyi −

∑
xi

∑
yi

n
∑

x2
i − (

∑
xi)2

(5.8)

a0 = ȳ − a1x̄ (5.9)

Quantification of error of linear regression

• The sum of the square of the residual

– A sampled data system

St =
∑

(yi − ȳ)2 (5.10)

– A linear regressioned system

Sr =
∑

(yi − a0 − a1xi)
2 (5.11)

• Standard deviation

– A sampled data system

sy =

√
St

n− 1
(5.12)

sy quantifies the spread around mean.
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34 Curve Fitting

– A linear regressioned system

sy/x =

√
Sr

n− 2
(5.13)

sy/x quantifies the spread around the regression line.

• The goodness of a fit

r2 =
St − Sr

St

(5.14)

wherer2 is called the coefficient of determination andr is the correlation coefficient.

See the figure 17.4 in the textbook

Measurement

Error

Figure 5.2: The residual in linear regression

5.1.2 General Linear Least-Squares

The general linear least-square model:

y = a0z0 + a1z1 + · · ·+ amzm + e (5.15)

In matrix notation
Y = ZA + E (5.16)
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5.2 Interpolation 35

Note that Z is not a square matrix but we want to know aboutA.

ZT ZA = ZT Y (5.17)

Now A is
A = (ZT Z)−1ZT Y (5.18)

5.1.3 Nonlinear Regression

Gauss-Newton method

1. Use a Taylor series to linearize a nonlinear function

2. Apply least-square theorie to obtain new estimate of the parameters that move in the direction
of minimizing the residual.

5.2 Interpolation

5.2.1 Newton’s Divided-Difference Interpolating Polynomials

Linear interpolation : connect two data points with a straight line

f1(x) = f(x0) +
f(x1)− f(x0)

x1 − x0

(x− x0) (5.19)

Quadratic interpolation : connect three data points with a second-order polynomial

f2(x) = b0 + b1(x− x0) + b2(x− x0)(x− x1) (5.20)

where

b0 = f(x0)

b1 =
f(x1)− f(x0)

x1 − x0

b2 =

f(x2)− f(x1)

x2 − x1

− f(x1)− f(x0)

x1 − x0

x2 − x0
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36 Curve Fitting

Newton’s interpolating polynomial : connectn + 1 data withnth-order polynomial

fn(x) = b0 + b1(x− x0) + · · ·+ bn(x− x0) · · · (x− xn−1) (5.21)

where the coefficients are

b0 = f(x0)

b1 = f [x1, x0]

...

bn = f [xn, xn−1, . . . , x0]

where the bracket function evaluations are finite divided differences.

nth finite divided difference is

f [xn, xn−1, . . . , x0] =
f [xn, . . . , x1]− f [xn−1, . . . , x0]

xn − x0

(5.22)

Newton’s divided-difference interpolating polynomial is

fn(x) = f(x0) + (x− x0)f [x1, x0] + · · · (x− x0)(x− x1) · · · (x− xn−1)f [xn, . . . , x0] (5.23)

5.2.2 Lagrange Interpolating Polynomial

The Lagrange interpolating polynomial is simply a reformulation of the Newton polynomial that
avoids the computation of divided differences.

fn(x) =
n∑

i=0

Li(x)f(xi) (5.24)

where

Li(x) =
n∏

j=0
j 6=i

x− xj

xi − xj

(5.25)

where
∏

designates the “product of.”

5.2.3 Spline Interpolation

Spline interpolation is an alternative approach that lower-order polynomial is applied to subsets of
data point. Especially, when third-order curves are employed to connect each pair of data points, it
is called cubic spline.
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5.3 Fourier Approximation 37

Linear splines : the simplest connection between two points is a straight line.

f(x) = f(x0) + m0(x− x0) x0 ≤ x ≤ x1

f(x) = f(x1) + m1(x− x1) x1 ≤ x ≤ x2

...

f(x) = f(xn−1) + m1(x− xn−1) xn−1 ≤ x ≤ xn

wheremi is the slope of the straight line

mi =
f(xi+1)− f(xi)

xi+1 − xi

(5.26)

Quadratic splines : connect three points with second-order polynomials.

• The function values of adjacent polynomials must be equal at the interior knots.

• The first and last functions must pass through the end points.

• The first derivatives at the interior knots must be equal.

• Assume that the second derivative is zero at the first point.

Cubic splines : derive a third-order polynomial for each interval between knots

fi(x) = aix
3 + bix

2 + cix + di (5.27)

5.3 Fourier Approximation

In early 1800s, the French mathematician Fourier proposed that “any function can be represented by
an infinite sum of sine and cosine terms.” There are functions that do not have a representation as
a Fourier series, however, most functions can be so represented. Fourier approximation is another
representation of a function with trigonometric series.

Trigonometric identities

• sin A sin B = 1
2
[cos(A−B)− cos(A + B)]

• sin A cos B = 1
2
[sin(A−B) + sin(A + B)]

• cos A cos B = 1
2
[cos(A−B) + cos(A + B)]
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38 Curve Fitting

Fourier series

Assume thatf(x) is a periodic function of period2π and is integrable over a period.

f(x) ' A0 +
∞∑

n=1

[An cos(nx) + Bn sin(nx)] (5.28)

• A0 : integrating on both sides of (5.28) from−π to π.

∫ π

−π

f(x)dx =

∫ π

−π

A0dx +
∞∑

n=1

An

∫ π

−π

cos(nx)dx +
∞∑

n=1

Bn

∫ π

−π

sin(nx)dx (5.29)

The last two integrations of trigonometric terms are equal to zero. Hence

A0 =
1

2π

∫ π

−π

f(x)dx (5.30)

• An : multiply both sides of (5.28) bycos(mx) and integrate

∫ π

−π

cos(mx)f(x)dx =

∫ π

−π

A0 cos(mx)dx

+
∞∑

n=1

∫ π

−π

An cos(nx) cos(mx)dx +
∞∑

n=1

∫ π

−π

Bn sin(nx) cos(mx)dx (5.31)

The only nonzero term on the right is whenm = n in the first summation

An =
1

π

∫ π

−π

f(x) cos(nx)dx (5.32)

• Bn : multiply both sides of (5.28) bysin(mx) and integrate

∫ π

−π

sin(mx)f(x)dx =

∫ π

−π

A0 sin(mx)dx

+
∞∑

n=1

∫ π

−π

An cos(nx) sin(mx)dx +
∞∑

n=1

∫ π

−π

Bn sin(nx) sin(mx)dx (5.33)

The only nonzero term on the right is whenm = n in the second summation

Bn =
1

π

∫ π

−π

f(x) sin(nx)dx (5.34)
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5.3 Fourier Approximation 39

Fourier series for any period p = 2L

Consider the function whose period isp = 2L.

f(x) = A0 +
∞∑

n=1

(
An cos

nπ

L
x + Bn sin

nπ

L
x
)

(5.35)

where the Fourier coefficients off(x) are given by the Euler formulas

A0 =
1

2L

∫ L

−L

f(x)dx

An =
1

L

∫ L

−L

f(x) cos
nπ

L
xdx

Bn =
1

L

∫ L

−L

f(x) sin
nπ

L
xdx

(5.36)

Fourier series for even and odd functions

• Even function:
g(−x) = g(x) (5.37)

And integral value of a even function is
∫ L

−L

g(x)dx = 2

∫ L

0

g(x)dx (5.38)

• Odd function:
h(−x) = −h(x) (5.39)

And integral value of a even function is
∫ L

−L

h(x)dx = 0 (5.40)

• Fourier cosine series: the Fourier series of an even function of period2L.

f(x) = A0 +
∞∑

n=1

An cos
nπ

L
x (5.41)

• Fourier sine series: the Fourier series of an odd function of period2L.

f(x) = A0 +
∞∑

n=1

Bn sin
nπ

L
x (5.42)
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40 Curve Fitting

Complex form of Fourier series : Real sines and cosines can be expressed in terms of complex
exponentials by the formulas

sin nx =
einx − e−inx

2i

cos nx =
einx + e−inx

2

(5.43)

From this

An cos nx + Bn sin nx =
1

2
An(einx + e−inx) +

1

2i
Bn(einx − e−inx) (5.44)

=
1

2
(An − iBn)einx +

1

2
(An + iBn)e−inx (5.45)

= cneinx + c−ne
−inx (5.46)

With the above equation

f(x) =
∞∑
−∞

cne
inx (5.47)

where

cn = An − iBn =
1

π

∫ π

−π

f(x)(cos(nx)− i sin(nx))dx =
1

2π

∫ π

−π

f(x)e−inxdx

This is the so-called complex form of the Fourier series, or complex Fourier series off(x).

Sinusoidal function : represent any waveform with a sine or cosine

f(t) = A0 + C1 cos(ω0t + θ) (5.48)

whereA0 is the mean value,C1 is the amplitude,ω0 is the angular frequency, andθ is the phase
angle or phase shift.

The angular frequency is related to frequencyf (in cycles/time)

ω0 = 2πf (5.49)

and frequency is

f =
1

T
(5.50)

The trigonometric identity gives

f(t) = A0 + A1 cos(ω0t) + B1 sin(ω0t) (5.51)

whereA1 = C1 cos(θ), B1 = −C1 sin(θ)
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5.3.1 Curve Fitting with Sinusoidal Functions

Least-squares fit of a sinusoidal function is to determine coefficient values that minimize

Sr =
N∑

i=1

{yi − [A0 + A1 cos(ω0ti) + B1 sin(ω0ti)]}2 (5.52)




N
∑

cos(ω0t)
∑

sin(ω0t)∑
cos(ω0t)

∑
cos2(ω0t)

∑
cos(ω0t) sin(ω0t)∑

sin(ω0t)
∑

cos(ω0t) sin(ω0t)
∑

sin2(ω0t)








A0

A1

B1





=





∑
y∑

y cos(ω0t)∑
y sin(ω0t)





(5.53)

For equispaced system ∫ T

0

cos(ω0t)dt = − 1

ω0

sin(ω0t)

∣∣∣∣
T

0

= 0 (5.54)

whereω0T =
2π

T
T = 2π. These relationhips give




N 0 0

0 N/2 0

0 0 N/2








A0

A1

B1





=





∑
y∑

y cos(ω0t)∑
y sin(ω0t)





(5.55)

or

A0 =

∑
y

N
(5.56)

A1 =
2

N

∑
y cos(ω0t) (5.57)

A2 =
2

N

∑
y sin(ω0t) (5.58)

The above equations are similar with the determination of Fourier series.

5.3.2 Fourier Integral and Transform

Some of phenomenon does not occured repeatedly or it will be a long time until it occurs again. In
this case we use Fourier integral that can be used to represent nonperiodic functions, for example a
single voltage pulse not repeated, or a flash of light, or a sound which is not repeated. The transition
from a periodic to a nonperiodic function can be effected by allowing the period to approach infinity.
In other words, asT becomes infinite, the function never repeats itself and thus becomes aperiodic.

From Fourier series to the Fourier intergral
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Figure 5.3: The Fourier series approximation of the square wave.

Consider any periodic functionfL(x) of period2L

fL(x) = A0 +
∞∑

n=1

(An cos ωnx + Bn sin ωnx) (5.59)

whereωn = nπ/L. InsertAn andBn which are given by the Euler formulas.

fL(x) =
1

2L

∫ L

−L

fL(v)dv

+
1

L

∞∑
n=1

[
cos ωnx

∫ L

−L

fL(v) cos ωnvdv + sin ωnx

∫ L

−L

fL(v) sin ωnvdv

]
(5.60)

Now set

∆ω = ωn+1 − ωn =
(n + 1)π

L
− nπ

L
=

π

L
(5.61)

Then1/L = ∆ω/π, and

fL(x) =
1

2L

∫ L

−L

fL(v)dv

+
1

π

∞∑
n=1

[
cos ωnx∆ω

∫ L

−L

fL(v) cos ωnvdv + sin ωnx∆ω

∫ L

−L

fL(v) sin ωnvdv

]
(5.62)

Let L −→∞ and assume a periodic functionfL(x) to be a aperiodic function.

f(x) = lim
L→∞

fL(x) (5.63)
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Then1/L −→ 0 and the first term of function approaches zero.

fL(x) =
1

π

∞∑
n=1

[
cos ωnx∆ω

∫ L

−L

fL(v) cos ωnvdv + sin ωnx∆ω

∫ L

−L

fL(v) sin ωnvdv

]
(5.64)

L −→ 0 results in∆ω → 0 and the sum of infinite series become an integral from0 to∞.

f(x) =
1

π

∫ ∞

0

[
cos ωx

∫ ∞

−∞
f(v) cos ωvdv + sin ωx

∫ ∞

−∞
f(v) sin ωvdv

]
dω (5.65)

IntroduceA(ω) andB(ω) as

A(ω) =

∫ ∞

−∞
f(v) cos ωvdv, B(ω) =

∫ ∞

−∞
f(v) sin ωvdv (5.66)

Finally Fourier series for an aperiodic equation become

f(x) =

∫ ∞

0

[A(ω) cos ωx + B(ω) sin ωx] dω (5.67)

This is called a representation off(x) by a Fourier integral.

Alternatively, the Fourier integral can be written as complex Fourier series.

f(x) =
∞∑
−∞

cneiωnx

cn =
1

2L

∫ L

−L

f(u)e−iωnudu

(5.68)

f(x) =
∞∑
−∞

[
1

2L

∫ L

−L

f(u)e−iωnudu

]
eiωnx (5.69)

Use1/L = ∆ω/π

f(x) =
∞∑
−∞

[
∆ω

2π

∫ L

−L

f(u)e−iωnudu

]
einx (5.70)

=
∞∑
−∞

∆ω

2π

∫ L

−L

f(u)eiωn(x−u)du =
1

2π

∞∑
−∞

F (ωn)∆ω (5.71)

where

F (ωn) =

∫ L

−L

f(u)eiωn(x−u)du (5.72)
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If ∆ω goes to zero, a limit of a sum becomes an integral

f(x) =
1

2π

∫ ∞

−∞
F (ω)dω =

1

2π

∫ ∞

−∞

∫ ∞

−∞
f(u)eiω(x−u)dudω (5.73)

=
1

2π

∫ ∞

−∞
eiωxdω

∫ ∞

−∞
f(u)e−iωudu (5.74)

Defineg(ω) by

g(ω) =
1

2π

∫ ∞

−∞
f(u)e−iωudu (5.75)

Then

f(x) =

∫ ∞

−∞
g(ω)eiωxdω (5.76)

Fourier Transform

f(x) =

∫ ∞

−∞
g(ω)eiωxdω

g(ω) =
1

2π

∫ ∞

−∞
f(u)e−iωudu

(5.77)

f(x) andg(ω) are called a pair of Fourier transforms. Usually,g(ω) is called the Fourier transform
of f(x), andf(x) is called the inverse Fourier transform ofg(ω).

5.3.3 Discrete Fourier Transform (DFT)

In engineering, functions are often represented by finite sets of discrete values and data is often
collected in or converted to such a discrete format. For the discrete time system, a discrete Fourier
transform can be written as

Fk =
N−1∑
n=0

fne
−iω0n (5.78)

and the inverse Fourier transform as

fn =
1

N

N−1∑

k=0

Fke
iω0n (5.79)

whereω0 = 2π/N .

5.3.4 Fast Fourier Transform (FFT)

The fast Fourier transform (FFT) is an algorithm that has been developed to compute the DFT in an
extremely economical fashion.
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5.3.5 The Power Spectrum

A power spectrum is developed from the Fourier transform and it is derived from the analysis of the
power output of electrical systems. The power of a periodic signal can be defined as

P =
1

T

∫ T/2

−T/2

f 2(t)dt (5.80)

A power spectrum can be calculated by the power associated with each frequency component.

5.3.6 Curve Fitting with Libraries and Packagies

• Matlab:

– polyfit

– polyval

– poly2sym

– interp1

– spline

– fft

• IMSL: various routines are exist to solve curve fitting and fft problems

5.4 Engineering Applications: Curve Fitting

See the textbook

Numerical Method for Chemical Engineers
c©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



Chapter 6

Numerical Differentiation and Integration

The derivative represents the rate of cchange of a dependent variable with respect to an independent
variable.

dy

dx
= lim

∆x→0

f(xi + ∆x)− f(xi)

∆x
(6.1)

The integration means the total value, or summation, off(x)dx over the rangex = a to b.

I =

∫ a

b

f(x)dx (6.2)

6.1 Newton-Cotes Integration of Equations

Newton-Gregory forward polynomial : If the x-values are evenly spaced, instead of using divided
difference, “ordinary differences” are more useful; the differences inf -values are not divided by the
differences inx-values.

Pn(xs) =f0 + s∆f0 +
s(s− 1)

2
∆2f0 +

s(s− 1)(s− 2)

3
∆3f0 + · · ·

+
s(s− 1) · · · (s− n + 1)

n
∆nf0

(6.3)

wheres = (x− x0)/h, with h = ∆x, the uniform spacing inx-values.

The Newton-Cotes formulas are based on the strategy of replacing a complicated function or
tabulated data with an approximating function that is easy to integrate:

I =

∫ a

b

f(x)dx '
∫ a

b

Pn(x)dx (6.4)
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6.1 Newton-Cotes Integration of Equations 47

wherePn(x) is the Newton-Gregory interpolating polynomial. Forn = 1

∫ a

b

f(x)dx '
∫ a

b

P1(x)dx =

∫ a

b

(f0 + s∆f0)dx = h

∫ 1

0

(f0 + s∆f0)ds

=h

(
f0 +

1

2
∆f0

)
=

h

2
(f0 + f1)

(6.5)

Forn = 2
∫ a

b

f(x)dx '
∫ a

b

(
f0 + s∆f0 +

s(s− 1)

2
∆2f0

)
dx

= h

∫ 1

0

(
f0 + s∆f0 +

s(s− 1)

2
∆2f0

)
ds

=
h

3
(f0 + 4f1 + f2)

(6.6)

See the figure 21.1 in the textbook.

6.1.1 The Trapezoidal rule

The trapezoidal rule is the first of the Newton-Cotes closed integration formulas

I =

∫ a

b

f(x)dx '
∫ a

b

f1(x)dx (6.7)

where

f1(x) = f(a) +
f(b)− f(a)

b− a
(x− a) (6.8)

The result of integration is

I = (b− a)
f(b)− f(a)

2
(6.9)

which is called as trapezoidal rule.

One way to improve the accuracy of the trapezoidal rule is to divide the integration interval from
a to b into a number of segments and apply the method to each segment. The width of segments

h =
b− a

n
(6.10)

The integration is

I =
h

2

[
f(x0) + 2

n−1∑
i=1

f(xi) + f(xn)

]
(6.11)
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48 Numerical Differentiation and Integration

6.1.2 Simpson’s rule

Another way to obtain a more accurate estimate of an integral is to use higher-order polynomial to
connect the points.

Simpson’s 1/3 rule : use a second-order polynomial

I =

∫ b

a

f(x)dx '
∫ b

a

f2(x)dx (6.12)

Simpson’s 1/3 rule is

I ' h

3
[f(x0) + 4f(x1) + f(x2)] (6.13)

The label “1/3” stems from the fact thath is divided by 3.

Simpson’s 3/8 rule : use a third-order Lagrange polynomial

I =

∫ b

a

f(x)dx '
∫ b

a

f3(x)dx (6.14)

Simpson’s 3/8 rule is

I ' 3h

8
[f(x0) + 3f(x1) + 3f(x2) + f(x3)] (6.15)

See the figure 21.11 in the textbook.

6.2 Intergrations of Equations

6.2.1 Romberg integration

Richardson’s extrapolation : use two estimates of an integral to compute a third. It improves the
results of numerical integration on the basis of the integral estimate themselves.

Two separate estimate using step sizes ofh1 andh2

I(h1) + E(h1) = I(h2) + E(h1) (6.16)

The error of the multiple-application trapezoidal rule is

E ' −b− a

12
h2f̄ ′′ (6.17)

Assume that̄f ′′ is constant regardless of step size

E(h1)

E(h2)
' h2

1

h2
2

(6.18)

Numerical Method for Chemical Engineers
c©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr
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Rearranage the above equation

E(h1) ' E(h2)

(
h1

h2

)2

(6.19)

which can be substituted into eq. (6.16)

I(h1) + E(h2)

(
h1

h2

)2

' I(h2) + E(h1) (6.20)

which can be solved for

E(h2) ' I(h1)− I(h2)

1− (h1/h2)2
(6.21)

Thus, we have developed an estimate of the truncation error in terms of the integral estimates and
their step sizes. This estimate can then be substituted into

I = I(h2) + E(h2) (6.22)

to yield an improved estimate of the integral:

I ' I(h2) +
1

(h1/h2)2 − 1
[I(h2)− I(h1)] (6.23)

For the special case where the interval is halved(h2 = h1/2)

I ' I(h2) +
1

22 − 1
[I(h2)− I(h1)] (6.24)

or

I ' 4

3
I(h2)− 1

3
I(h1) (6.25)

The Romberg integration algorithm

Ij,k ' 4k−1Ij+1,k−1 − Ij,k−1

4k−1 − 1
(6.26)

whereIj+1,k+1 andIj,k−1 are the more and less accurate integral andIj, k is the improved integral.

6.2.2 Gauss Quadrature

• Trapezoidal rule : two parameters model

I ' c0f(a) + c1f(b) (6.27)

where thec’s are the unknown parameters.
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50 Numerical Differentiation and Integration

• Gauss Quadrature : four parameters model

I ' c0f(a) + c1f(b) (6.28)

where thec’s, f(a), f(b) are the unknown parameters.

The trapezoidal rule’s formula can be derived from another point of view, the method of un-
determined coefficients. Because the trapezoidal rule is a two parameters model, we need two
relationships that connect two parameters.

c0 + c1 =

∫ (b−a)/2

−(b−a)/2

1dx (6.29)

and

−c0
b− a

2
+ c1

b− a

2
=

∫ (b−a)/2

−(b−a)/2

xdx (6.30)

I ' (b− a)
f(a) + f(b)

2
(6.31)

The trapezoidal rule must pass through the end point and results in a large error. But suppose that the
constraints of fixed base points was removed and we were freely evaluate the area under a straight
line joining any two points on the curve. See the figure 22.5 to figure out the differences.

The object of Gauss quadrature is to determine the coefficients of an equation of the form

I ' c0f(a) + c1f(b) (6.32)

with assuming that eq. (6.32) fit the integral of a constant, a linear, a parabolic, and a cubic function

c0f(x0) + c1f(x1) =

∫ 1

−1

dx = 2 (6.33)

c0f(x0) + c1f(x1) =

∫ 1

−1

xdx = 0 (6.34)

c0f(x0) + c1f(x1) =

∫ 1

−1

x2dx =
2

3
(6.35)

c0f(x0) + c1f(x1) =

∫ 1

−1

x3dx = 0 (6.36)

These relationships yield the two-point Gauss-Legendre formula

I ' f(− 1√
3
) + f(

1√
3
) (6.37)

Because Gauss quadrature requires function evalutions at nonuniformly spaced points within the
integration interval, it is not appropriate for cases where the function is unknown.
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6.2.3 Improper integrals

Improper intergral that is one with a lower limit of−∞ or an upper limit of+∞, usually can be
evaluated by makeing a change of variable that transforms the infinite range to one that is finite.

6.3 Numerical Differentiation

Improve derivative estimates

• Decrease the step size

• Use a higher-order formula

• Combine two derivative estimates to compute more accurate approximation

6.3.1 High-accuracy differentiation formulas

The forward Taylor series expansion can be written as

f(xi+1) = f(xi) + f ′(xi)h +
f ′′(xi)

2
h2 + · · · (6.38)

which can be solved for

f ′(xi) =
f(xi+1)− f(xi)

h
− f ′′(xi)

2
h2 + O(h2) (6.39)

If we truncate the second- and higher-derivative terms

f ′(xi) =
f(xi+1 − f(xi)

h
(6.40)

The accuracy of the above equation depend on the step sizeh.

In contrast to this approach, substitue the second-derivative term

f ′′(xi) =
f(xi+2)− 2f(xi+1) + f(xi)

h2
+ O(h) (6.41)

into eq. (6.39) to yield

f ′(xi) =
f(xi+1)− f(xi)

h
− f(xi+2)− 2f(xi+1) + f(xi)

2h2
h + O(h2) (6.42)

or, by collecting terms,

f ′(xi) =
−f(xi+2) + 4f(xi+1)− 3f(xi)

2h
+ O(h2) (6.43)

Notice that inclusion of the second-derivative term has improved the accuracy toO(h2).
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52 Numerical Differentiation and Integration

6.3.2 Richardson extrapolation

In similar with Richardson extrapolation for integral, an estimate for derivatives can be written as

D ' 4

3
D(h2)− 1

3
D(h1) (6.44)

For centered difference approximations withO(h2), the application of this formula will yield a new
derivative estimate ofO(h4).

6.3.3 Derivatives of unequally spaced data

One way to handle nonequispaceddata is to fit a second-order Lagrange interpolating polynomial to
each set of three adjacent points.

6.3.4 Numerical integration/differentiation formulas with libraties and pack-
ages

Various subroutines and functions are exist to solve integral and derivative problems in Matlab and
IMSL.

6.4 Engineering Applications: Numerical Integration and Dif-
ferentiation
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Chapter 7

Ordinary Differential Equations

Differential equation is

• differential equations : composed of an unknown function and its derivatives.

• rate equations : it expresses the rate of change of a variable as a function of variables and
parameters.

Variables are divied by

• dependent variables

• independent variables

Differential equation is classified as

• ordinary differential equation : one independent variable

• partial differential equation : more than one independent variables

A differential equation is usually accompanied by auxiliary conditions to specify the solution
completely. For first-order ODEs an initial value is required to determine the constant and obtain a
unique solution.

• initial-value problem : all conditions are specified at the same value of the independent vari-
able.

• boundary-value problem : specification of conditions occurs at different values of the inde-
pendent variable.
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54 Ordinary Differential Equations

7.1 Runge-Kutta Methods

Ordinary differential equation is
dy

dx
= f(x, y)

The solution is
New value= old value+ slope× step size

or, in mathmatical terms,
yi+1 = yi + φ× h (7.1)

The slope estimate ofφ is used to extrapolate from an old valueyi to a new valueyi+1 over a distance
h.

y_{i+1} = y_i + \phi h

Figure 7.1: Graphical depiction of a one-step method.

7.1.1 Euler’s Method

Euler’s method is
yi+1 = yi + f(xi, yi)h (7.2)

More smaller step-size gives more accurate solution but further step-size reduction requires much
computation times.
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7.1.2 Improvement of Euler’s Method

A funcdermental source of error in Euler’s method is that the derivative at the beginning of the
interval is assumed to apply across the entire interval.

Heun’s Method : average two derivatives which are obtained at the initial point and the end point.
The slope at the beginning of an interval

y′i = f(xi, yi) (7.3)

is used to extrapolate linearly toyi+1

y0
i+1 = yi + f(xi, yi)h (7.4)

This equation is called a predictor equation. The slope at the end of the interval

y′i+1 = f(xi+1, yi+1) (7.5)

Thus, the two slopes can be combined to obtain an average slope for the interval

ȳ′ =
yi + y′i+1

2
=

f(xi, yi) + f(xi+1, y
0
i+1)

2
(7.6)

This average slope is then used to extrapolate linearly fromyi to yi+1

yi+1 = yi +
f(xi, yi) + f(xi+1, y

0
i+1)

2
h (7.7)

which is called a correct equation. See the figure 25.9 at p 688.

The Heun method is a predictor-corrector approach.

The Midpoint Method : use Euler’s method to predict a value ofy at the midpoint of the interval.

yi+1/2 = yi + f(xi, yi)
h

2
(7.8)

This slope is then used to extrapolate linear form fromxi to xi+1

yi+1 = yi + f(xi+1/2, yi+1/2)
h

2
(7.9)

7.1.3 Runge-Kutta Method

Runge-Kutta methods achieve the accuracy of a Taylor series approach without requiring the calcu-
lation of higher derivatives.

yi+1 = yi + φ(xi, yi, h)h (7.10)
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56 Ordinary Differential Equations

whereφ(xi, yi, h) is called an increment function, which can be interpreted as a representative slope
over the interval. The increment function is

φ = a1k1 + a2k2 + · · ·+ ankn (7.11)

where thea’s are constants and thek’s are

k1 = f(xi, yi) (7.12a)

k2 = f(xi + p1h, yi + q11k1h) (7.12b)

k3 = f(xi + p2h, yi + q21k1h + q22k2h) (7.12c)
... (7.12d)

kn = f(xi + pn−1h, yi + qn−1,1k1h + · · ·+ qn−1,n−1kn−1h) (7.12e)

Notice that thek’s are recurrence relationship. Because eachk is a functional evaluation, this recur-
rence makes RK methods efficient for computer calculations.

Second-order Runge-Kutta Methods

The second-order version of RK method:

yi+1 = yi + (a1k1 + a2k2)h (7.13)

where

k1 = f(xi, yi) (7.14a)

k2 = f(xi + p1h, yi + q11k1h) (7.14b)

To determine values for the constanta1, a2, p1, andq11, use a Taylor’s series foryi+1 in terms ofyi

andf(xi, yi)

yi+1 = yi + f(xi, yi)h +
f ′(xi, yi)

2!
h2 (7.15)

wheref ′(xi, yi) is

f ′(xi, yi) =
∂f(x, y)

∂x
+

∂f(x, y)

∂y

dy

dx
(7.16)

Then,

yi+1 = yi + f(xi, yi)h +
∂f

∂x
+

∂f

∂y

dy

dx

h2

2!
(7.17)

The basic strategy underlying Runge-Kutta methods is to use algebraic manipulations to solve for
values ofa1, a2, p1, andq11 that make eq (7.13) and eq (7.17) equivalent.

The Taylor’s series for a two-variable function is

f(xi + p1h, yi + q11k1h) = f(xi, yi) + p1h
∂f

∂x
+ q11k1h

∂f

∂y
+ O(h2) (7.18)
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This gives

yi+1 = yi + a1hf(xi, yi) + a2hf(xi, yi) + a2p1h
2∂f

∂x
+ a2q11h

2f(xi, yi)
∂f

∂y
+ O(h3) (7.19)

By correcting terms

yi+1 = yi + [a1f(xi, yi) + a2f(xi, yi)] h +

[
a2p1

∂f

∂x
+ a2q11f(xi, yi)

∂f

∂y

]
h2 + O(h3) (7.20)

Comparing this equation with eq (7.17)

a1 + a2 = 1 (7.21)

a1p1 =
1

2
(7.22)

a2q11 =
1

2
(7.23)

Because these three equations contain the four unknown constants, we must assume a value of one
of the unknowns to determine the other three. Suppose that we specify a value fora2.

a1 = 1− a2 (7.24)

p1 = q11 =
1

2a2

(7.25)

Also we can choose an infinite number of values fora2, there are an infinite number of second-order
RK methods.

Heun Method with a Single Corrector(a2 = 1/2)

Assumea2 = 1/2

a1 = 1/2, p1 = q11 = 1 (7.26)

These parameters yield

yi+1 = yi +

(
1

2
k1 +

1

2
k2

)
h (7.27)

where

k1 = f(xi, yi) (7.28)

k2 = f(xi + h, yi + k1h) (7.29)

Midpoint Method(a2 = 1)
yi+1 = yi + k2h (7.30)
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where

k1 = f(xi, yi) (7.31)

k2 = f

(
xi +

1

2
h, yi +

1

2
k1h

)
(7.32)

Ralston’s Method (a2 = 2/3)

yi+1 = yi +

(
1

3
k1 +

2

3
k2

)
h (7.33)

where

k1 = f(xi, yi) (7.34)

k2 = f

(
xi +

3

4
h, yi +

3

4
k1h

)
(7.35)

See the figure 25.14 at p 699.

Fourth-order Runge-Kutta Methods

The classical fourth-order RK method

yi+1 = yi +
1

6
(k1 + 2k2 + 2k3 + k4)h (7.36)

where

k1 = f(xi, yi) (7.37a)

k2 = f

(
xi +

1

2
h, yi +

1

2
k1h

)
(7.37b)

k3 = f

(
xi +

1

2
h, yi +

1

2
k2h

)
(7.37c)

k4 = f (xi + h, yi + k3h) (7.37d)

(7.37e)

See the figure 25.16 at p 704.

7.1.4 Systems of Equations

The procedure for solving a system of equations simply involves applying the one-step technique
for every equation at each step before proceeding to the next step.
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7.1.5 Adaptive Runge-Kutta Method

• Automatically adjust the step size to avoid overkills

• Need an estimate of the local truncation error be obtained at each step

Strategies for adaptive RK

• Use different step sizes to calculate local error

• Use different order of RK method to calculate local error

7.2 Stiffness and Multistep Methods

7.2.1 Stiffness

A stiffness system is one involving repidly changing components together with slowly changing
ones. In many cases, the rapidly varying components die away quickly, after which the solution
becomes dominated by the slowly varying components.

An example of a single stiff ODE is

dy

dt
= −1000y + 3000− 2000e−t (7.38)

If y(0) = 0,
y = 3− 0.998e−1000t − 2.002e−t (7.39)

The solution is initially dominated by the fast exponential term (e−1000t). After a very short period
t < 0.005, this transient dies out and the solution becomes dictated by the slow exponential (e−t).

Step size consideration: Insight into the step size required for stability for a solution.

dy

dt
= −ay (7.40)

If y(0) = y0,
y = y0e

−at (7.41)

Thus, the solution starts aty0 and asymptotically approaches zero.

Use Euler’s method

yi+1 = yi +
dyi

dt
h (7.42)
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Substitutingdy/dt

yi+1 = yi − ayih (7.43)

or
yi+1 = (1− ah)yi (7.44)

The stability of this formula clearly depend on the step sizeh. That is,|1− ah| must be less than 1.

For the fast transient part, the step size to maintain stability must be very small. In addition, an
even smaller step size is required to obtain an accurate solution.

Implicit method: developed by evaluating the derivative at the future time

yi+1 = yi +
dyi+1

dt
h (7.45)

Substituting the derivative term
yi+1 = yi + ayi+1h (7.46)

which can be solved for
yi+1 =

yi

1 + ah
(7.47)

For this case, regardless of the size of the step,|yi| → 0 asi →∞. See the figure 26.2 at p 722.

7.2.2 Multistep Methods

The one-step methods utilize information at a single pointxi to predict a value of the dependent
variableyi+1 at a future pointxi+1. Alternative approaches, called multistep methods, are base on
information of the previous points. The curvature of the lines connecting these previous values
provides information regarding the trajectory of the solution. The multistep methods exploit this
information to solve ODEs.

The non-self-starting Huen method

The Heun method use Euler’s method as predictor

y0
i+1 = yi + f(xi, yi)h (7.48)

and the trapezoidal rule as a corrector

yi+1 = yi +
f(xi, yi) + f(xi+1, y

0
i+1)

2
h (7.49)

Thus, the predictor and the corrector have local truncation errors ofO(h2) andO(h3), repectively.
Consequently, one way to improve Heun’s method is to develop a predictor that has a local error of
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O(h3). This can be accomplished by using Euler’s method and the slope atyi, and extra information
from a previous pointyi−1, as in

y0
i+1 = yi−1 + f(xi, yi)2h (7.50)

Notice that eq. (7.50) attainsO(h3) at the expense of employing a larger step size,2h. In addition,
eq. (7.50) is not self-starting because it involves a previous value of the dependent variableyi−1.
Because of the fact it is called the non-self-starting Heun method.

Derivation of non-self-starting Heun method

Consider the general ODE
dy

dx
= f(x, y) (7.51)

Integrating between limits ati andi + 1

∫ yi+1

yi

dy =

∫ xi+1

xi

f(x, y)dx (7.52)

Integrated value is

yi+1 = yi +

∫ xi+1

xi

f(x, y)dx (7.53)

Use trapezoidal rule to integrate the second term at right hand side

yi+1 = yi +
f(xi, yi) + f(xi+1, yi+1)

2
h (7.54)

which is the corrector equation for the Heun method and the trapezoidal rule gives the local trunca-
tion error ofO(h3).

A similar approach can be used to derive the predictor. For this case, the integration limits are
from i− 1 to i + 1. ∫ yi+1

yi−1

dy =

∫ xi+1

xi−1

f(x, y)dx (7.55)

which can be integrated and rearranged to yield

yi+1 = yi−1 +

∫ xi+1

xi−1

f(x, y)dx (7.56)

Use the first Newton-Cote open integration formula

∫ xi+1

xi−1

f(x, y)dx = 2hf(xi, yi) (7.57)
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which is called the midpoint method.

yi+1 = yi−1 + 2hf(xi, yi) (7.58)

which is the predictor for the non-self-starting Heun.

Integration formulas

The non-self-starting Heun method employs an open integration formula (the midpoint method)
to make an initial estimate. This predictor step requires a previous data point. Then, a closed
integration formula (the trapezoidal rule) is applied iteratively to improve the solution.

Newton-Cotes formulas estimate the integral over an interval spanning several points. In con-
strast, the Adam formulas use a set of points from an interval to estimate the integral solely for the
last segment in the interval. See the figure 26.7 p 734.

• Newton-Cotes Formulas

– Open formulas

yi+1 = yi−n +

∫ xi+1

xi−n

fn(x)dx (7.59)

if n = 1
yi+1 = yi−1 + 2hfi (7.60)

which is referred to as the midpoint method and was used previously as the predictor in
the non-self-starting Heun method.

– Closed formulas

yi+1 = yi−n+1 +

∫ xi+1

xi−n+1

fn(x)dx (7.61)

if n = 1

yi+1 = yi +
h

2
(fi + fi+1) (7.62)

which is equivalent to the trapezoidal rule.

• Adams Formulas : Many popular computer algorithms for multistep solution of ODEs are
based on these methods.

– Open formulas(Adams-Bashforth) : start with a forward Taylor series expansion atxi

yi+1 = yi + fih +
f ′i
2

h2 +
f ′′i
6

h3 + · · · (7.63)

which can also be written as

yi+1 = yi + h

(
fi +

h

2
f ′i +

h2

3!
f ′′i + · · ·

)
(7.64)
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Use a backward difference

f ′i =
fi − fi−1

h
+

f ′′i
2

h + O(h2) (7.65)

Then

yi+1 = yi + h

(
3

2
fi − 1

2
fi−1

)
+

5

12
h3f ′′i + O(h4) (7.66)

– Closed formulas(Adams-Moulton) : start with a backward Taylor series aroundxi+1

yi = yi+1 − fi+1h +
f ′i+1

2
h2 + · · · (7.67)

Solving foryi+1 yields

yi+1 = yi + h

(
fi+1 − h

2
f ′i+1 + ·

)
(7.68)

Use a difference to approximate the first derivative

f ′i+1 =
fi+1 − fi

h
+

f ′′i+1

2
h + h(O2) (7.69)

Then

yi+1 = yi + h

(
1

2
fi+1 +

1

2
fi

)
− 1

12
h3f ′′i+1 −O(h4) (7.70)

7.3 Boundary-Value and Engenvalue Problems

Boundary-value : which is specified at the extreme points or boundaries of a system.

Classification of boundary condition

• Dirichlet condition : the value of independent variable is specified at a boundary

• Neumann condition : the value of the derivative of independent variable is specified at a
boundary

7.3.1 General Methods of Boundary-Value Problems

The shooting method: based on converting the boundary-value problem into an equivalent initial-
value problem. A trial-and-error approach is then implemented to solve the initial-value version.

Finite-difference methods: finite divided differences are substituted for the derivatives in the orig-
inal equation. Thus, a linear differential equation is transformed into a set of simultaneous algebraic
equations.
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7.3.2 ODEs and Eigenvalues with Libraries and Packages

• Matlab

– ode23

– ode45

• IMSL

– IVPRK

– IVPAG

– BVPFD

– BVPMS

7.4 Engineering Applications: Ordinary Differential Equations

See the textbook
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Chapter 8

Partial Differential Equations

An equation involving partial derivatives of an unknown function of two or more independent vari-
ables is called a partial differential equation, PDE. The order of a PDE is that of the highest-order
partial derivative appearing in the equation.

A general linear second-order differential equation is

A
∂2u

∂x2
+ B

∂2u

∂x∂y
+ C

∂2u

∂y2
+ D = 0 (8.1)

Depending on the values of the coefficients of the second-derivative terms eq. (8.1) can be classified
int one of three categories.

• B2 − 4AC < 0 : Elliptic
∂2T

∂x2
+

∂2T

∂y2
= 0 (8.2)

Laplace equation(steady state with two spatial dimensions)

• B2 − 4AC = 0 : Parabolic
∂T

∂t
= k

∂2T

∂x2
(8.3)

Heat conduction equation(time variable with one spatial dimension)

• B2 − 4AC > 0 : Hyperbolic
∂2y

∂x2
=

1

c2

∂2y

∂t2
(8.4)

Wave equation(time variable with one spatial dimension)

65
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8.1 Finite Difference: Elliptic Equations

Elliptic equations in engineering are typically used to characterize steady-state, boundary-value
problems.

8.1.1 The Laplace Equations

• The Laplace equation
∂2T

∂x2
+

∂2T

∂y2
= 0 (8.5)

• The Poisson equation
∂2T

∂x2
+

∂2T

∂y2
= f(x, y) (8.6)

8.1.2 Solution Techniques

• The Laplacian Difference Equation : use central difference based on the grid scheme

∂2T

∂x2
=

Ti+1,j − 2Ti,j + Ti−1,j

∆x2
(8.7)

and
∂2T

∂y2
=

Ti+1,j − 2Ti,j + Ti−1,j

∆y2
(8.8)

Substituting these equations into the Laplace equation gives

Ti+1,j − 2Ti,j + Ti−1,j

∆x2
+

Ti+1,j − 2Ti,j + Ti−1,j

∆y2
= 0 (8.9)

For the square grid,∆x = ∆y, and by collecting terms

Ti+1,j + Ti−1,j + Ti,j+1 + Ti,j−1 − 4Ti,j = 0 (8.10)

This relationship, which holds for all interior point on the plate, is referred to as the Laplacian
difference equation.

This approach gives a large size of linear algebraic equations.

• The Liebmann Method : For larger-sized grids, a significant number of the terms will be zero.
When applied to such sparse system, full-matrix elimination methods waste great amounts
of computer memory storing these zeros. For this reason, approximate methods provide a
viable approach for obtaining solutions for elliptical equation. The most commonly employed
approach is Guass-Seidel, which when applied to PDEs is also referred to as Liebmann’s
method.
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8.1.3 Boundary Conditions

• Derivative boundary conditions : including the derivative boundary conditions into the prob-
lem.

• Irregular boundaries : use contstants to depict the curvature.

8.1.4 The Control Volume Approach

Figure 8.1: Two different perspectives for developing approximate solutions of PDEs.

Two different developing approximate solutions of PDEs

• Finite-difference : divides the continuum into nodes and convert the equations to an algebraic
form.

• Control volume : approximates the PDEs with a volume surrounding the point.

8.2 Finite Difference: Parabolic Equations

8.2.1 The Heat Conduction Equation

Fourier’s law of heat conduction
∂T

∂t
= k

∂2T

∂x2
(8.11)

which is the heat-conduction equation.

Problems of parabolic equation

• consider changes in time as well as in space
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• temporally open-ended

• consider the stability problem

8.2.2 Explicit Methods

With finite divided differences
∂T

∂t
=

T l+1
i − T l

i

∆t
(8.12)

and
∂2T

∂x2
=

T l
i+1 − 2T l

i + T l
i−1

(∆x)2
(8.13)

which give
T l+1

i = T l
i + λ(T l

i+1 − 2T l
i + T l

i−1) (8.14)

whereλ = k∆t/(∆x)2.

Figure 8.2: A computational modelcule for the explicit form.

Convergence and Stability

• Convergence : as∆x and ∆t approach zero, the results of the finite-difference technique
approach the true solution.
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• Stability : errors at any stage of the computation are not amplified but are attenuated as the
computation progresses.

Convergence: consider the following unsteady-state heat-flow equation in one dimension.

∂U

∂t
=

k

cρ

∂2U

∂x2
(8.15)

Let the symbolU to represent the exact solution andu to represent the numerical solution. Let
ej

i = U j
i − uj

i , at the pointx = xi, t = tj. By the explicit method,

uj+1
i = r(uj

i+1 + uj
i−1) + (1− 2r)uj

i (8.16)

wherer = k∆t/cρ(∆x)2. Substitutingu = U − e into the above equation,

ej+1
i = r(ej

i+1 + ej
i−1) + (1− 2r)ej

i − r(U j
i+1 + U j

i−1)− (1− 2r)U j
i + U j+1

i (8.17)

By using Taylor series expansion,

U j
i+1 = U j

i +

(
∂U

∂x

)

i,j

∆x +
(∆x)2

2

∂2U(ξ1, tj)

∂x2
, xi < ξ1 < xi+1 (8.18)

U j
i−1 = U j

i −
(

∂U

∂x

)

i,j

∆x +
(∆x)2

2

∂2U(ξ2, tj)

∂x2
, xi−1 < ξ2 < xi (8.19)

U j+1
i = U j

i + ∆t
∂U(xi, η)

∂t
, tj < η < tj+1 (8.20)

Substituting these into (8.17) and simplifying

ej+1
i = r(ej

i+1 + ej
i−1) + (1− 2r)ej

i + ∆

[
∂U(xi, η)

∂t
− k

cρ

∂2U(ξ, tj)

∂x2

]
,

tj ≤ η ≤ tj+1, xi−1 ≤ ξ ≤ xi+1 (8.21)

Let Ej be the magnitude of the maximum error in the row of calculation fort = tj, and letM > 0
be an upper bound for the magnitude of the expression. Ifr ≤ 1

2
, all the coefficients in the above

equation are positive (or zero) and we may write the inequality

|ej+1
i | ≤ 2rEj + (1− 2r)Ej + M∆t = Ej + M∆t (8.22)

This is true for all theej+1
i at t = tj+1, so

Ej+1 ≤ Ej + M∆t (8.23)

This is true at each time step,

Ej+1 ≤ Ej + M∆t ≤ Ej−1 + 2M∆t ≤ · · · ≤ E0 + Mtj+1 = Mtj+1 (8.24)
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becauseE0, the errors att = 0, are zero, asU is given by the initial conditions.

As ∆x → 0, ∆t → 0 if k∆t/cρ(∆x)2 ≤ 1
2
, andM → 0, because, as both∆x and∆t get

smaller [
∂U(xi, η)

∂t
− k

cρ

∂2U(ξ, tj)

∂x2

]
→

(
∂U

∂t
− k

cρ

∂2U

∂x2

)

i,j

= 0 (8.25)

Consequently, the explicit method is convergent forr ≤ 1
2
, because the errors approach zero as∆t

and∆x are made smaller.

8.2.3 A Simple Implicit Method

The problems of explicit finite-difference formulation

• stability

• exclusion of information that has a bearing on the solution

See figure 30.6 at p838.

(a) (b)

Figure 8.3: Computational molecules demonstrating the funcdamental differences.

In implicit methods, the spatial derivative is approximated at an advanced time levell + 1.

∂2T

∂x2
' T l+1

i+1 − 2T l+1
i + T l+1

i−1

(∆x)2
(8.26)

When this relationship is substituted into the original PDE, the resulting difference equation contains
several unknowns. Thus, it cannot be solved explicitly by simple algebraic rearrangement. Instead,
the entire system of equations must be solved simultaneously. This is possible because, along with
the boundary conditions, the implicit formulations result in a set of linear algebraic equations with
the same number of unknowns.
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8.2.4 The Crank-Nicholson Method

The Crank-Nicolson method provides an alternative implicit scheme that is second-order accurate
in both space and time. To do this, develops difference approximations at the midpoint of the time
increment.

∂2T

∂x2
=

1

2

[
T l

i+1 − 2T l
i + T l

i−1

(∆x)2
+

T l+1
i+1 − 2T l+1

i + T l+1
i−1

(∆x)2

]
(8.27)

Substituting and collecting terms gives

−λT l+1
i−1 + 2(1 + λ)T l+1

i − λT l+1
i+1 = λT l

i−1 + 2(1− λ)T l
i + λT l

i+1 (8.28)

8.3 Finite Element Method

• Finite-difference method

– divide the solution domain into a grid of discrete points or nodes

– write the PDE for each node and replace the derivative with finite divided differences

– it is hard to apply for system with irregular geometry, unusual boundary conditions, or
heterogeuous composition

• Finite-element method

– divide the solution domain into simply shaped regions or “elements”.

– develop an approximate solution for the PDE for each of these elements.

– link together the individiual solutions

8.3.1 Calculus of variation

The calculus of variations involves problems in which the quantity to be minimized appears as an
integral. As the simplest case,

J =

∫ x2

x1

f(y, yx, x)dx (8.29)

Let J is the quantity that takes on an extreme value. Under the integral sign,f is a known function
of the indicated variablesy(x), yx(x), andx but the dependence ofy onx is not fixed: that is,y(x)
is unknown. Thus, the calculus of variation seeks to optimize a special class of functions called
functionals. A functional can be thought of as a “function of function.”
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x1,y1

x2,y2

dy

Figure 8.4: A varied path.

In figure 8.3.1 two possible paths are shown. The difference between these two for a givenx is
called the variation ofy, δy, and introduceη(x) to define the arbitrary deformation of the path and
a scale factorα to give the magnitude of the variation. The functionη(x) is arbitrary except for two
restrictions. First

η(x1) = η(x2) = 0 (8.30)

which means that all varied paths must pass through the fixed end points. Second,

η(x) = 1, x = x0

= 0, x 6= x0

(8.31)

With the path described withα andη(x),

y(x, α) = y(x, 0) + αη(x) (8.32)

and
δy = y(x, α)− y(x, 0) = αη(x) (8.33)

Let y(x, α = 0) be the unknown path that will minimizeJ . Theny(x, α) describes a neighboring
path. ThenJ is now a function of new parameterα:

J(α) =

∫ x2

x1

f [y(x, α), yx(x, α), x]dx (8.34)
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and the extreme value is [
∂J(α)

∂x

]

α=0

= 0 (8.35)

The partial derivative ofJ is

∂J(α)

∂α
=

∫ x2

x1

[
∂f

∂y

∂y

∂α
+

∂f

∂yx

∂yx

∂α

]
dx (8.36)

From eq. (8.32)

∂y(x, α)

∂α
= η(x) (8.37)

∂yx(x, α)

∂α
=

dη(x)

dx
(8.38)

Equation (8.36) becomes

∂J(α)

∂α
=

∫ x2

x1

(
∂f

∂y
η(x) +

∂f

∂yx

dη(x)

dx

)
dx (8.39)

Integrating the second term by parts
∫ x2

x1

dη(x)

dx

∂f

∂yx

dx = η(x)
∂f

∂yx

∣∣∣∣
x2

x1

−
∫ x2

x1

η(x)
d

dx

∂f

∂yx

dx (8.40)

The integrated part is zero and
∫ x2

x1

[
∂f

∂y
− d

dx

∂f

∂yx

]
η(x)dx = 0 (8.41)

Multiply α

α

[
∂J

∂α

]

α=0

=

∫ x2

x1

[
∂f

∂y
− d

dx

∂f

∂yx

]
δydx = δJ = 0 (8.42)

The condition for stationary is
∂f

∂y
− d

dx

∂f

∂yx

= 0 (8.43)

which is known as the Euler(or Euler-Lagrange) equation.

8.3.2 Example: The shortest distance between two points

We have to determine the path that minimize the distance between two points which are given as
(x1, y1) and(x2, y2).

∫ x2

x1

√
(x2 − x1)2 + (y2 − y1)2 =

∫ x2

x1

√
(dx)2 + (dy)2 =

∫ x2

x1

√
1 +

(
dy

dx

)2

dx (8.44)
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Equation (8.44) is a funtional that is a function of pathy(x) and our problem is to findy = y(x)
which will make

J =
√

1 + y′2dx (8.45)

as small as possible. Andy(x) is called an extremal. Assuming a neighboring line

Y (x) = y(x) + αη(x) (8.46)

Select aY (x) make
J =

√
1 + Y ′2dx (8.47)

a minimum. NowI is a function of the parameterα; whenα = 0, Y = y. Our problem then is to
makeI(α) take its minimum value whenα = 0.

dJ

dα
= 0 when α = 0 (8.48)

Differentiating gives
dJ

dα
=

∫ x2

x1

1

2

1√
1 + Y ′2 2Y ′

(
dY ′

dα

)
dx (8.49)

Y ′ is
Y ′(x) = y′(x) + αη′(x) (8.50)

Then
dY ′

dα
= η′(x) (8.51)

Putα = 0 (
dI

dα

)

α=0

=

∫ x2

x1

y′(x)η′(x)√
1 + y′2

dx = 0 (8.52)

Integrate by part

(
dJ

dα

)

α=0

=
y′√

1 + y′2
η(x)

∣∣∣∣∣

x2

x1

−
∫ x2

x1

η(x)
d

dx

(
y′√

1 = y′2

)
dx (8.53)

The first term is zero and becauseη(x) is arbitarary function,

d

dx

(
y′√

1 + y′2

)
= 0 (8.54)

In the Euler equation case,
F =

√
1 + y′2 (8.55)
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Then
∂F

∂y′
=

y′√
1 + y′2

,
∂F

∂y
= 0 (8.56)

and the Euler equation gives
d

dx

(
y′√

1 + y′2

)
= 0 (8.57)

From this
y′√

1 + y′2
= c (8.58)

Solving fory′

y′ =

√
c2

1− c2
= b (8.59)

and
y = bx + a (8.60)

8.3.3 The Rayleigh-Ritz Method

It is based on an elegant branch of methematics, the calculus of variations. With this method we
solve a boundary-value problem by approximating the solution with a finite linear combination of
simple basis functions that are chosen to fulfill certain ceiteria, including meeting the boundary
conditions.

For example, consider the second-order linear boundary-value problem over[a, b]:

y′′ + Q(x)y = F (x), y(a) = y0, y(b) = yn (8.61)

The functional that corresponds to the above equation is

J [u] =

∫ b

a

[(
du

dx

)2

−Qu2 + 2Fu

]
dx (8.62)

We can transform eq. (8.62) to eq. (8.61) through the Euler-Lagrange conditions, so optimizing
(8.62) give the solution to eq. (8.61).

The benifits of operating with the functional rather than the original equation:

• only the first-order instead of second-order derivative

• simplify the mathematics and permits to find solutions even when there are discontinuities that
causey not to have sufficiently high derivatives.

Numerical Method for Chemical Engineers
c©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



76 Partial Differential Equations

If we know the solution to our differential equation, substituting it for the solution will makeJ
a minimum. Letu(x), which is the approximation toy(x), be a sum:

u(x) = c0ν0(x) + c1ν1(x) + · · ·+ cnνn(x) =
n∑

i=0

ciνi(x) (8.63)

Two conditions on theν’s which is called as trial function.

• chosen such thatu(x) meets the boundary conditions

• ν’s are linearly independent.

Now fina a way of getting values fro thec’s to forceu(x) to be close toy(x) using the functional.

J(c0, c1, . . . , cn) =

∫ b

a

[(
d

dx

∑
ciνi

)2

−Q(
∑

ciνi)
2 + 2F

∑
ciνi

]
dx (8.64)

To minimizeJ , take its partial derivatives with respect to each unknownc and set to zero.

∂J

∂ci

=

∫ b

a

2

(
du

dx

)
∂

∂ci

(
du

dx

)
dx−

∫ b

a

2Qu

(
∂u

∂ci

)
dx + 2

∫ b

a

F
∂u

∂ci

dx (8.65)

8.3.4 The Collocation and Galerkin Method

The collocation method is another way to approximatey(x) which is called a “residual method.”

R(x) = y′′ −Qy − F (8.66)

Algorithm of the collocation method:

• approximatey(x) with u(x) equal to a sum of trial function, usually chosen as linearly inde-
pendent polynomials.

• substituteu(x) int R(x) and attempt to makeR(x) = 0 by a suitable choice of the coefficients
in u(x).

Like collocation, Galerkin method is a “residual method” that use theR(x), except that now we
multiply R(x) by weighting function,Wi(x).

∫ b

a

Wi(x)R(x)dx = 0, i = 0, 1, . . . , n (8.67)

The advantages of collocation and Galerkin method

• amount of arithmetic is cetainly less

• much easier and never have to find the variational form.
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8.3.5 Finite elements for ordinary-differential equations

The disadvantages of the previous methods

• Find a good trial function(it it not so easy)

• polynomial may interpolate poorly.

The remedy to the above problems is based on the observation that even low-degree polynomials
can reflect the behavior of a function if based on values that are closely spaced.

1. subdivide[a, b] into n subintervals, called elements, that join atx1, x2, . . . , xn−1 which are
called the nodes of the interval.

2. apply the Galerkin method to each element separately to interpolate between the end nodal
values,u(xi−1) andu(xi), where theseu’s are approximations to they(xi)’s.

3. use a low-degree polynomial foru(x).

4. combine the separate element equations

5. adjust for the boundary conditions and solve equations to get approximations toy(x) at the
nodes.

8.4 Engineering Applications: Partial Differential Equations
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Appendix A

Using Matlab

s���� 8¡�'�õ� ��6£§8¡�'�\�"f��H ��ÀÒ��H ?/6 x�Ér Ãºu�K�$3�\�"f ��6 x
���H �̧½̈ ��î�rX< Matlabõ�
fortran_���6 xZO�\�@/K�"fC�î�r��. Matlab_��â
Äº\���Hs�p�r�×�æ\�#��Q��t�Õþ�s���ü<e��t�
ëß�@/ÂÒì�r]j#Qü<�'aº���)a?/6 xs� ú́§��.s��©�\�"f��HÃºgË:K�$3�\��'aº��K�"fl��:r&h������6 xZO�\�
@/K�C�î�r��.

Matlab��H{9�ìøÍ&h�Ü¼�Ð]j#Q\�¦���½̈
���H��|ÃÐ[þts�a%~�ÉrÚ�¦�Ð"f·ú��94Re��t�����&³F���H/BN�<Æ
x9�#��Q��t����½̈
���H��|ÃÐ[þt\�>�Ä»6 xô�Ç#��Q��t� toolbox\�¦�í�<Ê
��¦e��Ü¼Ù¼�Ð²DIs�]j#Q
ëß��̀¦0Aô�Ç �̧½̈���¦E�l�½+ÉÃº\O���. matlab�Ér#��Q��t� toolbox\�¦�í�<Ê
��¦e��t�ëß�#��Qì�r[þt
�Érl��:r&h������Ü¼�ÐØ�æì	כ�ëß�e��y���H	כ�ô�Ç/@�\	כr
���.

A.1 à�
n�

l��:r&h�Ü¼�Ð[O�u�K���|̈c�
¦þt�Ér��6£§õ�°ú ��.z�́|9�&h�Ü¼�ÐÃºu�K�$3��̀]	כ���H�â
Äº\���HSimulink��
Control System Toolbox°ú �Ér�̀��O\¹כ��Ér�9	כ¦Ãºe��t�ëß�l��:r&h�s� matlab_�l�0px�̀¦}f��Ðl�0A
K�"f��H�9¹כ�ô�Ç�
þts���.s�/åJ�̀¦���$í]	כ
���Hr�l�\����:r matlab_�þj���!Q����Ér 6.1s���.Õª�Q
�� #��Qì�r[þt�Ér 4.@/_� !Q����̀¦ ��6 xK��̧ Ø�æì�ry� �Ö̧6 x½+É Ãº e����.[O�u�
���H ~½ÓZO��Ér ���Ér �û¶�̧
Äº áÔ�ÐÕªÏþ��̀¦[O�u�
���H�
¦�\�õ�1lx{9�ô�Ç~½ÓZO�Ü¼�Ð[O�u	כ�����)a��.[O�u�ô�Ç?/6 x�̀¦���×þ�ô�Ç��
6£§��6£§!Q�Ér�̀¦Ðüt�Q"f[O�u�\�¦
�����)a��.

• Matlab

• Ghostscript Printer Driver

• Simulink

• Control System Toolbox
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• Optimization Toolbox

• Spline Toolbox

• Statistics Toolbox

A.2 Matlab e��ï

Matlab�Ér ��6 x
���HX< e��#Q"f �©�{©�y� ¼#�
��¦ Ö¼��Hô�Ç ��6 xZO��̀¦ .��ô�Ç̈½¹כ ���Ãº_� ������s���
Õª�Qô�Ç õ�&ñ
�Ér ���)� \O�Ü¼ 9 @/ÂÒì�r_� �â
Äº ë�H]j\�¦ K����
�l� 0Aô�Ç &h�]X�ô�Ç �<ÊÃº\�¦ ¹1Ô�� ��

6 x
���� �)a��.l��:rÜ¼�Ð ��6 x
���H "î
§î
#Q��H ��î�rX< �̧¹¡§ú́��̀¦ %3��̀¦ Ãº e����H "î
§î
#Q��H help,
lookfor 1pxs���.s�"î
§î
#Q[þt�Ér��6 x
��¦��
���H �<ÊÃº\�@/ô�Ç ��6 xZO��̀¦ �Ð#�ÅÒ�¦ëß�{9���
6 x����&ñ
SX�ô�Ç�<ÊÃº"î
�̀¦ �̧ØÔt�ëß�"é¶
���Hl�0px\�@/ô�Ç�<ÊÃº\�¦¹1Ô��H�â
ÄºÕª�<ÊÃº\�¦¹1Ô��ÅÒ��H

l�0pxs�e����.

��s�]jÂÒ'�l��:r&h����Matlab\�@/K�C�0>�Ð��. Matlab̀�¦C�Ö�¦M:�̧���ÉráÔ�ÐÕªA�bç
���#Q
ü<°ú s�]j#Që�Hõ��<ÊÃº���$í
ZO�\�@/K�"fëß�C�î�r�����l��:r&h����?/6 x�Ér��C�î�r!lrs���.s��@ü	כ
\� simulink��#��Q��t� toolbox\�@/K�C�0>��
�t�ëß�ÕªÂÒì�r�Ér@/ÂÒì�r�í�Ð&h�éß�>�\�"f��
��m����]j#Q\�¦���½̈
���H��|ÃÐ[þtü@\���H�9¹כ���\O���HÂÒì�rs���.�&³F�\���H Matlab\�"f#��Q��
t� toolbox[þts� ��M®o��.%�6£§\���H /BN�<Æ Aá¤s�%i�t�ëß� �&³F���H �â
%ò
�<Æõ� Aá¤_� toolbox�̧ ���:r �	כ
Ü¼�Ð·ú��¦e����.s��Qô�Ç toolbox[þt�Ér#��Qì�r_��9¹כ�\�����e��y�����)a��.

>>a=1

a =

1

0A_�\V]j��H a����H���Ãº\� 1s�����H°ú̀�כ¦u�8̈�ô�Ç��Qô�Ç��s���.s	כâ
Äº a���Ãº\�¦&ñ
Ãº+þA���Ãº��
�)a��.

>>a=1

a =
1

>>a=1.1

a =

1.1000
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7á§���\� Matlab\�"f��H���Ãº\�@/ô�Ç������s��9¹כ�\O����¦Ùþ¡%3���.%�6£§\���H a��H&ñ
Ãº+þA���Ãºs�
�¦¿º���P:��H a\�¦z�́Ãº+þAÜ¼�Ð��6 xô�Ç����+þAI	s���.l��:r&h�Ü¼�ÐÕüw��\�@/ô�Ç�íÐÓ	כ shorts�l�
M:ë�H\� z�́Ãº+þAÜ¼�Ð ������ô�Ç �â
Äº\� 1.1000s� ÷&%3���. ëß���� s�XO�>� Õüw��_� �íÐÓ	 +þAI�\�¦ ��Ë̈
�¦ z�·�Ér �â
Äº\���H format long s�����H "î
§î
#Q�Ð Ãº&ñ
�̀¦ 
�����)a��.Óüt�:r s��â
Äº\���H z�́Ãº
+þA���Ãº\�¦_�p�ô�Ç��.

>>format long
>>a=1.1

a =

1.10000000000000

t�Ãº+þA+þAI�_����õ�Óüt�̀¦%3��¦z�·�Ér�â
Äº\���H format short(long) e ���¦
�����)a��.s�
K�����t�·ú§������6 xZO��̀¦ ú̧� �̧ØÔ��H�â
Äº\���H �̧¿º “help §Ïò¦Ïò¬¸”\�¦
�����)a��.

Matlab\�"f��H��6 x����{9�§4�ô�Ç���õ�\�¦>�5ÅqK�"f÷&Û�¦s�K�"f�Ð#�ï�r��.(echoingô�Ç����H�	כ
s���.)ëß�{9�"î
§î
Ãº'�����õ�\�¦�Ð�¦z�·t�·ú§�Ér�â
Äº\���H"î
§î
�̀¦{9�§4�
��¦ semicolon ;\�¦·¡­#�
ÅÒ����)a��. ¢̧ô�Ç×�¦s��-ÁºU�́#Qt���H�â
Äº\���H ... �̀¦×�¦��t�}��\�·¡­#�ÅÒ���¿º×�¦s�������÷&%3�
���¦���d��ô�Ç��. ¢̧ô�Ç�&³F����Ãº_�°ú̀�כ¦·ú��¦z�·�Ér�â
Äº\���Héß�í�Hy����Ãº"î
�̀¦{9�§4�
��¦�'p'�
\�¦u����°ú̀�כ¦·ú�Ãºe����.

>>a=1;
>>b=a+10*20 ...
-20;
>>a

a =
1

Matlab\�"f��6 x
���HÃºd��_�@/ÂÒì�r�ÉrÄºo���s�p�·ú��¦e����HÃºd��_�³ð�&³õ�°ú ��.��gË:
���íß�_��â
Äº��H +, -, *, / s��¦@/{9����íß�����H =s���.��[þv]jY�L_��â
Äº��H ˆ l� ñ\�¦��6 xô�Ç
��.

��t�}��Ü¼�Ð�&³F�?/����6 x
��¦e����H���Ãº"î
�̀¦·ú��¦z�·�Ér�â
Äº\���H who"î
§î
#Q\�¦��6 x
�
���÷&�¦���Ãº\�@/ô�Ç��[jô�Ç?/6 x�̀¦·ú��¦z�·�Ér�â
Äº\���H whos����H"î
§î
#Q\�¦��6 x
�����)a��.
Matlab̀�¦z�́'���̀¦ô�ÇÊê?/��{9�§4�
���H"î
§î
#Q@/ô�Çl�2�¤�̀¦%3��¦z�·�Ér�â
Äº\���H diary����H"î
§î

#Q\�¦��6 x
����#��Qì�rs��&³F�{9�§4�ô�Ç"î
§î
#Qü<���õ�°úכ\�@/ô�Çy�Û¼�Ðo��� �̧¿º&ñ
K������{9�

\�l�2�¤s��)a��.��[jô�Ç��Ér	כ help diary \�¦�ÃÐ�̧
�l���êøÍ��.

s�XO�>�%7�Û¼àÔ��{9��Ð#��Qì�rs�Ãº'��ô�Ç"î
§î
#Q\�@/ô�Çl�2�¤ü@\�#��Qì�r[þts�>�íß�ô�Ç���

õ�°ú̀�כ¦$��©�½+ÉM:��H#Qb�G>�K���½+É�� ?7£¤,0A_�\V]j%�!3�#��Qì�r�Ér a����H���Ãºü< b����H���
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Ãº\�¦��6 x
�%i���.s�¿º���Ãº\�¦$��©�
�l�0AK�"f��H save����H"î
§î
#Q\�¦��6 xô�Ç��.s�"î
§î
#Q
\�¦s�6 x
����"é¶
���H���Ãº\�¦$��©�½+ÉÃºe����.s��â
Äº$��©�÷&��H��{9�_�SX��©�����H .mat s� 9��
{9�_�+þAI���H��s��-o�s���.s��Qô�Ç�â
Äº\���H��{9�_�?/6 x�̀¦{9�ìøÍ\�n�'�\�"f��H �̂¦Ãº\O���.
save "î
§î
#Q\�@/ô�Ç �̧¹¡§ú́��̀¦�Ð������Ãº_�°ú̀�כ¦��Û¼v�°úכÜ¼�Ð�̧$��©�½+ÉÃºe����.��[jô�Ç?/
6 x�Érf��]X�¹1Ô���Ðl���êøÍ��.$��©�÷&#Qe����H���Ãº°ú̀�כ¦��r�matlab_� workspace�ÐÔ�¦�Q�̧l�0A
K�"f��H load "î
§î
#Q\�¦s�6 xô�Ç��.s�"î
§î
#Q��H mat��{9�÷�rëß���m���{9�ìøÍ��Û¼v���{9��̧Ô�¦
�Q�̀¦Ãºe����.

>>a=1

a =

1

>>b=2

b =

2

>>c=3

c =

3

>>save test

>>save ab a b

>>clear

>>load test

>>who

Your variables are:

a b c
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0A_� \V]j\�"f��H aü< b, c����H ���Ãº\� y��y�� 1,2,3̀�¦ @/{9�
��¦ èß� Êê {9�éß� test����H s�2£§Ü¼�Ð
workspace_�°úכ[þt�̀¦$��©�Ùþ¡��. save test ����H"î
§î
#Q\�_�K� test.mat ��{9�s�Òqt$í
s�÷&

�¦ s� ��{9�\���H a, b, c���Ãº_� °úכ[þts� [þt#Q e����.7£¤, save��6£§\� ��{9�"î
�̀¦ &ñ
K�ÅÒ�¦ ���Ãº"î

�̀¦&ñ
K�ÅÒt�·ú§Ü¼����&³F�_� �̧��H���Ãº°ú̀�כ¦$��©�
�>��)a��.¿º���P: save ab a b ë�H\�_�K�
"f��H ab.mat ��{9�\� aü< b_�°úכs�$��©�s��)a��.Õª�QÙ¼�Ð"é¶
���H���Ãºëß��̀¦$��©�
���H�â
Äº\�
��H���Ãº"î
�̀¦&ñ
K�1>���)a��.Õª��6£§ clear ����H"î
§î
#Q\�¦��6 xÙþ¡��HX<s�"î
§î
#Q��H workspace
?/_� �̧��H���Ãº\�@/ô�Ç&ñ
�Ð\�¦t�Äº��H"î
§î
#Qs���.s�"î
§î
#Q\�_�K��8s��©�_����Ãº��H�>rF�

�t�·ú§��H��.Õª��6£§��r� load test ���¦
���� test.mat ��{9��̀¦{9�#Q"f$��©��)a���Ãº"î


õ�°ú̀�כ¦��t��¦�:r��.

v��Ð×¼\�¦s�6 xK�"fs����\���6 xô�Ç"î
§î
#Q\�¦��t��¦ �̀¦Ãºe����.s�l�0px�Ér@/ÂÒì�r_�o�³nq
Û¼ Q���s��� �̧Û¼_��â
Äº doskey.exe "î
§î
#Q\�¦z�́'��ô�ÇÊê��6 x
���Hy�Û¼�Ðo�l�0px�̀¦_�p�

ô�Ç��.s�l�0px�Ér~½Ó�¾Óv�\�¦s�6 xK�"fz�́'��½+ÉÃºe����.0A��A��Ð¹¡§f��s���H~½Ó�¾Óv�\�¦{9�§4�K��Ð
���s����\���6 xÙþ¡~��"î
§î
#Q\�¦ �̂¦Ãºe����. ¢̧ô�Ç ESCv�\�¦{9�§4�
����{9�§4�÷&#Qe����H"î
§î
#Q��
t�0>�����.s��Qô�Çv��Ð×¼�̀¦s�6 xô�Ç"î
§î
#Q ñØ�¦�̀¦s�6 x
����4�¤ú̧�ô�Ç"î
§î
#Q\�¦ô�Ç���ëß�z�́'��
�
�¦�����>�5Åq&h�Ü¼�Ðs�6 x½+ÉÃºe����.

��z�́7á§F�p�e����H��z�́�Ér#��Qì�r[þt�Ér ú̧� �̧ØÔ�¦e����xt�ëß� matlab ��H�û¶�̧Äº\�"f
��6 x½+ÉÃºe����H!Q���õ�Ä»_��Û¼\�"f��6 x½+ÉÃºe����H!Q���Ü¼�Ð��*$�����.ÕªXO�l�M:
ë�H\�y��y��_�î�r%ò
�̂]j\�"f��6 x½+ÉÃºe����H"î
§î
#Q\�¦1lxr�\���6 x½+ÉÃºe����.ëß����
�&³F�n��7��Ðo�\�#Q�"���{9�s�e����H��\�¦�Ðl�0AK�"f��H dir s�����H"î
§î
#Q\�¦ �̧Û¼
\�"f��H ��6 x
���HX< Ä»_��Û¼�� o�³nqÛ¼\�"f��H ls ����H "î
§î
#Q\�¦ ��6 xô�Ç��. Õª���X<
s�¿º"î
§î
#Q���û¶�̧Äº6 x\�"f�̧°ú s���6 x½+ÉÃºe����.>����� pwd����HÄ»_��Û¼"î

§î
#Q��e����HX<s�"î
§î
#Q��H�&³F������s�e����Hn��7��Ðo�_�0Au�\�¦·ú�l�0AK�"f��

6 xô�Ç��.Õª���X<s�"î
§î
#Q��H �̧Û¼\���H\O�t�ëß�ÕªA��̧�û¶�̧Äº6 xmatlab \�"f��6 x
½+ÉÃºe����.

Õª�Q��� s�]j s���� �â
Äº\�¦ Òqty��K� �Ð��.#��Qì�rs� {9�º��_� "î
§î
#Q[þt�̀¦ ô�Ç���\� í�H	�&h�Ü¼�Ð
Ãº'���̀¦½+É�9���#Qb�G>�K���½+É�� ?>�5ÅqK�"f"î
§î
áÔ2�§áÔàÔ\�>�5Åq{9�§4��̀¦K���½+É�� ?ÕªXO�>�

��¦�������×�æ\� ¢̧��r���6 x½+É�9�����r�{9�§4��̀¦K���½+É�� ?�-Áºt�����¦t�ÀÒô�Ç{9�s�÷&t�
·ú§�̀¦�� ?s�ÂÒì�r�Ér#��Qì�r[þts� ú̧�l�%3��̀¦K���|̈c���½Ós���.t��FK��t�C�î�r��s�6 xK�"fëß¦̀�	כ
[þt#Q �̂¦Ãº�̧e���¦>�5Åq&h�Ü¼�Ð��6 x½+ÉÂÒì�rs���.

>>a=1;
>>b=2;
>>a+b

ans =

3
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0Aü< °ú �Ér \V]j\�¦ s�6 xK�"f ��{9��̀¦ ô�Ç��� ëß�[þt#Q�Ð��. #��Qì�r[þts� ú̧� ��6 x
���H %7�Û¼àÔ \�
n�'�\�¦ s�6 xK�"f ��6£§õ� °ú �Ér sample.m s�����H ��{9��̀¦ ��6£§õ� °ú s� ëß�[þt#Q��. s� ��{9��Ér
c:\temp\sample.m s����¦$��©�s��)a���¦
���.Õªo��¦%7�Û¼àÔ\�n�'����¦
���H��Ér	כ “MS
0>×¼”����m���� “ô�Ç/åJ”�̀¦E�l�
���H�
�E�l¦̀�	כ�s���m��¦Bj�̧�©�õ�°ú �Ér	כ���H�.���s	כ

clear all
a=1;
b=2;
a+b

0Aü<°ú �Ér sample.m ��{9��̀¦ëß���H��6£§matlab̀�¦z�́'��r�&� cd "î
§î
#Q\�¦s�6 xK�"f c:\temp �Ð

n��7��Ðo�\�¦ �̀�����.Õª��6£§7á§���\�ëß���H sample.m̀�¦z�́'��
�l�0AK�"f��Héß�í�Hy� samples���
�¦"î
§î
#Q\�¦{9�§4�
���� sample.m��{9�Ü¼�Ð�Ðç̀
K�"fÕª��{9�\�e����H matlab�ï×¼\�¦í�H	�&h�Ü¼
�Ðz�́'���̀¦ô�Ç��.

>>cd \temp
>>sample

ans =

3

A.2.1 :�á~


matlab\�"f 7�'���'��§>=�̀¦ëß�×¼��H~½ÓZO��Ér��ÅÒçß�éß�
���.Õªo��¦s�áÔ�ÐÕªÏþ�_�s�2£§s� mat-
lab��� ��Ér	כ MATrix LABoratory����H s�2£§\�"f M®o1pws� �©�{©�y� C�\P�õ� �'aº���)a ��Ér	כ ��ÅÒ ~1�>�
s�6 x½+ÉÃºe����.��6£§_�\V]j\�¦�Ð��.

i=1:1:10;
j=0:2:12;

k=1:10;

a=[1 2];
b=[1 2;3 4];
c=[1 2 3;4 5 6];

%�6£§\����:r i����H���Ãº��H 1ÂÒ'� 10��t� 1ß¼l��Ð7£x��\�¦
���H 7�'�s���. i 7�'�\�¦ëß�[þtl�0AK�
%�6£§\���6 x�)a 1�Érr����&h��̀¦_�p�
� 9¿º���P: 1�Ér7£x��ì�r,[j���P: 10�Ér7áx«Ñ&h��̀¦_�p�ô�Ç��.
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Õª�QÙ¼�Ð i=
[
1 2 3 4 5 6 7 8 9 10

]
s� 9ëß���� i  7�'�_� 3���P:°ú��6¦̀�כ x
��¦z�·�Ér�â


Äº\���H i(3)s����¦
�����)a��.Õª�Q���ëß�������Ãºs�2£§\O�s�éß�í�Hy� 1:10s����¦
����#Qb�G>� |̈c
�� ?s�����â
Äº\���Hs�2£§s�&ñ
K�t�t�·ú§�Ér 1ÂÒ'� 10��t� 1m��7£x��ô�Ç 7�'���%3�#Q�����.s�s�2£§
s�&ñ
K�t�t�·ú§��H 7�'�\�@/ô�ÇE�l�\�¦
���Hs�Ä»\�¦Òqty��K��Ð��.#��Qì�rs�ëß����7á§���\�E�l�
ô�Ç i����H 7�'�_�¿º���P:¹כ�èÂÒ'� 5���P:¹כ�è��t�_�°ú��6¦̀�כ x½+É�9¹כ���e����H�â
Äº#Qb�G>���
��?/��½+É�� ?s�����â
Äº\���H7á§���\�E�l�ô�Çs�2£§s�&ñ
K�t�t�·ú§�¦éß�í�Hô�ÇÕüw��_���\P��̀¦s�
6 x
�����)a��.7£¤, i(2:5)���¦³ðl�\�¦
����

[
i(2) i(3) i(4) i(5)

]
_�ÂÒì�r 7�'�\�¦ëß�[þtÃºe����.

t��FK��t�C�î�r�
s�6 x¦̀�	כ���� j����H 7�'���H 0ÂÒ'�r����
�#� 12��t� 2m��7£x��
����"fëß���H 7�'�
s���.Õªo��¦��t�}��Ü¼�Ð7£x��ì�r�̀¦Òqt|ÄÌ
���H�â
Äº\���Hl��:r&h�Ü¼�Ð 1m��7£x��\�¦Ùþ¡���¦�:r��.
Õª�QÙ¼�Ð k����H 7�'���H i  7�'�ü<1lx{9�ô�Ç�â
Äº���)a��.

Õª��6£§'��§>=�̀¦ëß�×¼��H~½ÓZO�\�@/K�Òqty���̀¦K��Ð��.��z�́%�6£§\�e����H���Ãº a��H'��§>=s���
m��� 7�'�s���.l��>r_� ‘:’ �̀¦n��#Q"fëß�×¼��H~½Ód���Ér��1lxÜ¼�Ð7£x����÷&��H+þAI�s���, ‘[’, ‘]’ \�¦
s�6 xô�Ç 7�'���H��6 x����"é¶
���H'��I��Ð 7�'�\�¦ëß�[þtÃºe����.y¹כ���èçß�_� ½̈ì�r�Ér space�Ðô�Ç
��.Õª�QÙ¼�Ð���Ãº a��H 1'�� 2\P� 7�'����)a��.'���̀¦ ½̈ì�r
�l�0AK�"f��H ‘;’s���6 x�)a��.���Ãº b��H
2'�� 2\P�'��§>=s��)a��. ¢̧ô�Ç c��H 2'�� 3\P�'��§>=s���.

s�]js��Qô�ÇC�\P��̀¦s�6 xK�"fçß�éß�ô�Ç>�íß��̀¦K��Ð��.{9�éß�t��FK��6 x½+É 7�'�ü<'��§>=�̀¦ëß�
[þt��.

>>a=1:5;
>>b=pascal(3);
>>c=magic(3);

a����H 7�'���Hs�p�·ú��¦e����xt�ëß� 1ÂÒ'� 5��t�í�H	�&h�Ü¼�Ð7£x���)a+þAI�_� 7�'�s��¦ bü< c��H
y��y�� matlab\�e����H"î
§î
#Q\�¦s�6 xK�"fëß���H'��§>=s���.'��§>=s��� 7�'�����â
Äº\�y��y��_� »	!lr
õ�õü�!lr�Ér1lx{9�
���.

>>b+c
>>b-c

0A_�"î
§î
#Q\�¦{9�§4�
����y��y��¿º'��§>=_�½+Ëõ�	�\�¦>�íß�K�ï�r��.s�ÂÒì�r�Ér 7�'�\�¦s�6 x
���H
�â
Äº\��̧1lx{9�
���.Õª!3�'��§>=��î�rX<{9�ÂÒì�r�̀¦��6 x
���H�â
Äº\�¦�¦�9K��Ð��. b'��§>=_� 1\P�õ�
c'��§>=_� 1\P�_�½+Ë�̀¦>�íß�
���H�â
Äº��H#Qb�G>�K���|̈c�� ?

>>b(:,1)+c(:,1)

s�XO�>� ‘ : ’ l� ñ\�¦s�6 x
����'��§>=_�ô�ÇÂÒì�r �̧¿º\�¦_�p�K�"f��6 x½+ÉÃºe����.7£¤, b(:,1) ��

�¦{9�§4��̀¦
���� b����H'��§>=_�'Í	���P:\P� �̧¿º\�¦_�p�
�>��)a��.ÕªXO������s����'s�6 xK�"f¦̀�	כ
§>=_�{9�ÂÒì�r�Ér\P�s���'��_�{9�ÂÒì�r�̀¦��6 x½+É�9���#Qb�G>�K���|̈c�� ?
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>>b(1:2,1:2)+c(1:2,1:2)

s�XO�>� 
���� '��§>=_� {9�ÂÒì�rëß��̀¦ s�6 xK�"f >�íß�\� ��6 x½+É Ãº e����.s�XO�>� ��6 x
����� �Ð���
&ñ
ú́����Ér��Ér]�t���̧'��§>=õ��'aº���)a>�íß�\�"f��H	כ matlab̀�¦���� �̀¦�̀��s�\O	כ¦�.���s	כ

'��§>=_���[þv]jY�Ls�����Ðüw!lr(%i�'��§>=)\��'aº���)aE�l�\�¦K��Ð��.'��§>=_�Y�L�̀¦>�íß�
�l�0A
K�"f��H��6£§õ�°ú s�>�íß��̀¦
�����)a��.

>>b*c

'��§>=_�Y�L\�@/K�"f��Hs�p�·ú��¦e����xt�ëß� b'��§>=õ� c'��§>=_�y��y��_�\P�õ�'��s�°ú �Érß¼l�\�¦
��t��¦e��#Q��ëß��)a��.ÕªÂÒì�r�Ér matlabs�·ú���"f>�íß��̀¦K�ï�r��.Õª��6£§'��§>=_���[þv]jY�L
�Ér��6£§õ�°ú s�>�íß��̀¦
�����)a��.

>>b*b
>>bˆ2
>>bˆ5

'Í	���P:>�íß��ÉrÕªzª�¿º>h_�Y�L�̀¦>�íß��̀¦ô�Ç�
�Ér&ñ	כ�:s��¦¿º���P	כú́�]jY�L�̀¦>�íß�ô�Ç�.���s	כ
Õª�QÙ¼�Ð'��§>=_���/åL]jY�Ls�����m�����8Z�}�Ér5px�̀¦>�íß�
���H��<��Érçß�éß�y�[j���P:\V%�!3	כ

íß��̀¦ 
���� �)a��.Õª�Q��� s����\���H ��Ðüw!lr�̀¦ K� �Ð��.s� ÂÒì�r�Ér s�p� [O�"î
�̀¦ Ùþ¡%3���.'��§>=_�
��Ðüw!lr\�@/K�"fô�Ç���·ú����Ð��.

Ax = B

x =
B

A
← (×)

x = BA−1 ← (×)

x = A−1B ← (©)

(A.1)

Õüw��°ú̀�כ¦s�6 xô�Ç>�íß�s���m��¦'��§>=�̀¦s�6 xK�"f>�íß�
���H�â
Äº\���H0A_�Ãºd���̀¦ ú̧�l�%3�K�

���)a��. ¢̧ô�Ç%i�'��§>=�̀¦·ú¡\�·¡­s�����m����+'\�·¡­s����¦>�íß����õ���²ú��������.=�G"î
d���̀¦
K����)a��.��Õª!3�s�]j\V\�¦�Ð��.

>>b/c
>>b\c
>>b*cˆ-1
>>b*inv(c)

'Í	���P:\V��HÕªzª�Òqty���̀¦K� �̂¦Ãºe����HÂÒì�rs���. a����H°ú̀�כ¦ b����H°úכÜ¼�Ð��¾º����H��3!�%	כ
�Ðs�t�ëß�s�ÂÒì�r�Ér b����H°úכÜ¼�Ð��è�H����s���m	כ b_�%i�'��§>=�̀¦Y�L
�����HE�l�s���.Õªo�
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�¦ ¿º���P:��H b����H °úכ\� a_� %i�'��§>=�̀¦ Y�L
�����H E�l�s���.¿º>h��H ��6 xô�Ç l� ñ�� d�¦o�Ù¼�Ð
ú̧��Ðl���êøÍ��.Õªo��¦[j���P:ü<W1���P:��H'Í	���P:ü<1lx{9�ô�Ç���õ�\�¦%3���H��.{9�éß� b����H'��§>=
\� -15px�̀¦>�íß�ô�Ç��6£§Y�L
���H�â
Äºs��¦Õªo��¦W1���P:��H b����H'��§>=_�%i�'��§>=�̀¦>�íß�
���H
inv ����H�<ÊÃº\�¦s�6 xK�"f>�íß�ô�Ç�.���s	כ

�� s�]j '��§>=õ� �'aº���)a ÂÒì�r\� @/ô�Ç [O�"î
�̀¦ ��_� =åQ�̀¦ ÍÇx��.��t�}��Ü¼�Ð s��	כ 
���ëß� �8
�Ð��.7á§���\� '��§>=_� ��[þv]jY�L�̀¦ >�íß� Ùþ¡%3���HX< ��[þv]jY�L ú́��¦ '��§>= y��y��_� �_¹�èכ ]jY�L�̀¦
>�íß�½+ÉM:��H#Qb�G>�K��� |̈c�� ?��m���� 7�'���e���̀¦M:Õª 7�'�_�y¹כ���è_�]jY�L�̀¦>�íß�½+É
�9���#Qb�G>�K��� |̈c�� ?s�M:\���H ‘ . ’ l� ñ\�¦s�6 xK�"f>�íß��̀¦
�����)a��.

>>a.ˆ2

s�"î
§î
#Q��H a����H 7�'�_�y¹כ���è_�°úכ_�]jY�L�̀¦ ½̈
�����H"î
§î
#Qs���.���õ��Ð��H
[
1 4 9 16 25

]
��

%3�#Q�����. ¢̧ ���Ér\V]j�Ð"f 7�'�_�y¹כ���è_� 2C�_�°ú̀�כ¦>�íß�K���÷&��H�â
Äº��H#Qb�G>�K���
|̈c�� ?

>>2*a

s�XO�>�
�����)a��.ÕªXO�t�ëß�ëß������6£§õ�°ú �Ér�â
Äº\�¦Òqty��K��Ð��.

>>aa=1:2:9;
>>aa * a;
>>aa .* a;

'��§>=s��� 7�'���HY�L�̀¦>�íß�
�l�0AK�"f��HÕªß¼l�\�¦>�íß�K�"f���Ér�â
Äº\���H>�íß�s�÷&t�·ú§

��H��.Õª�QÙ¼�Ð'Í	���P:>�íß��Érr�'��s�÷&t�·ú§��H��.ÕªXO�t�ëß� ‘ . ’\�¦��6 x
���H�â
Äº\���HE�l�
��d�¦�9�����.s��
s�6 x¦̀�	כ���H�â
Äº\���H'��§>=s��� 7�'�\�"fß¼l�\�¦��t�t�·ú§�¦éß�t�Õªß¼
l���°ú �Ér��ëß��̀¦�������.7£¤,>�íß�½+ÉÃºe��Ö¼��\O�Ö¼��ëß��̀¦�¦�9
�l�M:ë�H\�¿º���P:>�íß��Ér
r�'��s��)a��.>�íß����õ���Hy��y��_¹כ��è_�Y�L�̀¦>�íß�K�ï�r��.s�ÂÒì�r�Ér��Ðüw!lr�̀¦>�íß�½+ÉM:�̧
d�¦�9�����.�=�����'��§>=_���Ðüw!lr�Ér%i�'��\P��̀¦Y�L
���H��������X<ëß	כ ‘ ./ ’\�¦��6 xô�Ç�����y¹כ���è
_���Ðüw!lr�̀¦>�íß�
���H���õ�\�¦%3��̀¦Ãºe����.s��Qô�Ç>�íß�~½ÓZO�s�Ä»6 x½+ÉM:��e���̀¦�.���s	כ

A.2.2 Customization

Matlab̀�¦��6 x
������Ð���Y>���t���6£§\�îß�×¼��HÂÒì�rs�e���̀¦����.{9�éß�s��Qô�Ç�â
Äº\�¦Òqty��
K��Ð��.��z�́#��Qì�r�Ér autoexec.batü< config.sys¿º��{9�\�@/K�"f ú̧� �̧\�¦��\���s���.\V	כ �̧
Û¼\�¦��6 x
�~��M:\���H��ÅÒ×�æ¹כô�Ç��{9�s�s�¿º��t�s���.�=×�æ¹כ
������(��ÉÓ'�\�¦��6 x
���H
l��:r&h���� 8̈��â
�̀¦ëß�[þt#QÅÒ��H��{9�s�l�M:ë�Hs���.Õª���X<t��FKõ�°ú �Ér(��ÉÓ'���6 x8̈��â
\�"f
��H��_���6 x÷&t�·ú§t�ëß�ÕªA��̧�íàÔêøÍ°ú �Ér���#Q\�¦��6 x
���H�â
ÄºY>���t�[O�&ñ
K�1>��
���H
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���½Ós�e��l���H
���.Õª���X<B�àÔêÁ�\�"f�̧s��Qô�Ç�íl�[O�&ñ
��{9�s��9¹כ�
�t�·ú§�̀¦�� ?ëß����
e�������#Qn�\�#Q�"���{9��̀¦Ãº&ñ
K���ëß���ëß�_�[O�&ñ
��{9��̀¦ëß�[þtÃºe���̀¦�� ?ÏãÎ�FK
����{9�éß�
#��Qì�r_�B�àÔêÁ�!Q����̀¦ �̂ß¼K��Ð��.�9���_��â
Äº\���H 5.3̀�¦��6 x
��¦e��l�M:ë�H\�l��:r&h����
[O�u�n��7��Ðo���H C:\MATLABR11s���.#��Qì�r_��©�S!�\����� �̧�FKm����ØÔ��xt�ëß������̧&h�
{©�ô�Ç0Au�\�[O�u�÷&#Qe���̀¦�7��Ðo�\���"f��{9�¹1Ô��Q���{9�éß�B�àÔêÁ�s�[O�u��)an�s���.Õª	כ
l��Ðmatlabrc.m s�����H��{9��̀¦¹1Ô���Ðl���êøÍ��.s���{9�s�[O�&ñ
��{9�s���.�9���_��â
Äº\�
��H C:\MATLABR11\toolbox\local s�����Hn��7��Ðo�\���6£§õ�°ú �Ér?/6 xÜ¼�Ð÷&#Qe����.

%MATLABRC Master startup M-file.
% MATLABRC is automatically executed by MATLAB during startup.
% It establishes the MATLAB path, sets the default figure size,
% and sets a few uicontrol defaults.
%
% On multi-user or networked systems, the system manager can put
% any messages, definitions, etc. that apply to all users here.
%
% MATLABRC also invokes a STARTUP command if the file ’startup.m’
% exists on the MATLAB path.

% Copyright (c) 1984-98 by The MathWorks, Inc.
% $Revision: 1.94 $ $Date: 1998/08/24 19:53:59 $

% Set up path.
if exist(’pathdef’,’file’)

matlabpath(pathdef);
end
.
.
.

#��Qì�rs�Ãº&ñ
K���|̈cÂÒì�r�Ér��6£§õ�°ú ��.

%% For European countries using A4 paper the following line should
%% be uncommented
%set(0,’DefaultFigurePaperType’,’a4’)

s�ÂÒì�r�Ér{9�ìøÍ&h�Ü¼�Ðp�²DG\�"f��H A46 xt�\�¦��6 x
�t�·ú§�¦ Letterß¼l�_�6 xt�\�¦��6 xô�Ç��.
Õª�Q��#��Qì�r[þt�Érô�Ç²DG\�e���¦ ¢̧ô�Ç A46 xt�\�¦��6 x
�Ù¼�Ð0A_�ÂÒì�r�̀¦��6£§õ�°ú s�Ãº&ñ
ô�Ç
��.

%% For European countries using A4 paper the following line should
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%% be uncommented
set(0,’DefaultFigurePaperType’,’a4’)

s�p� E�l�Ùþ¡t�ëß� B�àÔêÁ�\�"f ÅÒ$3��Ér ‘%’Ü¼�Ð ³ðr�
���� �)a��. ?/6 xs� ���÷¶ÂÒì�r�Ér ÅÒ$3�Ü¼�Ð
%�o��)aÂÒì�r�̀¦�Ö̧$í
�or�����
s���.Õª��6£§Ãº&ñ	כ½+ÉÂÒì�r�Ér��z�́ ���×þ����½Ó���X<ëß����l��:r&h����
+þAI��ÐB�àÔêÁ��̀¦��6 x
���H�â
Äº\���HB�àÔêÁ��̀¦z�́'��
��¦èß�Êê pwd����H"î
§î
#Q\�¦s�6 xK�"f
�Ð�����6£§õ�°ú ��.

To get started, type one of these: helpwin, helpdesk, or demo.
For product information, visit www.mathworks.com.

>>pwd

ans =

C:\MATLABR11\work

>>

s����d��Ü¼�Ð �Ð{9�����.7£¤,�&³F� n��7��Ðo���H C:\MATLABR11\work \� e����.Õª���X< s� ÂÒì�r
�̀¦Ãº&ñ

��¦z�·Ü¼���matlabrc.m��{9�_��±p��t�}��ÂÒì�r\���6£§õ�°ú �Ér ú́��̀¦ÆÒ��
�����)a��.{9�
éß�Ãº&ñ
���\���H��6£§õ�°ú ��.

% Execute startup M-file, if it exists.
if exist(’startup’,’file’)

startup
end

s���t�}��ÂÒì�r�Ér��6 x����ëß���H startup��{9�e��Ü¼���Õª�
��'z�́¦̀�	כ�����HE�l�s���.:£¤Z>�y��8
Ãº&ñ
K���|̈cÂÒì�rs�e��Ü¼���
�����)a��.s�ÂÒì�r_�+'\���6£§õ�°ú �ÉrÂÒì�r�̀¦ÆÒ��K���.

% Execute startup M-file, if it exists.
if exist(’startup’,’file’)

startup
end

cd \tclee\matlab\lecture

�±p��t�}��ÂÒì�r�Ér �̧��Hl��:r&h�����7��Ðo�\�¦&h�{©�ô�Ç/BMÜ¼�Ð��s���z�́'��s��)aÊên	כ �̀�l�����H

�.���s	כ �9���_� �â
Äº\���H C:\tclee\matlab\lecture ����H n��7��Ðo�\� ?/�� ¹�Ðכ��9 
�
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��H �̧��H�¦��K�¿º©��$¦̀�	כ ¢̧ô�Ç���\O��̧ s� n��7��Ðo�\�"f
�l�M:ë�H\�Õªn��7��Ðo��Ðs�1lx�̀¦

Ùþ¡��.s�XO�>�K�¿º���"é¶
���Hn��7��Ðo�\�l��:r&h������{9��̀¦��$��©�
��¦��6 x½+ÉÃºe����.

��t�}��Ü¼�Ð path\�@/ô�Ç�.��Òqty��K��Ð¦̀�	כ

A.2.3 Summary

s�����©�\�C�î�r?/6 x�̀¦¹כ���
������6£§õ�°ú ��.

• help ü< lookfor "î
§î
#Q

• ���Ãº_�+þAI���HÅÒ#Q���°úכ\�_�K����&ñ
�)a��.

• ���Ãº°úכ_�$��©�~½ÓZO�x9�Ô�¦�Q[þts�l�,]j��~½ÓZO�

• format"î
§î
#Q_���6 xZO�\�@/K�e���2³��.

• ;ü< ..._���6 xZO�\�@/K�e���2³��.

• whoü< whos "î
§î
#Q

• diary "î
§î
#Q

• ��{9��̀¦���$í

��¦ÂÒØÔ��H~½ÓZO�
• Matlab[O�&ñ
����â
~½ÓZO�

A.3 V�#a%K�

����©�\�"f Matlab̀�¦#Qb�G>���6 x
���Ht���ÅÒl��:r&h�����.��?°��K�"f��HC/@�\	כ Matlab�Ér��z�́
ÕªXO�>�C�0>��÷&��H��s	כ ú́§�Ér���#Q��H��m�Ù¼�ÐY>���t�ëß��8K��Ðl��Ðô�Ç��.

���#Q\�¦C�Äº��HX<e��#Q"fl��:r&h�Ü¼�Ð�9¹כ�ô�Ç�
[þt�ÉrX<s�'�_�������~½ÓZO�õ�]j#Që�H���$í	כZO�,
"fÚÔÀÒ�2;���$í
ZO�s���.s�[j��t�&ñ
�̧ëß�îß������{9�éß�r�����̀¦½+ÉÃºe����.���Ð����©�\�"fX<s�
'�_��������Érl��:r&h����+þAI���\O��¦Õªzª�������\��������ô�Ç���¦Ùþ¡��.ÕªXO������s����\���H]j
#Që�H���$í
~½ÓZO�\�@/K�C�0>�Ð��.

A.3.1 if, else, and elseif

ifë�H�Ér���©�l��:r&h����]j#Që�H_�+þAI�s���.
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if logical_expression
statements

end

#�l�"f logical expression\�"f��H ifë�Hs� z�́'��|̈c �̧|	�s� [þt#Qe����. #Q�"� �̧|	�{9�M: x9�\� e����H
statements\�¦z�́'��½+Ét�\�@/K� �̧|	��̀¦1>��ëß�ô�Ç��.\V]j\�¦�Ð��.

if a==3
b=0.2;

end

0A_�\V]j��Héß�í�H
�>� a����H���Ãº_�°úכs� 3s�÷&��H�â
Äº\� b����H���Ãº\� 0.2����H°ú9��̀}/@¦̀�כ¦

���H\V]js���.s�\V]j\�¦ô�Ç×�¦\�jþtÃº�̧e����HX<

if a==3, b=0.2; end

comma(,)l� ñ�� ouput suppression(;)l� ñ\�¦ ��6 x
���H �â
Äº\���H ô�Ç×�¦\� #��Q��t� "î
§î
#Q\�¦
��6 x½+ÉÃºe����. else��t��í�<Ê
���H�â
Äº_�l��:r+þAI���H��6£§õ�°ú ��.

if logical_expression
statements 1

else
statements 2

end

s� �â
Äº��H logical expression\� ú́���H �â
Äº\���H 1��� ë�H�©�s� Ãº'��÷&�¦ ����� �â
Äº\���H 2��� ë�H�©�
s�Ãº'��s��)a��.��t�}��Ü¼�Ð elseif\�¦��6 x
���H�â
Äº\�@/K�[O�"î

���x��.s��â
Äº��H��×�æ\���
�̀¦ switchë�Hõ�Ä»��
���.

if logical_expression 1
statements 1

elseif logical_expression 2
statements 2

elseif logical_expression 3
statements 3

end

7á§���\�C�î�r else�â
Äº\���H logical expressions�[þt#Q��t�·ú§��¤t�ëß� elseif_��â
Äº\���H#��Q>h
_� logical expressions�[þt#Q°ú�Ãºe����.��6£§\V]j\�¦�Ð��
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if n < 0
disp(’Negative’);

elseif n == 0
disp(’Zero’);

else
disp(’Positive’);

end

s�\V]j\�"f disp����H"î
§î
#Q\�¦��6 xÙþ¡��HX<s��<ÊÃº��H�o���\�"é¶
���Hë�H�©��̀¦Ø�¦§4�
���H�<ÊÃº
s���. ns�����H���Ãº_�°ú�����6£\כ§Ãº���t���m���� 0s������ª�Ãº���t�\�¦�o���\�ÍÒ�9ÅÒ��H\V]j
s���.t��FK��t�_� ?/6 x�Ér ifë�H_� ��6 x~½ÓZO�\� @/K�"f [O�"î
�̀¦ Ùþ¡��.��6£§\���H switchë�H\� @/K�
[O�"î
�̀¦K��Ð��.

A.3.2 switch

switchë�H�Ér#��Q>h_� if-elseif\�¦��6 x
���H�â
Äºü<B�Äºq�5pw
���.l��:r&h����+þAI���H��6£§õ�°ú 
��.

switch expression
case value1

statements 1
case value2

statements 2
.
.
.
otherwise

statements n
end

0A_�l��:r+þAI�\�"f expression_�°úכs�y��y��_� valueü<{9�u�
���H������\	כ statement\�¦z�́'��
�̀¦ô�Ç��.Õªo��¦l��:r&h�Ü¼�Ð��H otherwise��6£§_�"î
§î
#Q[þt�̀¦z�́'��
���. if-elseif\�¦��6 x
���H�â

Äº�Ð��¾ú��FK
�>�áÔ�ÐÕªÏþ��̀¦���$í
½+ÉÃºe����.\V]j\�¦�Ð��.

switch a
case 1

disp(’a is 1’);
case -1

disp(’a is -1’);
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case 0
disp(’a is 0’);

otherwise
disp(’something else !’);

end

a_�°úכ\��������Érë�H�©��̀¦z�́'��r�&�ï�r��.

A.3.3 while

whileë�H�Ér7á§+'\�[O�"î
s� |̈c forü<Ä»��ô�Ç]j#Që�Hs���. �̧|	�\� ú́��̀¦M:��t�>�5Åq&h�Ü¼�Ðí�H	�
&h�Ü¼�Ð"î
§î
ë�H[þt�̀¦Ãº'��ô�Ç��.l��:r&h����+þAI�\�¦ô�Ç����Ð��.

while expression
statement

end

0A\�"f �̧|	��Ér expression\�V,��¦Ãº'��÷&#Q��½+Éë�H�©��Ér statement\�V,�#Q"f��6 xô�Ç��.\V\�¦[þt
#Q 1ÂÒ'� 100��t�_�½+Ë�̀¦>�íß�
���H�â
Äº\�¦K��Ð��.

n=0;
sum=0;
while n < 100

n=n+1;
sum=sum+n;

end
disp([n sum]);

0A_�\V]j��H%�6£§\� nõ� sum���Ãº\�¦y��y�� 0Ü¼�Ð
��¦ while]j#Që�H\�_�K� n�̀¦7£x��r�&������
"f sums�����H���Ãº\�°ú̀�כ¦�8K�çß���.s��Qô�ÇìøÍ4�¤&h����]j#Që�H�̀¦��6 x½+ÉM:��H �̧|	��̀¦ ú̧�¶ú�(R
ú<��ô�Ç��. ú̧�3lw
���H �â
Äº\���H "é¶
���H ���õ�\�¦ %3��̀¦ Ãº \O���H �â
Äº�� e����.\V\�¦ [þt#Q n=1s���
�¦
���H�â
Äº\�¦Òqty��K��Ð��.

n=1;
sum=0;
while n < 100

n=n+1;
sum=sum+n;

end
disp([n sum]);
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0A_�\V]j��H7á§���\�E�l�ô�Ç\V]jü<��ÅÒÄ»��K��Ð�����.ÕªXO�t�ëß����õ�°úכ�Érd�¦o�>����:r��.

���m��ì�r$3��̀¦K��Ð��. n=1s����¦Ùþ¡l�M:ë�H\� whileë�H\�[þt#Q�̧��� n�Ér%�6£§\� 2����H°ú̀�כ¦��
t�>��)a��.Õª�Q��� sum\��8K�t���H°úכ�Ér ns� 1���°úכs��8K�t���H����s���m	כ 2��H°úכÂÒ'��8K�
t�>��)a��.ÕªXO������"é¶
���H���õ�\�¦%3��̀¦Ãº\O��̀¦����Q�����r�ô�Ç�s���.Õª	כ n=0s����¦
��¦
whileë�H\�"fí�H"f����7
��H�â
Äº\�¦�Ð��

n=0;
sum=0;
while n < 100

sum=sum+n;
n=n+1;

end
disp([n sum]);

s��â
Äº��H sum\�%�6£§�8K�t���H°úכs� 0s��8K�t��¦Õª��6£§°úכs����'��÷&Ù¼�Ð���õ���Hq�5pw
�
>����̀¦����\V�©�s��)a��.ÕªXO�t�ëß�7á§�8Òqty���̀¦K��Ð��� ns� 99���°ú̀�כ¦��t��¦ whiles����'��
s� ÷&��H �â
Äº 100�Ð����H ���l� M:ë�H\� whileë�H�Ér �ÃÐs� ÷&"f ���'��s� �)a��.Õª�Q��� sum\� 99\�¦
�8
��¦ ns�
����8���'��s�÷&Ù¼�Ð 100���°ú̀�כ¦��t��¦ whileë�H_� �̧|	��̀¦q��§ô�Ç��.Õª����â
Äº
100�Ð�����t�·ú§l�M:ë�H\� whileë�H�̀¦�8s��©����'��
�t�·ú§�¦���:r��.7£¤, ns� 100����â
Äº_�°úכ
�̀¦�8
�t�·ú§>��)a��.���õ���H 1ÂÒ'� 99��t�_�°ú̀�כ¦�8ô�Ç���õ���%3�#Q�����.Õª�QÙ¼�Ð whileë�H
s��� forë�H�̀¦��6 x
���H�â
Äº\���H �̧|	�\�@/K� ú̧�Òqty���̀¦K�ú<���)a��.

A.3.4 for

��z�́ 0A\�"f E�l�ô�Ç whileë�H �Ð����H forë�H�̀¦ �8 ú́§s� ��6 x
���H�� °ú ��.Õª s�Ä»��H forë�Hs� 7á§
�8f���'a&h�Ü¼�ÐìøÍ4�¤]j#Q\�¦½+ÉÃºe��l�M:ë�Hs���.l��:r&h����+þAI���H��6£§õ�°ú ��.

for index=start:increment:end
statements

end

forë�Hs�z�́'��÷&l�0AK�"f��Hz�́'��÷&��HS��Ãº\�@/ô�Ç index\�¦ëß�[þt#QÅÒ��HX<çß����\�@/ô�Ç&ñ
�Ð\�¦
V,�#Q1>���)a��.s�ÂÒì�r�Érs�p�C�\P�ÂÒì�r\�"f[O�"î
�̀¦Ùþ¡��.#Q�"����Ãº\�¦C�\P��Ð"f��6 x
�l�
0AK�"f��H var name=start:increment:end +þAd��Ü¼�Ðëß�[þt#Q���)a��. forë�H\�"f�̧1lx{9�

�>������oÛ¼\�¦ëß�[þt#Q��6 x
�����)a��.s�]j\V\�¦[þt#Q�Ð��. 1ÂÒ'� 10��t�_�Õüw��[þt\�y��y��_�
��5px�̀¦ ½̈
���HáÔ�ÐÕªÏþ��̀¦ ½̈$í
K��Ð��.

for i=1:10
j=iˆ2;
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disp([i j]);
end

0A_�áÔ�ÐÕªÏþ��̀¦z�́'��
����

>>sample
1 1

2 4

3 9
....

0Aü<°ú �Ér���õ�\�¦%3��̀¦��s���.�Ð��r�x	כ whileë�H�Ð��7á§�8f���'a&h����³ð�&³Ü¼�ÐìøÍ4�¤z�́'��ë�H
�̀¦%3��̀¦Ãºe����.

A.3.5 break

Ãº'��×�æ���]j#Që�H�̀¦��4R��l�l�0AK�"f��H break\�¦��6 xô�Ç��.\V\�¦[þt#Q 1ÂÒ'� 10��t�_�Õüw��
\�@/ô�Çy��y��_���5px�̀¦>�íß�
�����ëß���� 7s�����H°úכs����̧��H�â
ÄºìøÍ4�¤z�́'��ë�H�̀¦��4R����
��H\V\�¦ëß�[þt#Q�Ð��.

for i=1:10
j=iˆ2;
if(i==7), break, end

end

t��FK��t�C�î�r�
ÓÜ¼�Ð�Ð���0A_�áÔ�ÐÕªÏþ��Ér&ñ½���¦̀�	כSX�y� i °úכs� 7s�÷&%3��̀¦M:ìøÍ4�¤z�́'���̀¦
×�æéß�
��¦��4R��çß���.0Aü<°ú s�ìøÍ4�¤z�́'��ë�H�̀¦��4R��°ú��9¹כ���e����H�â
Äº\���H break"î
§î

�̀¦��6 xô�Ç��.

A.3.6 Summary

t��FK��t�#��Q��t�]j#Që�H_�+þAI�\�@/K�C��°?��.

• if, else, and elseif

• switch
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• while

• for

• break

A.4 Áþ�ÊÁï5Ñ�æ·e�

7á§���\��̧[O�"î
�̀¦Ùþ¡t�ëß����#Q\�¦C�Äº��HX<t��FK��t�C�î�r�?°��[þt�Ér���Ãºü<]j#Që�H\�@/K�C	כ

��.��t�}��Ü¼�Ðs�]jÂÒáÔ�ÐÕªÏþ��̀¦Òqt$í

��¦s�6 x
���H~½ÓZO�\�@/K�C�0>�Ð��.

�<ÊÃº��H functions�����Hv�0>×¼ü<Ø�¦§4����Ãº,{9�§4����Ãº,�<ÊÃºs�2£§Ü¼�Ð ½̈$í
s�÷&#Qe����.l�
�:r½̈�̧\�¦�Ð��.

function output_name = function_name(input_name)

outputname�Ér �<ÊÃº�� �Å�U�́ ���Ãº_� s�2£§s��¦ function name�Ér �&³F� ��6 x
��¦�� 
���H �<ÊÃº_�
s�2£§s� 9 input name�Ér{9�§4�Ü¼�Ð[þt#Q�̀¦���Ãº_�s�2£§s���.\V]j\�¦[þt#Q�Ð��.��6£§\V]j��HÅÒ
#Q��� 7�'�_� î̈
ç�H�̀¦>�íß�
���H�<ÊÃºs���.

function mean_value=average(x)
[m,n]=size(x);
if(˜((m==1) | (n==1)) | (m==1 & n==1))

error(’Input must be a vector’)
end

mean_value=sum(x)/length(x);

s�XO�>����$í
ô�Ç�<ÊÃº\�¦ meanvalue.ms����¦$��©��̀¦ô�ÇÊê��6£§_�\V]j\�¦ô�Ç���K��Ð��.

>>z=1:99;
>>mean_value(z)

ans =

50

��Õª�Q���l��:r½̈�̧ü<q��§\�¦
����"f meanvalue����H�<ÊÃº\�¦
���m���Ð��.�<ÊÃº_�Ø�¦§4�°úכ�Ér
meanvalue����H���Ãº°úכÜ¼�Ð�Å�#Q��>��)a��.Õª�QÙ¼�Ðmeanvalue_�°úכ�Ér���©���×�æ\�&ñ
K�t�
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��H�s���.�<ÊÃº_�s�2£§�Ér	כ��s�{9�ìøÍ&h�{9	כ average���¦&ñ
Ùþ¡��.#�l�"f7á§ÅÒ_�\�¦K�"fú<��½+É
�s�e����.�<ÊÃº_�s�2£§�Ér	כ average���¦�������̀¦Ùþ¡�¦s�XO�>�ëß���H�<ÊÃº��H meanvalue.ms����¦
$��©��̀¦Ùþ¡��.Õª��6£§�<ÊÃº\�¦s�6 x½+ÉM:��H average\�¦��6 xô�Ç����s���m	כ meanvalue���¦��6 x
�̀¦Ùþ¡��.7£¤,�<ÊÃº_�s�2£§õ���HZ>�>h�Ð$��©�÷&#Qe����H�â
Äº��{9�_�s�2£§�̀¦�<ÊÃº_�s�2£§Ü¼�Ð��
6 x
�>��)a��.s����\V]j\�"f��Hë�H]j\�¦{9�Ü¼v�t�·ú§��¤t�ëß�7á§�84�¤ú̧�ô�ÇáÔ�ÐÕªÏþ��̀¦ëß�[þt���Ð
���s�XO�>���{9�_�s�2£§õ��<ÊÃº_�s�2£§s�d�¦�2;�â
Äº\V�©�u�3lwô�Ç���õ�\�¦%3��̀¦Ãºe��Ü¼�Ð�<ÊÃº

_� s�2£§õ� ��{9�_� s�2£§�̀¦ 1lx{9�
�>� ëß�[þt�¦ ��6 xK����)a��."î
d��
�l� ��êøÍ��.Õª�QÙ¼�Ð ëß����
�<ÊÃº_�s�2£§s� average�����s���{9�%i�r� average.ms����¦$��©��̀¦K����)a��.

Õªo��¦ matlab\� 8̈��â
���Ãº��î�rX< path����H�s�e����HX<s����Ãº\���H��6 x����{9�§4��̀¦ô�Ç	כ
�<ÊÃº"î
�̀¦¹1Ô��H�â
�Ð\�¦t�&ñ
K�ÅÒ�¦e����.s����X<s����Ãº\�_��â
�Ð°úכ\�\O���H�<ÊÃº��H�&³F�e��
��Hn��7��Ðo�\�¦���Ò�o�̀¦
��¦ÕªA��̧\O�Ü¼����<ÊÃº\�¦¹1Ô�̀¦Ãº\O�����H\��QBjr�t�\�¦ (̀Äº>��)a

��.Õª�QÙ¼�Ð average.ms����¦ ��õ�H ��{9��̀¦ �&³F� ���\O�
��¦ e����H n��7��Ðo� ?/\� $��©��̀¦ 
�~��
�� ��m���� matlab_� 8̈��â
���Ãº path?/\� ������s�÷&#Q e����H e��_�_� n��7��Ðo�\� $��©��̀¦ K����)a
��.l��:r&h���� 8̈��â
\�"f��H c:\MATLABR11\work ?/\�$��©�
���H������s�{9�ìøÍ&h	כâ
Äºs���.

����r�0A_��<ÊÃº\�¦ì�r$3�K��Ð��.{9�§4�°úכÜ¼�Ð x\�¦��6 x
�%i���.s�XO�>� x���¦&ñ
_�\�¦ô�Ç
°úכ�Érs�°úכs� 7�'��� |̈ct���m����
���_����Ãº�� |̈ct���H&ñ

�t�·ú§�Ér�
.���s	כ�#�çß�éß�í�Hy�
èß� x����H���Ãºs�2£§Ü¼�Ð{9�§4�°ú��6¦̀�כ x
���x���¦&ñ
ô�Ç�s���.#�l�"f	כ matlab\�@/ô�ÇE�l�\�¦
ô�Ç��t��8K���÷&��HX<���Ãº_�%ò
�¾Ós�#Qn���t�p�u���H��\�@/ô�Ç�,s���.7£¤	כ local variableõ�
global variables���.t�%i� ���Ãº���¦ 
���H ��Ér	כ {9�ìøÍ&h�Ü¼�Ð �<ÊÃº�� 7áx«Ñ�� ÷&��� �8 s��©� °ú̀�כ¦
��t��¦e��t�·ú§��.ÕªXO�t�ëß����%i����Ãº\�¦áÔ�ÐÕªÏþ�s�7áx«Ñ|̈cM:��t�°ú̀�כ¦��t��¦e����.�<ÊÃº
?/\�&ñ
_��)a���Ãº��H:£¤Z>�ô�Çt�r�����\O���H�â
Äº\���Ht�%i����Ãºs���.���%i����Ãº�Ð��6 x
�l�0A
K�"f��H globals�����Ht�r���\�¦��6 xô�Ç��.{9�éß���6£§õ�°ú �Ér�<ÊÃº\�¦ëß�[þt��.

function testout=test(xx)
global a b
a=10;
b=20;
c=30;
testout=30;

Õª��6£§��6£§õ�°ú s�z�́'���̀¦ô�Ç��.

>>global a b
>>a=1;
>>b=2;
>>c=3
>>test(c);
>>a

a =
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10

>>b

b =

20

>>c

c =

3

s�\V]j\�"f�Ð��� a, b, c����H���Ãº\�¦Bj���ë�H\�"f��6 xÙþ¡Ü¼ 9 aü< b��Hy��y�� global�Ð�������̀¦
�
%i���.y��y��\� 1õ� 2����H°ú̀�כ¦½+É{©��̀¦
��¦ c����Ht�%i����Ãº\���H 3s�����H°ú̀�כ¦½+É{©�Ùþ¡��. test��
��H�<ÊÃº\�¦z�́'��ô�ÇÊê��r�y��y��_����Ãº\�#Q*�ô�Ç°úכs�e����Ht�SX�����̀¦K��Ð��¤��.���õ���H aü<
b���Ãº��H °úכs� ��7
%3�Ü¼�� c���Ãº°úכ�Ér ��7
t� ·ú§��¤��.�� Õª�Q��� test����H �<ÊÃº\�¦ ô�Ç��� �Ð��.
s��<ÊÃº��H a, b, c, xx, testout����H#��Q��t����Ãº\�¦��6 xÙþ¡t�ëß�{9�§4�°úכÜ¼�Ð xx����H���Ãº\�¦��
6 xÙþ¡�¦ Ø�¦§4�°úכÜ¼�Ð testouts�����H ���Ãº\�¦ ��6 xÙþ¡��.ÕªXO�t�ëß� xx����H ���Ãº��H ��6 x÷&t� ·ú§��¤
Ü¼ 9 aü< b��Héß�í�Hy� global�Ð������s�÷&#Qe���¦Õª°úכ�Ér&ñ
K����°úכ��� 10õ� 20Ü¼�Ðu�8̈�s�÷&#Q
e����. c����H���Ãº�̧ ��6 xs�÷&%3�t�ëß�s�°úכ�Ért�%i����Ãº7£¤, test����H�<ÊÃº?/\�"fëß�Ä»ò́ô�Ç���
Ãºs� 9°úכs� 30s����¦u�8̈�÷&%3�t�ëß�Bj����<ÊÃº_�°úכ\���H���)�%ò
�¾Ó�̀¦p�u�t�3lwÙþ¡��.

��r��<ÊÃº_� ½̈�̧\� @/K�"f�Ðl��Ð
���.{9�éß� x����H���Ãº��[þt#Q�̧������Ãº_�ß¼l�\�¦ ½̈

���H size����H�<ÊÃº\�¦s�6 xK�"fs����Ãº_�ß¼l�\�¦ ½̈ô�Ç��.Õªß¼l�\�@/ô�Ç mõ� n��s���H���Ãº
\� @/K� �����\�¦ K��Ð��HX< �&³F� >�íß�
��¦�� 
���H ��Ér	כ  7�'��Ð ÅÒ#Q��� ���Ãº_� î̈
ç�H°ú̀�כ¦ >�íß�


���H��s�Ù¼�Ð���Ãº��'��§>=_�+þAI��Ð[þt#Q�̧	כ�����m����éß�í�Hô�Ç�©�Ãº�Ð{9�§4�÷&��H�â
Äº\��Q

Bjr�t�\�¦�Ð#�ÅÒ�¦�8s��©����'���̀¦
�t�·ú§��H��. error�<ÊÃº\�@/ô�Ç��Ér	כ help error\�¦K�"fSX�
���K��Ðl���êøÍ��.Õª��6£§ÅÒ#Q������Ãº�� 7�'��ÐÅÒ#Q����â
Äº\���H���Ãº_� �̧��H¹כ�è_�½+Ë�̀¦
>�íß�
���H sums�����H�<ÊÃº\�¦s�6 x
��¦���Ãº_�U�́s�(1×ns����� n×1)��î�rX<���©�	�H°ú¹1¦̀�כÔ
��H length�<ÊÃº_����õ�°ú̀�כ¦s�6 xK�"f î̈
ç�H�̀¦ ½̈ô�Ç��.ÕªXO�>�%3�#Q���°ú̀�כ¦ meanvalue����HØ�¦
§4����Ãº�Ð�Å�|����.

��t�}��Ü¼�Ð ��z�́ matlab\���H s�p� î̈
ç�H�̀¦ ½̈
���H ÀÒ�2;s� e����. means�����H �<ÊÃº\�¦ s�6 x

���H�â
ÄºÅÒ#Q������Ãº��'��§>=�Ð÷&#Qe��~����m���� 7�'��Ð÷&#Qe��~��Õª°ú̀�כ¦>�íß�½+ÉÃºe����.
'��§>=�Ð÷&#Qe����H�â
Äº\���H\P��̀¦l�ï�rÜ¼�Ð
�~������m����'���̀¦l�ï�rÜ¼�Ðy��y��_� î̈
ç�H°ú̀�כ¦>�

íß�½+ÉÃºe����.��[jô�Ç?/6 x�Ér help meaǹ�¦�ÃÐ�¦
�l���êøÍ��.ÕªXO�t�ëß�0A\�"fëß���H average��H
#��Qì�r[þt\�>� �<ÊÃº\�¦ ���$í

���H ~½ÓZO��̀¦ [O�"î

�l� 0AK�"f ëß���H �<ÊÃºs���. matlabáÔ�ÐÕªÏþ��̀¦
7á§�8���$í
�<Ê\�����#��Q��t��<ÊÃº\�¦���$í
K���ëß��)a��. ¢̧ô�ÇáÔ�ÐÕªA�bç
�̀¦
���H�'a&h�\�"f�̧
÷&�̧2�¤s���� çß�éß�ô�Ç áÔ�ÐÕªÏþ��̀¦ ���$í

�l� 0AK�"f Bj���ë�H\�"f �̧��H >�íß�õ�&ñ
�̀¦ ���'��
���H �	כ
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�Ð����Hy��y��_�����Ér�<ÊÃº�Ð���$í
�̀¦K�"f>�íß�
���H�8��s	כa%~�ÉráÔ�ÐÕªA�bç
l�ZO�s���.

A.5 MatlabUc"�Ü«ÍÏ�Ü«h�e�

s�����©�\�"f matlab\�"f���:r���õ�\�¦ÕªaË>Ü¼�ÐÕªo���H~½ÓZO�\�@/K�"fÒqty���̀¦K��Ð��.��Áºo�
a%~�Ér���õ���%3�#Q&�����¦
��8A��̧Õª���õ�\�¦��|ÃÐ[þts�·ú����Ðl�a%~>��Ð#�ÅÒt�·ú§Ü¼����'ad��

�̀¦%3�l�jËµ[þt��.��Õª�Q���s�]jÕªaË>�̀¦Õªo���H~½ÓZO�\�@/K�"fÒqty���̀¦K��Ð��.

A.5.1 plotÃZ�ÂZ�#a

��z�́ @/ÂÒì�r_� 2	�"é¶ ÕªA�áÔ�� ÕªaË>�Ér plots�����H "î
§î
#Q�Ð"f Õªwn= Ãº e����.Õª!3� {9�éß� help
plotÜ¼�Ð%3�#Qt���H�.����t��¦E�l�\�¦K��Ð¦̀�	כ

>>help plot

PLOT Linear plot.
PLOT(X,Y) plots vector Y versus vector X. If X or Y is a matrix,
then the vector is plotted versus the rows or columns of the matrix,
whichever line up. If X is a scalar and Y is a vector, length(Y)
disconnected points are plotted.

PLOT(Y) plots the columns of Y versus their index.
If Y is complex, PLOT(Y) is equivalent to PLOT(real(Y),imag(Y)).
In all other uses of PLOT, the imaginary part is ignored.

Various line types, plot symbols and colors may be obtained with
PLOT(X,Y,S) where S is a character string made from one element
from any or all the following 3 colunms:

y yellow . point - solid
m magenta o circle : dotted
c cyan x x-mark -. dashdot
r red + plus -- dashed
g green * star
b blue s square
w white d diamond
k black v triangle (down)

ˆ triangle (up)
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< triangle (left)
> triangle (right)
p pentagram
h hexagram

For example, PLOT(X,Y,’c+:’) plots a cyan dotted line with a plus
at each data point; PLOT(X,Y,’bd’) plots blue diamond at each data
point but does not draw any line.

PLOT(X1,Y1,S1,X2,Y2,S2,X3,Y3,S3,...) combines the plots defined by
the (X,Y,S) triples, where the X’s and Y’s are vectors or matrices
and the S’s are strings.

For example, PLOT(X,Y,’y-’,X,Y,’go’) plots the data twice, with a
solid yellow line interpolating green circles at the data points.

The PLOT command, if no color is specified, makes automatic use of
the colors specified by the axes ColorOrder property. The default
ColorOrder is listed in the table above for color systems where the
default is yellow for one line, and for multiple lines, to cycle
through the first six colors in the table. For monochrome systems,
PLOT cycles over the axes LineStyleOrder property.

PLOT returns a column vector of handles to LINE objects, one
handle per line.

The X,Y pairs, or X,Y,S triples, can be followed by
parameter/value pairs to specify additional properties
of the lines.

See also SEMILOGX, SEMILOGY, LOGLOG, GRID, CLF, CLC, TITLE,
XLABEL, YLABEL, AXIS, AXES, HOLD, COLORDEF, LEGEND, and SUBPLOT.

>>

s�"î
§î
#Q\�¦ ú̧��Ð���{9�éß�l��:r&h������Õªwn=M:��Héß�í�Hy¦̀�	כ plot(x,y) ���¦K�ÅÒ����)a��.Õª
��6£§#��Q��t�\�¦ Ë̈p��¦z�·�Ér�â
Äº�8 ú́§�Ér �̀v����̀¦��6 x
�����)a��.\V]j\�¦�Ð���"f
���m��ëß�
[þt#Q�Ð��.

>>a=[1 2 3];
>>b=[2 3 4];
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>>plot(a,b);

��s�"î
§î
#Q\�_�K�ëß�[þt#Q�����ô�Ç����Ð��.éß�í�Hy�Õªzª¦̀�	כ y = x + 1+þAI�_��<ÊÃº\�¦Õª§4���
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Figure A.1: Simple plot example: plot(a,b)

�¦ �̂¦Ãºe����.ÕªXO�t�ëß�s�����â
Äº��H��z�́s��Qô�Ç�<ÊÃº\�¦Õª�2;�=s���m��¦éß�í�Hy�&h��̀¦Õªwn	כ
�9�¦Ùþ¡~���̀�
s�l�M:ë�H\���6£§õ�°ú s�Ãº&ñ	כ¦K����)a��.

>>plot(a,b,’.’);

ÕªaË>\�"f�Ðs�1pws�·ú����Ðl���7á§jËµ[þt��.ÕªXO��������6£§õ�°ú s���7
�Ð��.

>>plot(a,b,’o’);

s�]j7á§����Ð��7á§�8���������°ú �ÉrX<s�����'pÒ�o�̀¦��7
�Ð��.

>>plot(a,b,’mo’);

s�XO�>�
����Ò�o¾ú�s����÷¶��.Õª�Q���s����\���Hy���í���àÔ[þt��s�\�[þt#Q°ú�ÂÒì�r\�@/K�"fÒqt
y���̀¦K��Ð��.&h����Ü¼�Ðy���í���àÔ\�¦������K��Ð��.

>>plot(a,b,’:o’);

l��:r&h�Ü¼�ÐÒ�o\�@/ô�Ç��s�\O	כ��H�â
Äº\���H%�6£§\���êøÍÒ�o�̀¦��6 xô�Ç��.Õª�Q���s����\���HÒ�o�̧
��Ë̈�¦�í���àÔ\�¦³ðr�
��¦Õªo��¦�í���àÔ��s�\�f������̀¦V,�#Q�Ð��.y��y��_� �̀v����̀¦�8K�ÅÒ���
�)a��.
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Figure A.2: Simple plot example: plot(a,b,’.’)
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Figure A.3: Simple plot example: plot(a,b,’o’)
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Figure A.4: Simple plot example: plot(a,b,’mo’)
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Figure A.5: Simple plot example: plot(a,b,’:o’)
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Figure A.6: Simple plot example: plot(a,b,’g-s’)

>>plot(a,b,’g-s’);

s�XO�>�
����s�]j0lqÒ�o×�¦s�Õª#Qt��¦Õªo��¦y���í���àÔ\�¦W1�̧�Ð³ðr�
�%i�Ü¼ 9�í���àÔ��s�

\���Hf������̀¦Õª%3���.Õª���X<ô�Ç����8Òqty���̀¦K��Ð��.ÕªA�áÔ_� �̧_þvs�7á§²ú�²ú�K��Ðs�t�·ú§��H
�� ?��Áºo���6 x���� 1ÂÒ'� 3��t�_�X<s�'�ëß��̀¦V,�%3����¦
��8A��̧7á§�Å��Å�
�>��Ðs���H�	כ
s�a%~t�·ú§�̀¦�� ?Õª�Q���7£¤, x»¡¤_�#3�0A\�¦&ñ
K�1>���)a��.Õª���K��Ð��.

>>plot(a,b,’vr-.’);
>>axis([0.0 4.0 0.0 5.0])

�� s�XO�>� 
���� 7á§�8 �Ðl��� a%~�̀¦�>s���.Õª���X	כ ��f���̧ �ã¶�� )����
���. x»¡¤ °úכ�Ér Áº%Á	s��¦
y»¡¤°úכ�ÉrÁº%Á	s����¦½+ÉM:#Qb�G>�K���|̈c�� ?Õª|	� xlabelõ� ylabels�����H�
s�6 x¦̀�	כ�����)a��.

>>plot(a,b,’vr-.’);
>>axis([0.0 4.0 0.0 5.0])
>>xlabel(’X data’); ylabel(’Y data’);

Õª!3�s�]jçß�éß�ô�ÇÕªaË>_���t�}��Ü¼�ÐÕªaË>_�]j3lq�̀¦²ú����Ð��.s����Érçß�éß�y	כ titles�����H�	כ
�̀¦s�6 x
�����)a��.

>>plot(a,b,’vr-.’);
>>axis([0.0 4.0 0.0 5.0])
>>xlabel(’X data’); ylabel(’Y data’);
>>title(’Test graph’)

Numerical Method for Chemical Engineers
c©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



104 Using Matlab

0 0.5 1 1.5 2 2.5 3 3.5 4
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

Figure A.7: Simple plot example: plot(a,b,’vr-.’), axis([0.0 4.0 0.0 5.0])
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Figure A.8: Simple plot example: xlabel(’X data’), ylabel(’Y data’)
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Figure A.9: Simple plot example: title(’Test graph’)

s�]j��H�����̧ l��:r&h����ÕªA�áÔ\�¦Õªo���H~½ÓZO��ÉrC��°?�̀¦���Q���s�s���.Õª	כ��áÔ�2;àÔK�
�Ð��.Óüt�:rÕªzª�áÔ�2;àÔ\�¦
����#��Qì�r_�áÔ�2;'�\�áÔ�2;àÔ���)a��.Õª�Q�����{9��Ð$��©�½+É�9
���#Qb�G>�K���|̈c�� ?Õª�	כ ¢̧ô�Ç print����H"î
§î
#Q\�¦s�6 x
�����)a��.Õª���X<&ñ
ú́� print��H4�¤ú̧�
ô�Ç �̀v����̀¦��t��¦e����.SX����
��¦z�·Ü¼��� help print K�ú<��.Õª��î�rX<çß�éß�ô�ÇY>���t� �̀v
���ëß�[O�"î

���x��.

>>print -dtiff

0Aü<°ú s���6 x
���� tiff �íÐÓ	Ü¼�ÐÕªaË>�̀¦ëß�×¼��HX<&ñ
SX�y�&ñ
K����ÕªaË>�Ér\O��� ¢̧ô�Ç��{9��̧
\O���.Õª�QÙ¼�Ð#Qb�G>�÷&�����{9�éß��&³F�ÕªaË>��î�rX<�Ö̧$í
�o�)a��#�s����×þ��)a��.7£¤,ÕªaË>s	כ
�Q��t�e����H�â
Äº\���H���©���t�}��\�ëß�[þt#Q&��������m����#��Qì�rs�#��Q��t�ÕªaË>��î�rX<

��ÄºÛ¼�Ð ���×þ��̀¦ Ùþ¡���� ��m���� -$ #Qb�G>� ¿��~��t� çß�\� ÕªaË> ��î�rX< �Ö̧$í
�o\�¦ r���� ÕªaË>�̀¦

Õªzª���{9��Ð$��©�K�!Q�2;��.����#��Qì�r_����\O�n��7��Ðo�\���H figure1.tif ��{9�s�ëß�[þt

#Q4Re���̀¦�
s���.�&³F�t��FK�Ö̧$í	כ�o÷&#Qe����HÕªaË>s�'Í	���P:ÕªaË>s������ figure����Hs�2£§+'
\�ÕªaË>_�Õüw��\�¦·¡­#�"fëß�[þt#Qï�r��.#��Qì�rs�7á§l�%3�K��� |̈c���Érmatlabõ	כ��s�e����HX<s	כ
�©��'a\O�s�(��ÉÓ'�\�"fÕªaË>��{9��̀¦s�6 x½+ÉM:\���H bmp+þAd��_�ÕªaË>�̀¦ëß�[þt���îß��)a��.�=�����
s���{9��Ér Áºt� ß¼l� M:ë�H\� #Q�"��â
Äº\���H Ãºz��Bj���� |̈c Ãº�̧ e����. Õª�Qm� =�G tif�� jpg��
m���� gif+þAd��_�ÕªaË>�̀¦��6 x
�l���êøÍ��.Õªo��¦matlab\�"fs��Qô�ÇÕªaË>_�+þAd���̀¦t�&ñ
K�ÅÒ
��H �̀v����Ér -d ����H �̀v���+'\�+�ÅÒ����)a��. tiff�� jpeg, png1pxs�e��Ü¼m�ÅÒ�Ð��6 x
�>� |̈c��Ér	כ
-dtiff �� -djpeg 1pxs� |̈c�8�§Q���7á�s���.��Õª	כ �̀v����̀¦��6 xK��Ð��.ÕªaË>s�#��Q>he����H
�â
Äº\�?/��"é¶
���HÕªaË>ëß��̀¦��{9��Ð$��©�
�l�0AK�"f��H#Qb�G>�½+É�� ?

>>print -dtiff -f3
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-f ����H �̀v���+'\�ÕªaË>_�Õüw��\�¦·¡­#�ÅÒ����)a��.Õª�Q���ÕªaË>Õüw��\� ú́���HÕªaË>�̀¦ figure3.tif
+þAd��Ü¼�Ðëß�[þt#Qï�r��.Õª�Q���s�]jÕªaË>_�s�2£§�̀¦&ñ
K��Ð��.

>>print -dtiff -f3 app3

s�XO�>�"î
§î
#Q\�¦{9�§4�
���� app3.tif ����H��{9��̀¦ëß�[þt#Qï�r��.��s�]jÕªaË>�̀¦ëß�[þt�¦Õªo�
�¦$��©�
���H~½ÓZO�\�@/K�"f��HC��°?��.7á§�8�¦/åLéß�>��Ð�����Ð��.

A.5.2 �§;³¹ plot ÃZ�ÂZ�#a

s����\���H7á§�8 plot"î
§î
#Q\�@/K�"f·ú����Ð��. plot"î
§î
#Q\�¦ ú̧���6 x
����²DIs����ÉrÕªA�áÔ
áÔ�ÐÕªÏþ��̀¦��_�jþt�9¹כ���\O���.�9���_��â
Äº\���HK�ü@$�V,�\�]jØ�¦
���H�7Hë�H_��â
Äº\��̧Õª
zª� plot̀�¦s�6 xK�"fÕª�2;ÕªaË>�̀¦]jØ�¦
��¦e����.Õª���X<$����\�]jØ�¦ô�Ç�7Hë�H_��â
ÄºØ�¦óøÍ��\�
"fÃº&ñ
�̀¦��\V
�t�·ú§��¤��.��Õª!3�r����K��Ð��.

ô�ÇÕªA�áÔ\�¿º>hs��©�_�X<s�'�!Ó	�̀¦n���¦z�·�̀¦M:��H#Qb�G>�½+É��?\V]j\�¦�Ð��.{9�éß�n��
�̀¦X<s�'�\�¦ëß�[þtl�0AK�"f��6£§_�áÔ�ÐÕªÏþ��̀¦ëß���HÊê gen data.m Ü¼�Ð$��©��̀¦
���.

j=0;
for i=0:0.1:1

j=j+1;
a(j) = iˆ2;
b(j) = iˆ3;
k(j) = i;

end

Õª��6£§��6£§õ�°ú s�0A_�áÔ�ÐÕªÏþ�Ü¼�ÐX<s�'�\�¦ëß�[þt�¦ÕªaË>�̀¦Õª�9�Ð��.

>>gen_data
>>plot(k,a,k,b);

ÕªaË>�̀¦ �Ð��� ¿º>h_� ���õ��� Ø�¦§4�÷&#Q e����.Ø�¦§4��̀¦ 0AK� ëß���H X<s�'���H x2õ� x3_� °ú̀�כ¦ x��
0ÂÒ'� 1��t� 0.1çß����Ü¼�Ð>�íß��̀¦K�"fëß���H���_s���.¿º>h	כ��õ���e����HX<l��:r&h�����â
Äº\�
��Hs���î�rX<��êøÍÒ�os�'Í	���P:X<s�'�s��¦¿º���P:�QÙ¼�Ð¿º>h��Ér0lqÒ�oÜ¼�Ðëß�[þt#Q�����.Õª	כ
_����õ�\�¦Ø�¦§4�
�l�0AK�"f��H¿º>h_�Ø�¦§4�X<s�'�!Ó	s� x»¡¤õ� y»¡¤\�@/K��9¹כ�
�>��)a��.��
6£§\���Hs�¿º>h_����õ�\�¦��*$�Ð��.éß�í�H
�>�¿º>h_�ÕªA�áÔ\���*$"fØ�¦§4�½+ÉÃº�̧e����.7£¤,

>>gen_data
>>plot(k,a);
>>plot(k,b);
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Figure A.10: Simple plot example: plot(k,a,k,b)

ÕªXO�t�ëß�ëß����0Aü<°ú �Ér"î
§î
�̀¦{9�§4�ô�Ç�����ÕªaË>s�¿º>h�Ð��*$4R"fÕª�9t���H����s���m	כ

þj7áxÜ¼�Ðëß���H����9�QÙ¼�ÐÕªaË>�̀¦¿º>hÕªwn=�ëß�z����H��.Õª	כ

>>gen_data
>>figure, plot(k,a);
>>figure, plot(k,b);

figure ����H"î
§î
#Q\�¦s�6 xK�"fÕªaË>�̀¦Õªwn=Ãºe����H/BNçß��̀¦ëß�[þt�¦Õª�9��ëß��)a��.s�"î
§î

#Q\�¦s�6 x
����ëß�[þt#Qt���HÕªaË>_���� ñ\�¦t�&ñ
½+ÉÃº�̧e����.

>>gen_data
>>figure(3), plot(k,a);
>>figure(5), plot(k,b);

0Aü<°ú s���� ñ\�¦"î
r�K�ÅÒ���ëß�[þt#Qt���HÕªaË>_���� ñ\�¦"î
r�½+ÉÃº�̧e����.��Õª���X<�&³F�
ëß�[þt�¦��
���HÕªaË>�Ér0Aü<°ú �Ér�.���s	כ�s���m���ô�ÇÕªaË>?/\�¿º>h_�ÕªA�áÔ\�¦Õªo���H	כ
s�XO�>�
�l�0AK�"f��H subplot s�����H"î
§î
#Q\�¦��6 xô�Ç��.s�"î
§î
#Q��H[j>h_�°ú̀�כ¦���Ãº�Ð
~ÃÎ��H��.

subplot(no_row, no_col,position_figure);

7á§4�¤ú̧�K��Ðs���HX<��*$|9�ÕªaË>_�Ì�	Ãº\�¦'��õ�\P�_�Ì�	Ãº\�¦&ñ
K�"fëß�[þt�¦Õªo��¦èß�Êê
�

��m��ëß�[þtÕªaË>_�0Au�\�¦&ñ
K�ÅÒ����)a��.\V]j\�¦�Ð���"fëß�[þt#Q�Ð��.
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>>gen_data
>>subplot(2,1,1), plot(k,a);
>>subplot(2,1,2), plot(k,b);
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Figure A.11: Simple plot example: subplot 2X1

ÕªaË>\�"f �Ð#�t���H ��õ	כ 1lx{9�
�>� {9�éß� '���Ér ¿º>h�Ð ëß�[þt�¦ \P��̀¦ 
����Ð ëß���H Êê\� 'Í	���P:

��Ér	כ 1'��1\P�_�ÕªaË>s��¦¿º���P:��Ér	כ 2'��1\P�_�ÕªaË>s��)a��.Õª�Q���_�Û¼àÔ6 xÜ¼�Ð 2>h_�X<
s�'�\�¦�8ÆÒ��K��Ð��.s�X<s�'���H −x2 + 1õ� −x3 + 1_����õ�s���.

j=0;
for i=0:0.1:1

j=j+1;
a(j) = iˆ2;
b(j) = iˆ3;
c(j) =-iˆ2+1;
d(j) =-iˆ3+1;
k(j) = i;

end

����̂ ÕªaË>�̀¦
���\�Õªo����s���_§��6£¦̀�	כ subplot"î
§î
#Q\�¦
���m����6 xK��� 9��7
#Qt���H
�.��a¹1ÏK��Ð'�¦̀�	כ

>>subplot(2,2,1),plot(k,a)

%�6£§_����õ���¢,aAá¤0A\�Òqt�����.Õª��6£§
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Figure A.12: Simple plot example: plot all data

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Figure A.13: Simple plot example: subplot(2,2,1), plot(k,a)
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Figure A.14: Simple plot example:subplot(2,2,2), plot(k,b)
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>>subplot(2,2,2),plot(k,b)

s����\���H �̧�ÉrAá¤0A\�ÕªaË>s�Õª�9�����.>�5ÅqK��Ð���

>>subplot(2,2,3),plot(k,c)
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Figure A.15: Simple plot example: subplot(2,2,3), plot(k,c)

s����\�¢,aAá¤x9�\�Õª§4��¦��t�}��Ü¼�Ð �̧�ÉrAá¤x9�\�ÕªaË>�̀¦Õªo�l�0AK�"f��H

>>subplot(2,2,4),plot(k,c)

��s�]jÕªaË>s�Õª�9t���Hí�H"f\�¦·ú�Ãºe����x��H�� ?
���m��í�H"f@/�Ðëß�[þt#Q�����.

#��Q>h_� ÕªaË>�̀¦ Õªo���H ~½ÓZO��̀¦ ·ú���¤Ü¼m� s����\���H 7á§�8 ���Ér ÕªaË>�̀¦ Õª�9�Ð��.7á§���\�
Õª�2;ÕªaË> A.5.2_��â
Äº\�#Q�"�ÕªaË>s�#Q�"�����	�ÍÇx��Ht�·ú�l�#Q§>���.Óüt�:rs����\�'Í���¦̀�	כ
P:X<s�'���H��êøÍÒ�oÜ¼�ÐÕªo��¦Õª��6£§0lqÒ�oÜ¼�ÐÕª�2;���¦Ùþ¡Ü¼m�Y>���l�\�¦ ½̈ì�r½+ÉÃºe����x

t�ëß�Õªo�/'î�r��Qô�Ç��s���m���.s	כâ
Äº\���H legend\�¦²ú���"f·ú�l�~1�>�ëß�[þtÃºe����.��6 x
~½ÓZO��Ér��6£§õ�°ú ��.

legend(’legend1’,’legend2’,....’Pos’)

y��y��_�X<s�'�\�@/ô�Ç#3�YV\�¦³ðr�ô�Ç��6£§��t�}��Ü¼�Ðs�#3�YV\�¦#Qn�\�����è­qt�\�¦���&ñ
K�

ÅÒ����)a��.y��y��_�0Au�\�@/ô�Ç[O�"î
�Ér��6£§õ�°ú ��.
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Figure A.16: Simple plot example: subplot(2,2,4), plot(k,d)

location:
0 = Automatic "best" placement (least conflict with data)
1 = Upper right-hand corner (default)
2 = Upper left-hand corner
3 = Lower left-hand corner
4 = Lower right-hand corner

-1 = To the right of the plot

s�]jy��s�7á§ ú̧�y���H�� ?��Õª!3�7á§���\�ëß���HÕªaË>\�y��y��_�#3�YV\�¦²ú����Ð��.

>>plot(k,a,k,b,k,c,k,d);
>>legend(’xˆ2’,’xˆ3’,’-xˆ2+1’,’-xˆ3+1’,0)

s�XO�>�K�"fÕª�2;ÕªaË>�̀¦�Ð��.�Ð���#3�YV��·¡­#Qe����HÂÒì�rs���z�́7á§��6£§\�îß���H��.�=mat-
labs�#�l�\�·¡­%i��̀¦�� ?ú̧��Ð���¢,aAá¤s�~��t� �̧�ÉrAá¤s�~��t�}���©�·¡­#�Ñüt/BMs�\O���.Õª�QÙ¼�Ð
matlabs�K®o�̀¦M:��H���©�a%~�ÉrÂÒì�rs���î�rX<A£§ |̈c����Òqty��
��¦·¡­����¦̀�	כ��Q���s�s���.Õª	כ
Ãº&ñ

�l�0AK�"f��HÕªzª�ÕªaË>\�"f#3�YV��·¡­�ÉrÂÒì�r�̀¦��ÄºÛ¼�Ð=åJ#Q"f �̀�l�����)a��.ÕªXO�t�
ëß�����&h�{©�ô�Ç/BM�̀¦¹1Ôl�jËµ[þt����.Õªo��¦��r� ú̧��Ð���#3�YV\�"f?/����H/åJ[þts�Ãºd��Ü¼�Ð
³ð�&³÷&%3���.Y>���t���H��0px
�m��ÃÐ�¦
�l���êøÍ��.

s����\���HÆÒ��&h�l�0pxÜ¼�Ð grid\�¦ëß�[þt#Q�Ð��.s����ÉrÕªzª	כ grid ���¦{9�§4�
�����)a��.

��s�]j fplot s�����H��K�"f·ú����Ð��.0A_�\V]j��î/@�\	כrX<�<ÊÃº\�¦°ú̀�כ¦Õªo��¦0AK�
"fÄºo���H>�íß��̀¦½+É x°ú̀�כ¦&h�{©�y���*$"f[O�&ñ
�̀¦K�ÅÒ�¦èß�ÊêÕª°ú̀�כ¦s�6 xK�"f>�íß��̀¦K�
"f�<ÊÃº_�ÕªA�áÔ\�¦Õª§4���.Óüt�:r4�¤ú̧�ô�Ç�â
Äº\���HÕªXO�>�½+ÉÃºµ1Ú\�\O���.ÕªXO�t�ëß�s��¦̀�	כ
ô�Ç���Òqty��K��Ð��.�=�<ÊÃº\�¦Õª�9ÅÒ��Hçß�éß�ô�Ç~½ÓZO��Ér\O��̀¦�� ?e����.Õª��s	כ fplot s���.
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Figure A.17: Simple plot example: legend
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Figure A.18: Simple plot example: legend with user defined position
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Figure A.19: Simple plot example: grid

FPLOT(FUN,LIMS)

#Qb�G>� �Ð��� çß�éß�K� �Ðs���HX< ë�H]j��H FUǸ�¦ ëß�×¼��H ��s���.s	כ ÂÒì�r�Ér �<ÊÃº\�¦ ëß�×¼��H ��õ	כ
1lx{9�
���.��{9�éß� x2s�����H�<ÊÃº_�°ú̀�כ¦ 0ÂÒ'� 2��t�Õª�9�Ð��.

function f=x2(x)
f=xˆ2;

��6£§õ�°ú s�ëß���H��{9��̀¦{9�éß� x2.ms����¦$��©��̀¦
��¦èß�Êê��6£§õ�°ú �Ér?/6 x�̀¦{9�§4�
����
ÕªaË>�̀¦Õªwn=Ãºe����.

>>fplot(x2,[0 2])

Õª���X<s�XO�>��<ÊÃº��t�ëß�[þt#Q"f��6 x
���H�����§�Ér7á	כ�XO���.éß�í�Hô�Ç�<ÊÃº_�°ú̀�כ¦Õª�9�Ðl�
0AK�"f��H0Aü<°ú s�²DIs�Õªo��¦��
���H�<ÊÃº\�¦���Ðt�&ñ
½+É�9¹כ���\O���.çß�éß�y���6£§õ�°ú 
s�{9�§4�
�����)a��.

>>fplot(’xˆ2’,[0 2])

Õª�QÙ¼�Ð0A\� 4>h_�ÕªA�áÔ\�¦Õªo���H\V]j\�¦��7
"fÕª�9�Ð�����6£§õ�°ú s�{9�§4�
�����)a��.
��6£§õ�°ú s�{9�§4�K��̧Ø�æì�ry�ÕªaË>�̀¦Õªwn=Ãºe����.

>>subplot(2,2,1), fplot(’xˆ2’,[0 1])

Numerical Method for Chemical Engineers
c©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



114 Using Matlab

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

0.5

1

1.5

2

2.5

3

3.5

4

Figure A.20: Simple plot example: fplot

>>subplot(2,2,2), fplot(’xˆ3’,[0 1])
>>subplot(2,2,3), fplot(’-xˆ2+1’,[0 1])
>>subplot(2,2,4), fplot(’-xˆ3+1’,[0 1])

s����\���H��6£§õ�°ú �Ér�©�S!��̀¦Òqty��K��Ð��.>�íß� �̧×�æ\�#Q�"�ÕªaË>�̀¦Õªo��¦��ÕªaË>�̀¦Õª
§4����¦
���.Õª�Q���� ¢̧���Ér>�íß��̀¦
�����ÕªaË>�̀¦Õªwn=M:��H#Qb�G>�K���|̈c�� ?Õªzª�Õªo�
����)a���¦ ?Õª!3�ÕªaË>s�\O�#Q�����m��� !

>>fplot(’xˆ2’,[0 2])
>>fplot(’xˆ2’,[0 3])

s�XO�>�{9�§4��̀¦
������t�}��ÕªaË>��� x3_�ÕªaË>ëß�z����e��>��)a��.Õª�Q���#Qb�G>�
����
���_�
ÕªaË>\�¿º>h_����õ�\�¦V,��̀¦Ãºe���̀¦�� ?Óüt�:r���Ð$��©��̀¦ô�Ç��6£§Õªo����÷&��xt�ëß�Õª�¦��ú́	כ
~½ÓZO��Ér\O��̀¦�� ?

>>fplot(’xˆ2’,[0 2])
>>hold on
>>fplot(’xˆ2’,[0 3])

0Aü<°ú s� hold����H"î
§î
#Q\�¦��6 x
����ô�ÇÕªaË>îß�\�¿º>h_�ÕªA�áÔ\�¦Õªwn=Ãºe����. hold����H
"î
§î
#Q��H�&³F�ÕªaË>\�Õª�9���ÕªA�áÔ\�¦Ä»t�
�����H"î
§î
#Qs���.s��©�I�\�"f"é¶
���H���ÉrÕª
aË>�̀¦ Õªo���� �)a��.Õªo��¦ K�]j
�l� 0AK�"f��H hold off K�ÅÒ��� �)a��.ÅÒ_�K��� |̈c ��Ér	כ ¿º
ÕªA�áÔ �̧¿º1lqwn�&h�s�l�M:ë�H\� �̧¿º��êøÍÒ�oÜ¼�ÐÕª�9&������H�̀�
s���.:£¤Z>�y�t�&ñ	כ¦K�ÅÒt�
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Figure A.21: Simple plot example: hold

·ú§��H�â
Äº\���HÕªA�áÔ\�¦Õªo���H�â
Äº'Í	���P:ÕªA�áÔ��H��êøÍÒ�oÜ¼�ÐÕª�2;����H���Érs�p�E�l	כ

\�¦Ùþ¡��.

��s�]j��t�}��Ü¼�ÐÕªaË>�̀¦t�Ö�¦�9���#Qb�G>�K���|̈c�� ?Óüt�:r�û¶�̧Äº\�¦{��Ü¼����)a��.ÕªXO�
>�s�XO�>�
���H�â
Äº��HÕªaË>�̀¦t�î�r�
s���m��¦&ñ	כSX�
�>���HÕªaË>�½Ó�̀¦{����!Q�2;��s���.s	כ
XO�>�
�t�ú́��¦Õªzª� matlab_�"î
§î
�½Ó\�"f½+ÉÃºe����H~½ÓZO��Ér\O��̀¦�� ?\V���\�X<s�'�\�¦t�Äº
��H��Ér	כ clear ����H"î
§î
#Q\�¦��6 xô�Ç���¦Ùþ¡%3���.s�ü<q�5pw
�>��&³F�ÕªaË>�½Ó_�ÕªA�áÔ\�¦t�
Äºl�0AK�"f��H clf ����H"î
§î
#Q\�¦��6 x
�����)a��. ¢̧ô�ÇÕªaË>�½Ó�̀¦{��l�0AK�"f��H close "î
§î


#Q\�¦ ��6 x
���� �)a��.>����� ÕªaË>�½Ó �̧¿º\�¦ {��l� 0AK�"f��H close all s����¦ "î
§î
#Q\�¦ {9�

§4�
�����)a��.ÕªaË>�½Ó�̀¦ëß�×¼��H"î
§î
#Q��Hs�p�E�l�\�¦Ùþ¡��. figure ��.

A.5.3 Ü«ÍÏ�£�·Ü«h�ÐM���ÒR�ÃZ�ÂZ�#a�æ·

t��FK��t���Héß�í�Hy�@/ÂÒì�r plots�����H"î
§î
#Q\�¦s�6 xK�"fÕªaË>�̀¦Õªo���H~½ÓZO�\�@/K�"fëß�C�
�°?��.��z�́ matlab\�"f plot�Érl��:r&h����"î
§î
#Q{9�÷�rs���.s���ü@\��̧�©�{©�y	כ ú́§�Ér"î
§î
#Q[þt
s�e����.����:r&h�Ü¼�Ð@/ÂÒì�r_�ÕªaË>�Ér �̧¿º matlab\�"fÕªwn=Ãºe����.

{9�éß���6£§_�X<s�'�!Ó	�̀¦ÕªaË>Ü¼�ÐÕª�9�Ð��.{9�éß��ÉrÕªzª� plot̀�¦s�6 xK�"fÕª�9�Ð��.

>>t=[0 1 2 3 4];
>>y=[0 1 1 1 1];
>>plot(t,y), axis([0 4 0 1.1])

ÕªaË>�̀¦7á§&ñ
SX�
�>��Ðl�0AK�"f»¡¤_�#3�0A\�¦���çß� �̧]X�Ùþ¡��.���õ�ÕªA�áÔ\�¦�Ð�����z�́X<s�
'� !Ó	\�"f��H 0ÂÒ'� 1��s�\� #Q*�ô�Ç °ú̀�כ¦ ���������H �¦̀�	כ "î
r�
�t� ·ú§��¤��.Õª�Q�� ÕªA�áÔ��H
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Figure A.22: Advanced plot example: simple plot

���õ�ÕªaË>�̀¦Õª��s�_�°úכ�Ér¿ºt�&h��̀¦������K�"fëß�[þt%3���.Õª���X<s�>�Äºo���_��̧ô�Ç��
�
�¦���Ér�â
Äº\���H#Qb�G>�Ø�¦§4��̀¦K���½+É�� ?7£¤,Äºo���"é¶
���HÕªaË>�Ér%�6£§\���H 0_�°ú̀�כ¦��
t��¦ e������ °ú����Û¼A� 1��� °úכ\�"f y_� °úכs� #Q*�ô�Ç °ú̀�כ¦ ��t��̧2�¤ 
�l�0AK�"f��H #Qb�G>� K�
��|̈c�� ?s�����â
Äº\���H l��>r\� ��6 xK��̧~�� plotÜ¼�Ð��H ��Áºo� K��̧ L:�FM
�>� Õªwn= Ãº \O���.
stairs����H"î
§î
#Q\�¦��6 xK����)a��.s�"î
§î
#Q��Hs�2£§\�"f�̧·ú�Ãºe����xt�ëß�>�éß�+þA_����õ�\�¦
ú̧�Õª�9ÅÒ��H"î
§î
#Qs���.��6 x~½ÓZO��Ér plotõ�Ä»��
���.

>>t=[0 1 2 3 4];
>>y=[0 1 1 1 1];
>>stairs(t,y), axis([0 4 -0.1 1.1])

���õ�ÕªaË>\�"f�Ðs�1pws�"é¶
���H��\�¦%3��̀¦Ãºe����.ÅÒ�Ðs��Qô�ÇÕªaË>�Ér]j#Q\�¦
���H�â
ÄºÕª
�9��|̈c�9¹כ����©�{©�y� ú́§��.@/�<Æ"é¶õ�&ñ
\�"fC�Äº>� |̈c zero-order hold_��â
Äº\� ú́§s�æ¼>�
|̈c�.���s	כ

s����\���H ¿º>h_� y»¡¤ °ú̀�כ¦ ��t��¦ e����H ÕªaË>�̀¦ Õª�9�̂vr���.���FK ÕªaË>�̀¦ Õªo����� �Ð���
y»¡¤_�Û¼H�{9�s����Ér�â
Äº��e��_þvm���.s�����â
Äº��H#Qb�G>�Õª�9��½+É¹כ�� ?plotyy ����H"î


§î
#Q\�¦ ��6 x
���� |̈em���.\V]j�Ð"f 7á§���\� ��6 xÙþ¡~�� x2õ� x3 ÕªaË>�̀¦ Õª�9�̂vr���.ëß���� s����
Õªzª�ô�ÇÕªA�áÔ\�Õªo������6£§õ�°ú �̀¦�.���9�m}	כ

>>t=0:0.1:2;
>>y1=t.ˆ2;
>>y2=t.ˆ3;

X<s�'�\�¦ëß�[þtl�0AK�"f��6 xô�Ç ‘ .ˆ ’ ÂÒì�r�Ér'��§>=ÂÒì�r\�"fs�p�[O�"î
�̀¦Ùþ¡��.y¹כ���è\�@/
ô�Ç ]jY�L�̀¦ >�íß�
���H �â
Äº\� ��6 xô�Ç��.Õª�QÙ¼�Ð y1õ� y2��H y��y�� t2õ� t3 °ú̀�כ¦ >�íß�
���H ��s	כ
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Figure A.23: Advanced plot example: stairs plot

��.s���Õªzª�ÕªA�áÔ\�Õªo���H¦̀�	כâ
Äº\���H��6£§õ�°ú �Ér���õ�\�¦%3���H��.s�ÕªA�áÔ\�"f��H y»¡¤

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
0

1

2

3

4

5

6

7

8

Figure A.24: Advanced plot example: simple plot

_�°úכs�
���s�l�M:ë�H\����õ�ÕªaË>\�"f"f�Ð_�°ú̀�כ¦q��§
���H�â
Äº\���Ha%~��xt�ëß�ÕªXO�t�·ú§

�¦¿ºÕªA�áÔ��&ñ
SX�y�#Q�"�°ú̀�כ¦����?/�¦e����H��\�¦·ú�l�0AK�"f��H/ú�a%~t�·ú§��.ÕªXO�t�ëß�
s�XO�>� y»¡¤�̀¦¿º>h��6 x
���H�â
Äº\���H¿ºÕªA�áÔ_�°úכs�&ñ
SX�y�#Q�"�°ú̀�כ¦��ØÔv��¦e����Ht�
·ú�Ãºe����. ¢̧ô�ÇÕªaË>s�Õª�9���í�H"f��H��êøÍÒ�oõ�0lqÒ�oÜ¼�ÐÕª�9t� 9»¡¤_�°ú̧�כ ��ØÔ����H�	כ
�̀¦ ·ú�Ãºe����.s�XO�>� ��6 x
���H �¦ü@\�ÕªaË>_�+þAd���̀	כ y��y����ØÔ>���6 x½+É Ãº e����HX<0A_�
\V]j��H �̧¿º plot̀�¦��6 xô�Ç��=ü@\����ÉrÕªaË>�̀¦Õªwn	כ��s��¦s	כâ
Äº\���HÕªÕªaË>_�+þAd���̀¦"î

r�K�1>��ëß�ô�Ç��.
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Figure A.25: Advanced plot example: plotyy

>>t=[0 1 2 3];
>>y=[0 1 1 1];
>>plotyy(t,y,t,y,’plot’,’stairs’)
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Figure A.26: Advanced plot example: plotyy with different type plot

s�XO�>�
����
�����HÕªzª� plotÜ¼�ÐÕªaË>�̀¦Õªo��¦�� Qt�
�����H stairs~½Ód��Ü¼�ÐÕªaË>�̀¦Õª�2;
��.s��Qô�Ç�8�§�Ér���ª�ô�Ç\V\�&h�6 x½+ÉÃºe����.7á	כs�ÂÒì�r\�@/K�"f�7H_�\�¦K���÷&��HX<{9�éß�
]X�#Q¿º�¦ graph\�@/K�7á§�8d���̧e��>�C�0>�Ð��.
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�&³F���t���Hçß�éß�y�ÕªaË>�̀¦Õªo���H~½ÓZO�\�@/K�"f�7H_�\�¦Ùþ¡��HX<s��84�¤�§�Ð��7á	כú̧�
�>�

ÕªaË>�̀¦]j#Q½+ÉÃºe����H~½ÓZO�\�@/K�"f���çß��7H_�\�¦
���x��.s�Ä»��H plotyy _��â
Äº\�"fy��y��

_� y»¡¤\���6\��̀¦·¡­s�l�0AK�"f��HÕªzª� ylabel s�����H"î
§î
#Q\�¦��6 xK�"f��H#Qn�\���6\��̀¦
·¡­#��� |̈ct� �̧ØÔl�M:ë�H\�¿º>h_� y»¡¤�̀¦"î
r�K�1>���)a��. plots�����H"î
§î
#Q_� help?/6 x�̀¦
�Ð�����t�}��\�s��Qô�ÇE�l������:r��.

PLOT returns a column vector of handles to LINE objects, one
handle per line.

s�E�l���Áº%Á	�̀¦E�l�
���Ht�çß�éß�y�·ú����Ð��.{9�éß�#Q*�ô�Ç�<ÊÃº��>�íß����õ�\�¦%3��̀¦M:��
6£§õ�°ú s���6 xô�Ç��.

>>5

ans =

5

>>a=5

a =

5

>>

s�ü<°ú �Ér���õ�\�¦�Ð���Õªzª� 5����H°ú̀�כ¦V,�Ü¼��� matlab\�"f��Hl��:r&h�Ü¼�Ðo�����̀¦K�"f$��©�
½+É���Ãº��\O���H�â
Äº\���Héß�í�Hy� ans����H���Ãº\� 5����H°ú̀�כ¦$��©�
��¦ 5����H°ú̀�כ¦ echoingô�Ç
��. Õª���X< a����H ���Ãº\� 5\�¦ @/{9�
���� a����H ���Ãº\� 5����H °úכs� $��©�÷&#Q e�����¦ 
����"f
echoing̀�¦ô�Ç��.�<ÊÃº\�¦ÂÒØÔ��H�â
Äº\��̧1lx{9�
�>�&h�6 xs��)a��.ëß�����<ÊÃº_����õ�\�¦#Q*�ô�Ç
���Ãº\�$��©�
���H�â
Äº\���HÕª���Ãº\�°ú̀�כ¦$��©�Ùþ¡���¦ echoing̀�¦
�>��)a��.Õª���X< plotõ�°ú 
�Ér�̧�	כ @/ÂÒì�r��6 x
���H�â
Äº\���H���Ãº\�$��©�½+É°úכs�\O�Ü¼��0A_� plot_� help_�{9�ÂÒì�r�̀¦
�Ð��� LINEs�����H object_� handles̀�¦ 7�'��Ð"fo����K�ï�r���¦Ùþ¡��.Õª�QÙ¼�Ð��6£§õ�°ú �Ér�	כ
s���0pxK������.

>>hline=plot(t,y);

0Aü< °ú s� {9�§4��̀¦ 
���� plot\� _�K� Õª�9t���H ÕªaË>_� LINE object\�¦ hlines�����H  7�'�\� $�
�©�ô�Ç����HE�l����)a��.Õª�Q��� hline\�#Q*�ô�Ç°úכs�[þt#Q°ú�Ãºe����Ht�\�¦·ú��¦z�·�Ér�â
Äº\���H
set s�����H"î
§î
#Q\�¦��6 xK�"f��0pxô�Ç°úכõ�[O�&ñ
�̀¦½+ÉÃºe����. help set �̀¦K��Ð��.
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SET Set object properties.
SET(H,’PropertyName’,PropertyValue) sets the value of the
specified property for the graphics object with handle H.
H can be a vector of handles, in which case SET sets the
properties’ values for all the objects.

SET(H,a) where a is a structure whose field names are object
property names, sets the properties named in each field name
with the values contained in the structure.

SET(H,pn,pv) sets the named properties specified in the cell array
of strings pn to the corresponding values in the cell array pv for
all objects specified in H. The cell array pn must be 1-by-N, but
the cell array pv can be M-by-N where M is equal to length(H) so
that each object will be updated with a different set of values
for the list of property names contained in pn.

SET(H,’PropertyName1’,PropertyValue1,’PropertyName2’,PropertyValue2,...)
sets multiple property values with a single statement. Note that it
is permissible to use property/value string pairs, structures, and
property/value cell array pairs in the same call to SET.

A = SET(H, ’PropertyName’)
SET(H,’PropertyName’)
returns or displays the possible values for the specified
property of the object with handle H. The returned array is
a cell array of possible value strings or an empty cell array
if the property does not have a finite set of possible string
values.

A = SET(H)
SET(H)
returns or displays all property names and their possible values for
the object with handle H. The return value is a structure whose
field names are the property names of H, and whose values are
cell arrays of possible property values or empty cell arrays.

The default value for an object property can be set on any of an
object’s ancestors by setting the PropertyName formed by
concatenating the string ’Default’, the object type, and the
property name. For example, to set the default color of text objects
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to red in the current figure window:

set(gcf,’DefaultTextColor’,’red’)

Defaults can not be set on a descendant of the object, or on the
object itself - for example, a value for ’DefaultAxesColor’ can not
be set on an axes or an axes child, but can be set on a figure or on
the root.

Three strings have special meaning for PropertyValues:
’default’ - use default value (from nearest ancestor)
’factory’ - use factory default value
’remove’ - remove default value.

See also GET, RESET, DELETE, GCF, GCA, FIGURE, AXES.

s�"î
§î
#Q\�¦�Ð���7á§4�¤ú̧�K��Ðs���HX<çß�éß�y�{9�éß�[j��t�\�@/K�"f·ú�����)a��.Äºo���Õªo�
�¦��
���HÕªaË>_��â
Äº\���Hs�ÕªaË>s�����H object��{9�éß�e��#Q���)a��.Õªo��¦s� object\�¦&h�
{©�y���7
��ëß�÷&��HX<Õª�Ql�0AK�"f��Hs� object����t��¦e����H$í
|9��̀¦��Ë̈����)a��.Õª�QÙ¼
�Ð·ú�����|̈c[j��t���H��6£§õ�°ú ��.

• #Q�"�:£¤$í
�̀¦��ÜãJÃºe����H��?

• �&³F���t��¦e����H:£¤$í
_�°úכ�ÉrÁº%Á	����� ?

• ��Ë̈l�0AK�"f��H#Qb�G>�K���÷&��H��?

s�XO�>� [j��t�\�¦ ·ú���� Äºo��� "é¶
���H �¦̀�	כ ½+É Ãº e����. {9�éß� #Q�"� :£¤$í
�̀¦ ��t��¦ e����Ht�
·ú��¦ z�·�Ér �â
Äº\���H set(handler name)\�¦ 
���� �)a��. Õª!3� \V]j%i�~�� �â
Äº\���H Áº%Á	s�
handler names� |̈c�� ?7á§���\��̧ E�l�\�¦Ùþ¡t�ëß� plot s�����H"î
§î
#Q\�_�K��Å�#Q�̧��H°úכ
�ÉrÕªo��¦��
���HÕªaË>_� LINE\��'aº���)a handler���Å�#Q�:r��.Õª�QÙ¼�Ð�&³F� handler��� hline\�
#Q*�ô�Ç°ú̀�כ¦����â
½+ÉÃºe����Ht��Ðl�0AK� set(hline) �̀¦z�́'��K��Ð��.

>>set(hline)
Color
EraseMode: [ {normal} | background | xor | none ]
LineStyle: [ {-} | -- | : | -. | none ]
LineWidth
Marker: [ + | o | * | . | x | square | diamond | v | ˆ | > | < | pentagram | hexagram | {none} ]
MarkerSize
MarkerEdgeColor: [ none | {auto} ] -or- a ColorSpec.

Numerical Method for Chemical Engineers
c©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



122 Using Matlab

MarkerFaceColor: [ {none} | auto ] -or- a ColorSpec.
XData
YData
ZData

ButtonDownFcn
Children
Clipping: [ {on} | off ]
CreateFcn
DeleteFcn
BusyAction: [ {queue} | cancel ]
HandleVisibility: [ {on} | callback | off ]
HitTest: [ {on} | off ]
Interruptible: [ {on} | off ]
Parent
Selected: [ on | off ]
SelectionHighlight: [ {on} | off ]
Tag
UIContextMenu
UserData
Visible: [ {on} | off ]

>>

��ÅÒ ú́§�Ér�¦þt�̀]	כ �̂¦Ãºe����.Õª�Q���s��>þt���X]	כ�þt�Ér����ÜãJÃºe����H]	כ ú̧��Ð����&³F�_�[O�
&ñ
°ú̀�כ¦ �̂¦Ãº��e����.�&³F�[O�&ñ
÷&#Qe����H°úכ�Ér ‘{ }’\�Ñüt�Q��#�e����H°úכs�[O�&ñ
÷&#Qe����H°úכ
s���.s�XO�>��Ð��H�
ü@\�:£¤&ñ	כô�Çô�Ç:£¤$í
_�°úכs�#Qb�G>�$��©�÷&#Qe����H��\�¦�Ðl�0AK�"f��H
��6£§õ�°ú s�K��Ð����)a��.

>>set(hline,’linestyle’)

Õª�Q����&³F�[O�&ñ
÷&#Qe����H°ú̀�כ¦ �̂¦Ãºe����.Õª��6£§��t�}��Ü¼�Ð[O�&ñ
�)a°ú̀�כ¦��ÜãJ�9�����6£§
õ�°ú s�
�����)a��.

>>set(hline,’linestyle’,’--’)

s�XO�>�"î
§î
#Q\�¦{9�§4�
���H��Ér	כ �̧¿º set\��'aº���)a help?/6 x\���e����HÂÒì�rs���.Õª!3�çß�éß�
ô�Ç\V]j\�¦s�6 xK�"f��7
�Ð��.7á§���\���6 xÙþ¡~�� step�<ÊÃº\�¦Õªo��¦��Ùþ¡~���
Ü¼�ÐÂÒ'�&ñ	כ�Ð
\�¦%3�#Q�Ð��.

>>hline=plot(t,y)
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Figure A.27: Advanced plot example: LINE object handler 1

Õª�Q��� \V�©�Ùþ¡~�� ��õ	כ 1lx{9�ô�Ç ÕªaË> A.5.3̀�¦ %3��̀¦ Ãº e���¦ Õªü< 1lxr�\� hlines�����H ���Ãº\�
LINEõ��'aº���)a handler\�¦u�8̈�K�¿º%3���.Õª��6£§s� handler_�°ú̀�כ¦�Ðl�0AK�"f��H set(hline) ��

��H "î
§î
#Q\�¦ {9�§4�
���� �)a��. Õª ���õ���H 0A\� e����H set̀�¦ s�6 xô�Ç �â
Äºü< 1lx{9�
�l� M:ë�H\� Òqt
|ÄÌô�Ç��. Õª ��6£§ handler_� °ú̀�כ¦ 
��� ��7
�Ð��. {9�éß� $��©�÷&#Q e����H °ú̀�כ¦ SX����
�l� 0AK�"f
set(handler name,’property name’) �̀¦K��Ð��.

>>set(hline,’linestyle’)
[ {-} | -- | : | -. | none ]
>>

0Aü<°ú s��&³F� linestyle�Ér ‘ - ’�Ð÷&#Qe����.s�°ú̀�כ¦ ‘ -. ’�Ð��7
�Ð��.

>>set(hline,’linestyle’,’-.’)

s�°ú4§�9}¦̀�כ�
����Áº��H����o��ÒqtU�́�� ?ÕªaË>�̀¦�Ð��.ÕªaË> A.5.3ü<°ú s������_�+þAd��s���7

%3���."é¶A�s�XO�>�
�l�0AK�"f��Hl��:r&h�Ü¼�Ð plot̀�¦½+ÉM:��7
1>��ëß�÷&��HX<²DIs�s�p�ëß�[þt
#Q��� ÕªaË>s������s�XO�>�K�"f��ÜãJÃºe����.�� #�l���t�C�î�r�s�6 xK�"f¦̀�	כ plotyy \�_�

K�ëß�[þt#Q���ÕªA�áÔ_�+þAI�\�¦��7
�Ð��.

s����\���H plotyy \�@/ô�Ç help?/6 x�̀¦�ÃÐ�¦K��Ð��.

[AX,H1,H2] = PLOTYY(...) returns the handles of the two axes created in
AX and the handles of the graphics objects from each plot in H1
and H2. AX(1) is the left axes and AX(2) is the right axes.
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Figure A.28: Advanced plot example: LINE object handler 2

s� ÂÒì�r�Ér plot_� "î
§î
#Q_� �â
Äºü< Ä»��
�t�ëß� [�t�9ÅÒ��H ��s	כ ¿º ÕªA�áÔ_� handler\�¦ y��y��
H1õ� H2����H���Ãº�Ð[�t�9ÅÒ�¦¿º»¡¤\�@/ô�Ç�¦̀�	כ AX����H���Ãº\�[�t�9ï�r���¦÷&#Qe����.Äº
o���t��FK
��¦��
���H��_���Éry��y	כ y»¡¤\�y��y��_���6\��̀¦·¡­s���H���Q���{9�éß�y��y�s���.Õª	כ
_� »¡¤�̀¦ ���&ñ
K� ÅÒ#Q���)a��. axes����H �<ÊÃº_� help��{9� ?/6 x�̀¦ �Ð��� ��6£§õ� °ú �Ér ÂÒì�rs� e��
��.

AXES, by itself, creates the default full-window axis and returns
a handle to it.

AXES(H) makes the axis with handle H current.

7£¤, axes����H"î
§î
#Q���̂�Ð��H�&³F��û¶�̧Äº\�»¡¤�̀¦ëß�[þt�¦ÕªÕªaË>\� handlè�¦[�t�9ÅÒ��H����	כ
X<��t�}��ÂÒì�r�Ér�Ð��� H����H�&³F� handle_�»¡¤�̀¦ëß���H���¦÷&#Qe����.Õª�QÙ¼�ÐÕªA�áÔ\�"f
e��_�_� y»¡¤�̀¦���&ñ
½+ÉÃºe����.��Õª!3���7
�Ð��.

>>[haxes, hline1, hline2]=plotyy(t,y,t,y,’plot’,’stairs’);
>>axes(haxes(1))
>>ylabel{Simple Plot}
>>axes(haxes(2))
>>ylabel{Stairs Plot}

0A_�"î
§î
#Q\�_�
����y��y��_�»¡¤�̀¦���&ñ

��¦èß�ÊêÕª»¡¤\�s�2£§�̀¦·¡­%i���.���õ�ÕªaË>�Ér��6£§
õ�°ú ��.
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Figure A.29: Advanced plot example: plotyy with ylabel

s��¦��þtú́]	כ 3	�"é¶ÕªaË>�̀¦Õªo���H��s�z����e����HX<s�ÂÒì	כr�Ér�&³F����$í

�t�·ú§��x��.����
�̧ 3	�"é¶ÕªaË>�̀¦Õªo���HÃºu�K�$3�ë�H]j��H��ÀÒt�·ú§�̀¦��°ú l�M:ë�Hs���.Õªo��¦7á§�8[j[j
�
>�ÕªaË>_�y��ÂÒì�r�̀¦Ãº&ñ

���H�â
Äº�̧e����HX<s�ÂÒì�r�̧ #�l�"f[O�"î

�t���H·ú§��x��.<�Ê��×�æ
\���6 x½+É�9¹כ���e����H�â
Äº��Ht�5Åq&h�Ü¼�ÐÆÒ��\�¦K�������x��.

A.6 UdV�

s�����©�\�"f��H Y>���t� \V]j\�¦ ëß�[þt#Q�Ð���"f 7á§�8 matlab\� �2;ņqK�t���H l��r\�¦ ëß�[þt#Q �Ð��.
\V]j\�"f��H#��Q��t�\�¦��Ò�¦\V&ñ
s����>�5ÅqK�"f\O�X<s�àÔ\�¦K���°ú��.���s	כ

A.6.1 Linear Equation

s�]jÂÒ'�[O�"î
ô�ÇÂÒì�r\�"f��6 x½+É'��§>=�Ér��6£§õ�°ú ��.��6£§\�e����H'��§>=�Ér matlab[O�"î
"f\�
e����H�.��¡s�6 xÙþ¦̀�	כ

A =




1 1 1

1 2 3

1 3 6


 , B =




8 1 6

3 5 7

4 9 2


 (A.2)

¿º'��§>=_�½+Ë�̀¦>�íß�
���.7£¤, A + B��H\O�������� ?s�ë�H]j\�¦Û�¦#Q���)a�����#��Qì�r[þts�#Qb�G
>�K����½+É����Õª!3�t��FK��t�C�î?�����	כr�=<§��'ÓÜ¼�Ðô�Ç���{9�éß�Òqty���̀¦K��Ð��.¿º½���¦̀�	כ
_�½+Ë�̀¦>�íß�
����¦
���H�
¦�\¹�èכ�_���Ér'��§>=_�y��y	כ���m���8K���������)a��.7£¤,��6£§õ�°ú 
s�áÔ�ÐÕªÏþ��̀¦ëß�[þtÃºe���̀¦�.���s	כ
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A=[1 1 1; 1 2 3; 1 3 6];
B=[8 1 5; 3 5 7; 4 9 2];
for i=1:3

for j=1:3
C(i,j)=A(i,j)+B(i,j);

end
end

0A_��©�\�"f[O�"î
�̀¦Ùþ¡1pws�'��§>=_�y¹כ���è\�¦����?/l�0AK�"f��H¹כ�è\�K�{©�
���H�����oÛ¼\�¦

t�&ñ
K� ÅÒ��� �)a��.Õªo��¦ ìøÍ4�¤&h���� >�íß��̀¦ Ãº'��
�l� 0AK�"f��H for ë�H�̀¦ s�6 xK�"f >�íß�
����
�)a��.ô�Ç���Òqty���̀¦K��Ð��.0A\����$í
ô�ÇáÔ�ÐÕªÏþ��Ért��FK 3'�� 3\P�'��§>=ëß��̀¦��Ò�¦Ãºe����HáÔ�Ð
ÕªÏþ�s���.s�����Q���ÅÒ#Q�Õª¦̀�	כ Aü< B_�+þAI�\��©��'a\O�s����1lxs� |̈c�9���#Qb�G>����$í
�̀¦K�
��½+É�� ?#��Qì�rs� "î
d��K���|̈c ���½Ó�Ér #��Qì�r ú́��¦�̧ ¾ºç�H�� #��Qì�rõ� >á¤°ú �Ér Òqty���̀¦ s�p�
Ùþ¡����H��z�́s���.Õª�QÙ¼�Ð�½Ó�©�(��ÉÓ'�\�¦��6 x½+ÉM:\���H#��Qì�rs���f��3lw¹1Ô������6 x
�t�
3lw
��¦e���̀¦÷�rs�t��9¹כ�ô�Çl�0pxs�\O��̀¦�����¦Òqty��
�����)a��.(s�y©�_�2�¤_�$�����H�½Ó�©�Õª
XO�>�Òqty��ô�Ç��.&h�#Q�̧	�H�r��\�"fëß�[þt#Q���áÔ�ÐÕªÏþ�s������)$����\�s�p�Ùþ¡%3���.ÿ.�s�6 x

���� '��§>=_� ß¼l�\� �©��'a\O�s� '��§>=½+Ë�̀¦ >�íß�
���H ÀÒ�2;�̀¦ ëß�[þt Ãº e���̀¦��. lengthü< size����H
�<ÊÃº\�¦l�%3�
���H��?s�¿º�<ÊÃº��H���çß���ØÔ��.éß�í�Hy�'��§>=_�ß¼l�ëß��̀¦>�íß�ô�Ç����� length��
��H�<ÊÃº��&h�{©�½+É�
s��¦'��§>=_�&ñ	כSX�ô�Çß¼l�\�¦·ú��¦z�·����� size�<ÊÃº\�¦��6 x
���H�¦̀�~%s�a	כ
�
s���.0A_�>�íß�ÀÒ�2;�̀¦Ãº&ñ	כK�"f��6£§õ�°ú s�ëß�[þt#Qú<��.

A=[1 1 1; 1 2 3; 1 3 6];
B=[8 1 5; 3 5 7; 4 9 2];
for i=1:length(A)

for j=1:length(A)
C(i,j)=A(i,j)+B(i,j);

end
end

s�áÔ�ÐÕªÏþ��Ér'��§>=_�ß¼l�\��©��'a\O�s�'��§>=_�½+Ë�̀¦>�íß�½+ÉÃºe����.ÕªXO�t�ëß�7á§�8Òqty���̀¦
K��Ð��.ëß����'��§>=s� square matrix����m��¦ rectangular matrix�����#Qb�G>�½+É������	כ ?7£¤,s�
���\���H size�<ÊÃº\�¦��6 xK���ëß�ô�Ç����H����:r�̀¦%3��̀¦Ãºe����. size�<ÊÃº��H¿º>h_�Ø�¦§4�°ú̀�כ¦ÅÒ
��HX<
�����H'��_�°úכs��¦
�����H\P�_�°úכs���.Õª!3���r�ô�Ç����¦5g�Ð��.

A=[1 1 1; 1 2 3; 1 3 6];
B=[8 1 5; 3 5 7; 4 9 2];
[m n]=size(A);
for i=1:m

for j=1:n
C(i,j)=A(i,j)+B(i,j);
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end
end

��s�]j#QÖ¼&ñ
�̧¢-a$í
�̀¦Ùþ¡��.¿º'��§>=s�ÅÒ#Q�����������]j��Ht�>�íß��̀¦½+ÉÃºe����Hï�rq���÷&
%3���.'��§>=°úכëß�×�æ#Q��������Õª'��§>=_�ß¼l�\�¦>�íß�
��¦Õª°ú̀�כ¦s�6 xK�"f��1lxÜ¼�Ð'��§>=ß¼
l�\�@/ô�Ç�����oÛ¼\�¦ëß�[þt#Q>�íß��̀¦½+ÉÃºe����.Õª���X<s�XO�>�
����=åQ{9���?ô�Ç����8Òqty���̀¦
K��Ð��.ëß����¿º'��§>=_�ß¼l�����ØÔ�����Õª�Q���#Qb�G>�½+É��Qì��#.�����	כr�Ér{©����y�ÕªXO�{9�
s�\O����¦½+Ét� �̧ØÔ��xt�ëß�Õª���{9�s�Òqt|�������#Qb�G>�½+É��ô�Ç@/q�Õþ��̀¦ëß/@�\	כ�Õª.�����	כ
[þt#Q�Ð��.

A=[1 1 1; 1 2 3; 1 3 6];
B=[8 1 5; 3 5 7; 4 9 2];
[m1 n1]=size(A);
[m2 n2]=size(B);
if(˜(m1==m2) | ˜(n1==n2))

error(’ ¥ÑÞ̈ ¦́¼ £Íø¬Æ¦Éá §Éå¬¶’);
end
for i=1:m1

for j=1:n1
C(i,j)=A(i,j)+B(i,j);

end
end

&h�#Q�̧s�XO�>���t�ëß�[þt#Q¿º���ë�H]j��µ1ÏÒqt
�t���H·ú§��H��.Õª!3���t�}��Ü¼�Ð0A\�"fëß���H�	כ
�̀¦ZþtÕªzª�'��§>=_�½+Ë�̀¦>�íß�½+ÉM:����
�x�K�"fV,�#Q��ëß��)a��.s��	כ ¢̧ô�Ç\O�����Ô�¦½+Ëo�ô�Ç
{9������ ?s�����â
Äº\���6 x
����¦�<ÊÃº����H�s���.�<ÊÃº\�¦ëß�[þt#Q¿º���\V\�¦[þt#Q	כ�s�e����H	כ
çß�éß�y� matrix add(A,B)���¦
����¿º'��§>=_�½+Ë�̀¦>�íß�K�×�¦Ãºe����.s�]jÕª�ëß�[þt#Q�Ð¦̀�	כ
��.

function plus_out=matrix_add(a, b)

[m1 n1]=size(a);
[m2 n2]=size(b);
if(˜(m1==m2) | ˜(n1==n2))

error(’ ¥ÑÞ̈ ¦́¼ £Íø¬Æ¦Éá §Éå¬¶’);
end
for i=1:m1

for j=1:n1
plus_out(i,j)=a(i,j)+b(i,j);

end
end

Numerical Method for Chemical Engineers
c©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



128 Using Matlab

s�XO�>��<ÊÃº\�¦ëß�[þt�¦èß�Êê matrix add.mÜ¼�Ð$��©��̀¦
��¦çß�éß�y�Bj���ë�H\�"f��H��6£§õ�°ú 
s�ÂÒØÔ����)a��.

>>A=[1 1 1; 1 2 3; 1 3 6];
>>B=[8 1 5; 3 5 7; 4 9 2];
>>C=matrix_add(A,B);

%�6£§\� r����Ùþ¡~�� áÔ�ÐÕªÏþ��Ð�� �©�{©�y� ú́§s� ¾ú��FK
��¦ ·ú����Ðl� ~1�>� ëß�[þt#Qt�t� ·ú§��¤��H��

?s�XO�>�áÔ�ÐÕªÏþ��̀¦������×�æ\���r��Ð������m����\��Q\�¦¹1Ô�̀¦M:�̧matrix add�<ÊÃº\�¦ô�Ç
���ëß��Ð���÷&t���m����>�5Åqs�ü<°ú �ÉrÀÒ�2;�̀¦>�5Åq¹1Ô��!QÕª\�¦¹1Ô����÷&l�M:ë�H\��©�{©�y�

x��4Hô�Ç{9�s��)a��.

ÕªXO�t�ëß�#Q,���.èß�t��FK��t�#��Qì�r�̀¦Þ�¶y��¦Òqt�̀¦r�(����. matlabs�����Hs�2£§�̀¦ ú̧��Ð
��.�ã¶�� matrixü<�'aº��s�e��#Q�Ðs�t�·ú§��H�� ?ÕªXO���.s� matlab�Ér���Ér���Ér]�t���¦'��§>=õ	כ
�'aº���)a >�íß��Ér &ñ
ú́� ú̧� K�ï�r��.7£¤,0A\�"f Ùþ¡~�� \V]j��H &ñ
ú́� \V\�¦ ëß�[þtl� 0AK� ëß���H �¦��s	כ
��z�́Õª���|	��9¹כ�\O���. matlab\�"f��Hs�p�E�l�\�¦Ùþ¡t�ëß����Ãº��éß�í�Hô�Ç°ú̀�כ¦��t��¦e����H���
Ãº���t���m����'��§>=���t��������̀¦K�ÅÒt�·ú§��H���¦Ùþ¡��.Õª�QÙ¼�Ð>�íß�½+ÉM:\��̧1lx{9�
���.

>>A=[1 1 1; 1 2 3; 1 3 6];
>>B=[8 1 5; 3 5 7; 4 9 2];
>>A+B

s�XO�>�K�ÅÒ���Õªzª�=åQs���.ëß�������õ�°ú̀�כ¦���Ér���Ãº�Ð~ÃÎ�¦z�·Ü¼���éß�í�Hy�Õª�'a>�d��ëß�³ð
�&³�̀¦
�����)a��.õü�!lr�̧�©��'a\O��¦Y�L!lr�̧ ¢̧ô�Ç * l� ñ\�¦+�"f����?/����)a��.ÕªXO��������Ðüw
!lr�Ér ?'��§>=\���Ðüw!lrs�e���̀¦�� ?'��§>=�Ér��Ðüw!lrs����¦
�t�·ú§�¦%i�'��§>=�̀¦>�íß�K�"f�Å���1>
���)a��.

Ax = B (A.3)

x = A−1B (A.4)

��Áº@/�� Õªzª� %i�'��§>=�̀¦ Y�L
���� îß��)a��.&ñ
SX�y� í�H"f\�¦ t�&�"f Y�LK�1>���)a��.s���� ?/6 x�Ér
s�p�#��Qì�rs�C��°?�̀¦����Òqty���̀¦
���x��.s���� matlab\�"f ½̈�&³½+ÉM:��Hß¼>�[j��t��Ð½+ÉÃº
e����.

>>Aˆ-1 * B
>>inv(A) * B
>>A \ B

'Í	���P:����HA����H'��§>=\� -15px�̀¦ô�Ç����H_�p��Ð��6 xô�Ç�s��¦¿º���P:����H	כ inv����H inverse\�¦
½̈K�ÅÒ��H�<ÊÃº\�¦s�6 xô�Ç�̀�
�Ér7á§[O�"î	כ��s���.Õªo��¦��t�}��Ü¼�Ð[j���P:����e����HX<s	כ¦K�
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����x��. matlab\�"f��H��6£§õ�°ú �Ér³ðl�ZO��̀¦��6 xô�Ç��.

Ax = B

x = A\B
xA = B

x = B/A

0A_�³ðl�ZO��̀¦ ú̧��Ð���#Qb�G>�÷&~��t���¾º��H�.��x9�Ü¼�Ð��H���¦�Ð����)a¦̀�	כ

s����\V]j_�]j3lq�Ér Linear equations���.s�ë�H]j_�K����~½ÓZO��Ér�-Áº�̧çß�éß�y�K����|̈cÃº
e����.#Qb�G>�
�~��t�çß�\�0A\�"fK®o1pws� x����H 7�'���'��§>=_�°ú̀�כ¦>�íß��̀¦
�����)a��.
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Appendix B

Using Fortran

�íàÔêøÍ�Érs�p� �̧A����ÂÒ'�Ãºu�K�$3�_�Ú�¦�Ð"f��6 xs�÷&#QM®o��.Õª�Q�� 72column_�]j���s�
�����#Q\�¦��6 x
���HX<e��#Q#��Q��t�]j���s�e��l�M:ë�H\���6 x
�l�\�#Q�9î�r&h�s�e����.Õª
A�i��õ��'aº���)a�<ÊÃº[þts� ú́§t�·ú§�¦ Visualô�Ç8£¤����ÉrÂÒ7á¤
�t�ëß�Ãºu�K�$3�ëß��̀¦�¦�9ô�Ç������©�
{©�y���ØÔ�¦8A#Qèß����#Qs���.�&³F���t� ú́§�Ér��|ÃÐ[þts���6 xK�M®o�¦ ¢̧ô�Ç ú́§�Ér�<ÊÃº��"fÚÔ
ÀÒ�2;1pxs��íàÔêøÍÜ¼�Ð��#�4Re��l�M:ë�H\�C�0>��½+É�9¹כ���e����H���#Qs���. ¢̧ô�Ç��6 x
����Ð
���#��Q��t����\�"f¼#�ô�Ç&h�[þt�̧e����.

B.1 à�
n������£� ß��

þj���!Q���_� Visual fortraǹ�¦��6 x
���Qì���Ð��#	כrs�ÅÒ0A\�"f~1�>� ½̈½+ÉÃºe����H�íàÔêøÍáÔ
�ÐÕªÏþ��̀¦��6 x
���H�
�©}�s�&h	כ���. ¢̧ô�Ç Unix�� linux"f!Q\�"f��Hl��:r&h�Ü¼�Ð�íàÔêøÍ�̀¦��6 x
½+ÉÃºe����.y���â
Äº\� ú́�2X[O�"î

���x��.

B.1.1 MS WindowUc"�¼ÇÐ�â 
�ÐM� ïçÃî5�

�û¶�̧Äº\�"f���1lx
���H�íàÔêøÍ_��â
Äº[O�u���Hl��:r&h����~½ÓZO��̀¦����[O�u�\�¦ô�Ç��.Õª��6£§áÔ
�ÐÕªÏþ��̀¦��6 x
�l�0AK�"f�û¶�̧Äº\�¦s�6 x½+ÉÃº�̧e��t�ëß�²DIs�áÔ�ÐÕªÏþ��̀¦ (̀Äºl�0AK�"fZ�}

�Ér���ª�_�(��ÉÓ'�\�¦��6 x
���H���Ð��éß�í�Hy	כ �̧Û¼�½Ó\�"f�̧ �̧��H��\ÉÃºe��l�M:ë�H+½¦̀�	כ �̧

Û¼�½Ó\�"f��6 x
���H"î
§î
ZO�\�@/K�C�î�r��.

çß�éß�ô�ÇáÔ�ÐÕªÏþ���� sample.foráÔ�ÐÕªÏþ��̀¦��6£§õ�°ú s����$í
�̀¦ô�Ç��.

C 1 2 3 4 5 6 7
C23456789012345678901234567890123456789012345678901234567890123456789012
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C
C Sample file to show basic fortran program
C

program sample

integer i, j, sum

i=1
j=2

sum=i+j

write(*,10) i, j, sum
10 format(3i)

stop
end

0A\�e����H'Í	���P:¿º×�¦�Ér�&³F�_�(��!3��̀¦�Ð#�ÅÒl�0AK����$í
ô�Ç��\����P:(��!3	s���.'Í	כ C\�¦æ¼
�¦��6 x
���H×�¦�ÉrÕª�����s� comment����H���p�ô�Ç��.z�́]j(����{9�r�%�o�÷&t�·ú§��HÂÒì_¦̀�	כr
s���.

z�́]jáÔ�ÐÕªÏþ��Ér 7���P:(��!3�ÂÒ'�r����
� 98úx 72(��!3���t�áÔ�ÐÕªÏþ��̀¦���$í
½+ÉÃºe����.s�
�Qô�Ç½©&ñ
�Ér��z�́¹7£כ§_�þj���(����{9�ü< fortran99½©&ñ
\���H#QÖ¼&ñ
�̧¢-a�o�)a¼#�s���áÔ�ÐÕª
Ïþ��̀¦ ���$í
½+ÉM:\���Hl��:r&h����ë�HZO�\� ú́�2X ���$í

���H��©����s	כ a%~��. program v�0>×¼��H áÔ

�ÐÕªÏþ�s�r����÷&��H�9 �
��p_¦̀�	כ���Ãº[þts���6 x÷&l�0AK�"f��H��6 x
�l����\����Ãº_�+þA\�

@/ô�Ç������s��9¹כ�
���.0A\�e����H\V]jáÔ�ÐÕªÏþ�\�"f��H[j>h_�&ñ
Ãº+þA���Ãº��������÷&%3���.��
[jô�Ç?/6 x�Ér��6£§\���Ò�¦�.���s	כ

0Aü<°ú s�áÔ�ÐÕªÏþ��̀¦���$í
�̀¦ô�ÇÊê�èÛ¼�ï×¼\�¦z�́'���ï×¼�Ðëß�[þtl�0AK�"f��H(����{9��Q\�¦

��6 xK���÷&��HX<�û¶�̧Äº\�"f���1lx÷&��HáÔ�ÐÕªÏþ�\�"f��H fl32.exe \�¦��6 xô�Ç��.

fl32 sample.for

0A_�"î
§î
#Q��H sample.for��{9��̀¦(����{9�
��¦Õª��6£§a�Aß¼\�¦K�"f sample.exe z�́'����{9��̀¦

Òqt$í
ô�Ç��.#��Qì�r[þts��D¥1lxK�"f��6 x
���H�â
Äº��e����HX<(����{9�õ�a�Aß¼��H���Ér_�p�s���.<�Ê
��[þt�Érs��
Ü¼�Ð��6 x	כ�ú �Ér°¦̀�	כ���H�â
Äº��e����HX<(����{9��̀¦
���H��Ér�èÛ¼�ï×¼�ÐÂÒ'�3lq	כ

&h��ï×¼7£¤, object filè�¦%3���H��s��¦s	כ object code\�¦���Ér��s�ÚÔ�Qo�ü<�<Êa�°ú s�a�Aß¼K�"f
%3���H�ï×¼��z�́'���ï×¼s���.��r�ô�Ç���Òqty���̀¦K��Ð��.

source code
compile−−−−→ object code

link−−−→ executive code

�&³F���6 x
��¦e����H���#Q���íàÔêøÍs�Ù¼�Ðs��â
Äº\���H source code��HSX��©����� .for�Ð÷&#Qe��
�¦3lq&h��ï×¼ .objz�́'���ï×¼��H .exe�Ðëß�[þt#Q�����.z�́'���ï×¼\�¦ëß�[þtM:\���H���#Q_�ë�HZO�&h� �̧ÀÓ
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ëß��̀¦ �̂ß¼ô�Ç��.Õªzª� fl32"î
§î
#Q\�¦z�́'��
���H�â
Äº\���Hz�́'���ï×¼\�¦ëß�[þtl�0AK�(����{9�õ�a�A
ß¼\�¦í�H	�&h�Ü¼�Ðz�́'���̀¦ô�Ç��.����ÉráÔ�ÐÕªÏþ�s���çß�éß�ô�ÇáÔ�ÐÕªÏþ��̀¦ëß�×¼��H�â
Äº\���H	�H	�
s���\O�t�ëß�7á§�8	�HáÔ�ÐÕªÏþ��̀¦ëß�×¼��H�â
Äº\���H{9�éß�áÔ�ÐÕªÏþ��̀¦@/y©����$í

��¦èß�Êê\�

��H(����{9�ëß�K�"fáÔ�ÐÕªÏþ�_� �̧ÀÓ\�¦�����K���ëß�ô�Ç��.s�XO�>�
�l�0AK�"f��H /compileonly
����H �̀v����̀¦��6 x
���HX<çß�éß�y� /c\�¦s�6 xK��̧�)a��.

fl32 sample.for /c

s���Ü¼�Ð{9�éß	כ MS�û¶�̧Äº\�"f�íàÔêøÍ�èÛ¼�ï×¼\�¦s�6 xK�"fz�́'����{9��̀¦ëß�×¼��H~½ÓZO�\�
@/K�"f �7H_�
�%i���.s��	כ ü@\� ��×�æ\� ��s�ÚÔ�Qo�\�¦ Òqt$í

���H ~½ÓZO�1px\� @/K� ��Ò�¦ �.���s	כ
��6£§\���H Unix Q���\�"f(����{9�
���H~½ÓZO�\�@/K�"f�7H_�\�¦K��Ð��.

B.1.2 Unix xé�>Uc"�¼ÇÐ�â 
�ÐM� ïçÃî5�

Ä»_��Û¼ Q���s��� o�³nqÛ¼  Q���\�"f �íàÔêøÍ�̀¦ ��6 x
�l� 0AK�"f��H {9�éß� r�Û¼%7� �'ao���\�"f �í

àÔêøÍ�̀¦[O�u�K�²ú����¦¹כ'õA�̀¦K����)a��.¹7£כ§\��'ad��_�8ú©&h�s�÷&�¦e����Ho�³nqÛ¼ Q���_��â
Äº
l��:r&h�Ü¼�Ð �íàÔêøÍ (����{9��Q�� [O�u��� ÷&#Q e����.7á§ ���\� ���$í
ô�Ç sample.for ��{9��̀¦ o�

³nqÛ¼ Q���\�"f(����{9�
���H~½ÓZO�\�@/ô�ÇÒqty���̀¦K��Ð��.o�³nqÛ¼ Q���\�"f��6 x
���H"î
§î
#Q��H
@/ÂÒì�r f77 s��� g77s���. g77_��â
Äº\�¦\V\�¦[þt#Q[O�"î

���x��.

g77 sample.for

0Aü< °ú �Ér "î
§î
#Q\� _�K� Òqt$í
÷&��H ��{9��Ér �û¶�̧Äº_� �â
Äºü<��H ���çß� ��ØÔ��.0A_� �â
Äº\���H
z�́'����{9�_�s�2£§�̀¦&ñ
K�ÅÒt�·ú§��¤l�M:ë�H\� a.out s�����H+þAI�_�z�́'����{9�s�ëß�[þt#Q&����.
Õª�QÙ¼�ÐáÔ�ÐÕªÏþ��̀¦z�́'��
�l�0AK�"f��H

./a.out

s����¦ K���ëß� z�́'��s� �)a��.z�́'�� ��{9�_� s�2£§�̀¦ ���&ñ

�l� 0AK�"f��H -o �̀v����̀¦ ��6 xK��� �)a
��.

g77 -o sample sample.for

¢̧ô�ÇÄ»_��Û¼��o�³nqÛ¼\�"f��H �̧Û¼ü<��H²ú�o�z�́'����{9�_�SX��©���°ú �Ér��O\��¹כ��Ér�9	כl�M:ë�H

\���{9�_�z�́'���Ý¶ô�Çëß�e��Ü¼����)a��.Õª�QÙ¼�Ð0A\�"f(����{9�ô�Ç��{9��̀¦z�́'��
�l�0AK�"f��H

./sample

s����¦
�����)a��. ¢̧ô�Çéß�í�Hy�3lq&h��ï×¼ëß��̀¦ëß�×¼��H�â
Äº\���H -c �̀v����̀¦��6 x
�����)a��.
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g77 -c sample.for

s��â
Äº\���H�û¶�̧Äºr�Û¼%7�õ�²ú�o� sample.o����H��{9��̀¦ëß�[þt#Qï�r��.�û¶�̧Äºr�Û¼%7�\�"f��H
sample.obj��ëß�[þt#Qt���H�.��õ���H���çß���ØÔ	כ

��t�}��Ü¼�Ð ���Ér ���#Qü< ²ú�o� �íàÔêøÍ�Ér @/�èë�H��\�¦ ½̈ì�r
�t� ·ú§��H��. �û¶�̧Äº r�Û¼%7����
�â
Äº��{©����s�r�Û¼%7��̀¦��6 x
���H�â
Äº@/�èë�H��\�¦ ½̈ì�r
�t�·ú§t�ëß�Ä»_��Û¼r�Û¼%7�����â
Äº

��H��ØÔ>�@/�èë�H��\�¦ ½̈ì�rô�Ç��.\V\�¦[þt#Q a.exeü< A.exe��{9�s�e����H�â
Äº�û¶�̧Äºr�Û¼%7��Ér
°ú �Ér�.��Ü¼�Ð���d���̀¦ô�Ç	כ ¢̧ô�Ç"î
§î
#Q\�¦��6 x
���HX<e��#Q"f�̧n��7��Ðo�\�¦��Ë̈��HX<��6 x
�
��H "î
§î
#Q��� ‘cd’�� ‘CD’\�¦ ½̈ì�r
�t� ·ú§��H��.7£¤,°ú �Ér "î
§î
#Q�Ð ���d��ô�Ç����H ���Q�s���.Õª	כ
Ä»_��Û¼r�Û¼%7�\�"f��H@/�èë�H��\�¦ ½̈ì�rK�"f0A\�"f\V\�¦[þt�Ér a.exeü< A.exe����H��{9��Ér���Ér
��{9�s� 9"î
§î
#Q��� ‘cd’��He��t�ëß� ‘CD’����H"î
§î
#Q��H\O���H�¼Ü¼�Ð���:r��.ÕªXO�t�ëß�¿ºr�Û	כ
%7� �̧¿º�íàÔêøÍ\�"f��6 x
���H���Ãº���<ÊÃº��H �̧¿º1lx{9�ô�Ç�.��Ü¼�Ð���d���̀¦ô�Ç	כ

C 1 2 3 4 5 6 7
C23456789012345678901234567890123456789012345678901234567890123456789012
C
C Sample file to show basic fortran program
C

program sample

integer a, B

a=1
B=2

write(*,10) A, b
10 format(2i)

stop
end

0A_�\V]j\�¦(����{9�
���H�â
Äº#Q*�ô�Ç\��Q�̧µ1ÏÒqt
�t�·ú§��H��.Õª�Q��@/ÂÒì�r_����Ér���#Q
_��â
Äº\���Hs�¿º>h\�¦ ½̈ì�rK�"f��6 x
�Ù¼�Ð�íàÔêøÍ�̀¦��6 x½+ÉM:ÅÒ_�\�¦K����)a��. Matlab\�
"f�̧ a���¦t�&ñ
ô�Ç���Ãºü< A���¦t�&ñ
ô�Ç���Ãº��H���Ér�.����Ü¼�Ð·ú��¦e	כ

B.1.3 Summary

t��FK��t�?/6 x�̀¦&ñ
o�K��Ð�����6£§õ�°ú ��.

• 72ºú�!3�_�]j���, 6���P:(��!3��Ér�������̀¦_�p�, C�� *\�¦s�6 xô�Ç comment%�o�
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• áÔ�ÐÕªÏþ��Érz�́]j 7���P:(��!3�\�"fr����H�d

• (����{9�ëß�
�l�0AK�"f��H�û¶�̧Äº\�"f��H /c �̀v�����6 xÄ»_��Û¼\�"f��H -c��6 x

• (����{9�õ�a�Aß¼_�	�s�&h�
• @/�èë�H�� ½̈ì�r_�:£¤fç


B.2 PLl�'aÿ?�����·�]�

���#Q\�¦C�Äº��HX<e��#Q"fl��:r&h�Ü¼�Ð·ú�����|̈c�
�Ér���Ãº_�������~½ÓZO�,]j#Që�H���$í	כ~½ÓZO�,ÂÒáÔ
�ÐÕªÏþ����$í
~½ÓZO�\�@/K�"f·ú����l��:r&h�������Ér��C�î	כr�¦����s	כ �̂¦Ãºe����.�íàÔêøÍáÔ�ÐÕª
Ïþ��̀¦���$í

�l�0AK�"f��H�íàÔêøÍ���#Q_�ë�HZO�\� ú́���H:£¤fç
\�@/K�C�Äº����)a��.

B.2.1 e�Ôeµ�\�Ä©Å]�

�íàÔêøÍ���#Q��H���Ér���#Q[þtõ���H²ú�o�t�&��� |̈cë�HZO�s�Y>���t�e����.s�����©�\�"fs�p����çß�
[O�"î
�̀¦
�%i�t�ëß�&ñ
o�\�¦
������6£§õ�°ú ��.

• 'Í	���P:(��!3�s� C�� *�Ðr����
���H�â
Äº��H commentë�Hs���.

• áÔ�ÐÕªÏþ�_�?/6 x�Ér 7���P:(��!3�ÂÒ'�r����ô�Ç��.

• áÔ�ÐÕªÏþ��Ér 72(��!3�?/\�"f���$í
�̀¦K����)a��.

• áÔ�ÐÕªÏþ�s�U�́#Qt���H �â
Äº\���H 6���P: (��!3�\� 0�̀¦ ]jü@ô�Ç���Érë�H��\�¦ V,�#Q �������)a ë�H
�©�s�����H_�p�\�¦°ú�>�ô�Ç��.

• 1���P:ÂÒ'� 5���P:��t���Hë�H��� ñ\�¦{9�§4�ô�Ç��.

B.2.2 e�Ôeµ�\�PLl�'a�����

l��:r&h����X<s�'���{9��Ér integer, real, character1pxs�e����.�íàÔêøÍáÔ�ÐÕªÏþ��̀¦���$í

���H�â
Äº
���Ãº\�@/ô�Ç+þA������s�\O���H�â
Äº\���H i-n�Ðr����
���H���Ãº��H integer���Ãº�Ð#���t��¦�� Qt�
���Ãº��H real���Ãº�Ð���d��ô�Ç��.Õªo��¦&ñ
SX��̧¹כ��½̈÷&��H�â
Äº\���H double precisions�����H+þA
I�_� ���Ãº\�¦ ��6 xô�Ç��. doubles����¦ ������s� �)a ���Ãº��H real���Ãº\� q�K� &ñ
SX��̧�� 7£x���)a��.
Õª�QÙ¼�Ð ���Ãº_� °ú̀�כ¦ &ñ
SX�y� $��©�
���H �â
Äº\���H double���Ãº\�¦ ��6 xK����)a��.Õª�Q�� ���Ãº
�� double�Ð������s�÷&��H�â
Äº\���HBj�̧o�\�¦�8 ú́§s�	�t�
�>��)a��.@/ÂÒì�r_��â
ÄºÃºu�K�$3�
�̀¦
���H�â
Äº\���H double+þA���Ãº\�¦ ú́§s���6 x
�>��)a��.
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Õªo��¦s��Qô�Çl��:r&h����+þA������õ����Ér+þAI�_����Ãº\�¦��6 x
��¦��
���H�â
Äº\���H=�G���

����̀¦K�ÅÒ#Q���)a��.��6£§�Ér\V]js���.

C 1 2 3 4 5 6 7
C23456789012345678901234567890123456789012345678901234567890123456789012
C
C Sample file to show basic fortran program
C

program sample

double precision dsum

i=1
j=2
sum=10.0
dsum=10.1+20.2

& +30.3

write(*,10) i, j
10 format(2i)

stop
end

0A_� \V]j\�"f��H ���Ãº i, j, sum\� @/K� ���Ãº ������ÂÒì�rs� \O���. Õª s�Ä»��H 7á§���\� [O�"î
ô�Ç �	כ
õ� °ú s� l��:r&h�Ü¼�Ð i-n(i,j,k,l,m,n)�Ð r����
���H ���Ãº��H &ñ
Ãº+þA���Ãº�� ÷&l� M:ë�Hs���.Õª�QÙ¼
�Ð i,j��H&ñ
Ãº+þA���Ãºs� 9, sum�Érz�́Ãº+þA���Ãº���)a��.��t�}��Ü¼�Ð dsum_��â
Äº\���H double+þA
���Ãºs���.z�́'����{9��̀¦ëß�[þt#Q�Ð��� dsum̀�¦ real�Ð������ô�Ç�â
Äº�Ð��z�́'����{9�_�ß¼l���7£x��
÷&��H�
|µ1Ï¦̀�	כ�
�>��)a��.Õª�Qô�Çs�Ä»��H dsums�����H���Ãº\�¦ double�Ð$��©�
�l�0AK�"f��H�8
ú́§�ÉrBj�̧o�\�¦��6 xK���÷&l�M:ë�Hs���.\V���\��̧Û¼ëß��̀¦��6 x
���H�â
Äº\���H 640kb_�Bj�̧o�
]j���Ü¼�Ð���Ãº\�¦��6 x
���H�â
ÄºBj�̧o�\�@/ô�Ç�¦�9\�¦�©�{©�y�Ùþ¡#Q��ëß�÷&t�ëß��&³F���H>h���

&h����Ãºu�K�$3�áÔ�ÐÕªÏþ��̀¦���$í

���H�â
Äº\���HBj�̧o�ë�H]j\�¦d��y��
�>��¦�9½+É�9¹כ���H\O���

�¦�:r��.Óüt�:rÕªXO����¦Bj�̧o�\�¦z©�q�½+É�9¹כ���H\O���.s��Qô�ÇBj�̧o���t��¦�9
���H�â
Äº��H
#��Qì�r[þts��©�{©�ô�ÇÃºï�r_�áÔ�ÐÕªÏþ��̀¦����H�â
Äº\��¦�9K���|̈c���½Ós���.

Õªo��¦+þA������õ��'aº���)a������ë�HÜ¼�Ð parameterü< implicit ë�Hs�e����. parameter_��â
Äº\�
��H �©�Ãº\�¦ ������
���H �â
Äº\� ��6 xs� �)a��. C\�"f #defineõ� q�5pwô�Ç �¦�\s���.���Ãº	כ ß¼>� ¿º>h
�Ð��¾º��H�â
Äº\���H�©�Ãºü<���Ãº��e����.s�ú́��Ér#Qb�G>��Ð���s��©�
�t�ëß�s�XO�>�³ð�&³½+ÉÃº
µ1Ú\�\O���.�©�Ãº���¦
���H�
�ÉráÔ�ÐÕªÏþ��̀¦���$í	כ
���H�â
Äº>�5ÅqK�"f���
�t�·ú§��H°ú̀�כ¦��t�
�¦e����Hl�%3��©��è\�¦_�p�
��¦���Ãº���¦
���H�
�©��$¦̀�כ�Ér���½+ÉÃºe����H°ú	כ���H�â
Äº��6 xô�Ç

��.Õª�QÙ¼�Ð parameter�Ð�������)a���Ãº��HáÔ�ÐÕªÏþ�s�z�́'��÷&��H1lxîß����
�t�·ú§��H���Ãº\�¦t�&ñ


�l�0AK�"f��6 x�)a��.

Numerical Method for Chemical Engineers
c©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



136 Using Fortran

implicitë�H�Ér ���Ãº_� Òqt$í
r� 0A\�"f E�l�Ùþ¡1pws� ½©gË:\� ���� i-n�Ð r����
���H �â
Äº :£¤Z>�ô�Ç
���Ãº������s�\O���H�â
Äº real�Ð������s�÷&��HX<ëß���� i�Ðr����
���H real���Ãº\�¦ëß�[þtl�0AK�"f��H
#��Qì�r�Ér +þA �������̀¦ >�5ÅqK�"f ��6 xK��� �)a��.ÕªXO�t�ëß� s��Qô�Ç ���Ãº\�¦ ������
���H ���\O��Ér �©�
{©�y�)
¹1Þ�Ér���\O�s���.s��â
Äº implicitë�H�̀¦��6 x
���� i�Ðr����÷&��H �̧��H���Ãº\�¦ real�Ð������½+É
Ãº�̧e���¦ ¢̧ô�Ç double�Ð������½+ÉÃº�̧e����.

C 1 2 3 4 5 6 7
C23456789012345678901234567890123456789012345678901234567890123456789012
C
C Sample file to show basic fortran program
C

program sample

implicit double precision(a-h,o-z)
parameter(n=10)

i=1
j=2
sum=10.0
dsum=10.1+20.2

& +30.3

write(*,10) i, j
10 format(2i)

stop
end

0Aü<°ú �ÉráÔ�ÐÕªÏþ�\�"f��H n�Ér 10s�����H°ú̀�כ¦��t���H�©�Ãº�Ð"f������s�÷&%3��¦ sumõ� dsum�Ér
�̧¿º double�Ð������s��)a��.

#��Q��t����Ãº_�+þAI������Ér���Ãº\�¦�D¥6 xK�"f��6 x
���H�â
Äº°úכ�Ér>�íß��)a+þAI�\�����

��ØÔ>�����èß���. ¢̧ô�Ç&ñ
Ãº+þAõ�z�́Ãº+þA�̀¦�D¥½+ËK�"f��6 x
���H�â
Äº��H�� Qt�°úכs�\O�#Q���+þA
I��Ð°úכs����²ú��)a����H�
�_ÅÒ¦̀�	כ�l���êøÍ��. 1/2_�&ñ
Ãº+þA���Ãº°úכ�Ér 0s��¦ ¢̧ô�Çs�d��_�°úכ
�̀¦z�́Ãº+þA���Ãº�Ð@/{9��̀¦K��̧s�p�>�íß����õ���&ñ
Ãº+þA\�"f>�íß�s�÷&%3�l�M:ë�H\� 0s�°úכs�
@/{9��)a��.Õª�Q�� 1/2.�Ér&ñ
Ãº+þA������Ãº�Ðu�8̈�÷&��H�â
Äº\���H 0s���z�́Ãº+þAÜ¼�Ðu�8̈�s�÷&��H
�â
Äº\���H 0.5s���.¿º���P:\�"f��H ‘2.’ s���6 x�)a�¦̀�	כ ú̧��Ðl���êøÍ��.z�́Ãº+þA>�íß��̀¦&ñ
Ãº+þA
Ü¼�Ð��Ë̈��H�������Ér�©�{©�y�îß�a%~�ÉráÔ�ÐÕªÏþ�~½ÓZO�s���.s	כâ
Äº\���Hz�́Ãº+þA°ú̀�כ¦&h�{©�ô�Ç�<Ê
Ãº\�¦s�6 xK�"f]��õ��� Qt��Ð��7
"f��6 xK����)a��.s�ÂÒì�r�Ér��×�æ\�l��r��÷&���[O�"î
�̀¦

���x��.

program test
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i=1
a=i+1
i=a/i
j=i/a
b=1/2.

write(*,*) a, i, j, b

stop
end

0A_�\V]j\�"f a°úכ�Ér 2.Ü¼�ÐØ�¦§4�s��)a��.(ÅÒ_� : 2����m��� 2.7£¤,z�́Ãº����H���Q�Õª(	כ i °úכ_�
�â
Äº��H 2�ÐØ�¦§4�s��)a��.Õª�Q��� j°úכ�Ér#Q*�ô�Ç°úכs�Ø�¦§4�s� |̈c�� ?Õªo��¦��t�}��Ü¼�Ð b��H#Q
�"�°ú̀�כ¦Ø�¦§4�s� |̈ct� ú̧�Òqty��K��Ð�¦f��]X�K��Ðl���êøÍ��.

a%~�ÉráÔ�ÐÕªÏþ�bç
~½ÓZO��Ér��6 x
��¦��
���H���Ãº\�¦���ÂÒ���������̀¦
��¦��6 x
���H�~%s�a	כ

��.�=�����áÔ�ÐÕªÏþ�_�U�́s���U�́#Qt���H�â
Äº�&³F������áÔ�ÐÕªÏþ�?/\�"f#Q*�ô�Ç���Ãº\�¦��
6 x
��¦e����Ht�·ú�l���jËµ[þt#Q�����.Õª�QÙ¼�Ð��6 x
��¦��
���H���Ãº\�¦���ÂÒ��+þA������ë�H\�V,�
#QÅÒ��H�
�Éra%~�ÉráÔ�ÐÕªA�bç	כ~½ÓZO�s���.

��t�}��Ü¼�Ð���Ãº\�@/ô�Ç������\�"f �̧d��K��� |̈c&h��Érçß�<�Êz�́Ãº�Ð������ô�ÇÊê\�Õª°ú̀�כ¦&ñ


Ãºü<q��§
���H�â
Äº��e����.Õª�Qô�Ç�â
Äº��H �̀¦���Ér°ú%3��̀¦̀�כ¦Ãº\O��̀¦��s���.s�ÂÒì	כr�Ér �̧�FK
+']j#Që�H\�@/ô�Ç[O�"î
�̀¦
���HÂÒì�r\�"f7á§�8��ÀÒ��x��.

s�]j �íàÔêøÍ ���#Q\� @/ô�Ç [O�"î
�̀¦ 7á§�8 K�����x��. %�6£§\� [O�"î
�̀¦ Ùþ¡~�� matlabõ� °ú s� s�
]jÂÒ'���H áÔ�ÐÕªÏþ�s� ���̧��H ��\	כ ����"f �̧�FKm�� [O�"î
�̀¦ K� ������x��.0A\� \V]j\�"f �Ð���
write����H"î
§î
�̀¦��6 xÙþ¡��HX<&ñ
SX�y� write(*,*)���¦
�%i���.&ñ
SX�y� write\�¦��6 x
�l�0AK�"f
��H write(unit, formatno)+þAI��Ð��6 xK����)a��. unit���¦
���H��Ér	כ write\�_�K�"f��H#Q�"����
õ���Ø�¦§4�s�÷&��HX<Õª���õ�\�¦Ø�¦§4�½+É unit\�¦&ñ

�����H��<�s���.s	כ �̧@/�̂Áº��H ú́������ ?���
õ�\�¦Ø�¦§4��̀¦
�l�0AK�"f��HØ�¦§4�Óüt�̀¦jþt�©�u����9¹כ�
�����H�
s���.{9�ìøÍ&h�Ü¼�Ð��6 x	כ���H�©�
u���H�o���õ�v��Ð×¼s���.7£¤,{9�§4��̀¦~ÃÎ�̀¦M:��Hv��Ð×¼�Ð~ÃÎ�¦Ø�¦§4�Óüt�̀¦jþtM:��H�o���\�Ø�¦§4�
�̀¦ô�Ç��.@/ÂÒì�r_��â
Äº 5���õ� 6����̀¦v��Ð×¼ü<Û¼ß¼�2;Ü¼�Ð��6 x
��¦�� Qt���H��6 x����&ñ
ô�Ç
��\	כ ���� ��6 x
�>� �)a��.Õª���X< ëß���� s�XO�>� )
¹1Þ>� unit_� Õüw��\�¦ &ñ

�t� ·ú§�¦ Õªzª� v��Ð
×¼ü<�o����̀¦&ñ

��¦z�·�̀¦M:��H#Qb�G>�K���½+É�� ?Õª����â
Äº\���H ‘*’ l� ñ\�¦��6 x
������1lxÜ¼
�Ð½+É{©��̀¦K�ï�r��.Õªo��¦¿º���P: format no��H formatë�H_�ë�H��� ñ\�¦_�p�ô�Ç��.ëß����t��FKØ�¦
§4�
����� {9�§4�½+É ���Ãº_� +þAI�\�¦ &ñ
K�ÅÒl� 0AK�"f��H formatë�H\� s���\	כ @/ô�Ç &ñ
�Ð\�¦ {9�§4�K�
���)a��.ÕªXO�t�ëß�ëß����Õªzª�ÅÒ#Q���@/�ÐØ�¦§4��̀¦
��¦{9�§4��̀¦
�l�0AK�"f��H ‘*’ \�¦s�6 xô�Ç��.
s� *\�¦s�6 x
���H�â
Äº\���H:£¤Z>�ô�Ç+þAI�\�¦&ñ
K�ÅÒt�·ú§��H����H��p�ô�Ç��.��[jô�Ç?/6 x�Ér_¦̀�	כ
��6£§\�[O�"î
�̀¦
���xt�ëß�0A_�\V]j��H���Ãº 4>h\�¦Ø�¦§4�
���HX<:£¤Z>�ô�Ç+þAI�\�¦&ñ

�t�·ú§�¦Ø�¦
§4�
���H�.���s	כ
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Õª��6£§áÔ�ÐÕªÏþ�_�z�́'��s�7áx«Ñ�)a����H�l�0AK�"f/?����¦̀�	כ stops�����Hv�0>×¼\�¦��6 x
Ùþ¡�¦��t�}��Ü¼�Ð endv�0>×¼�ÐáÔ�ÐÕªÏþ�_�=åQz�¤����H�.��p·�����¦̀�	כ

X<s�'�_� +þAI�\�¦ &ñ
K�ÅÒ��HX< integer�� real, double precisioǹ�¦ ��6 x
�����H ��Ér	כ s�p� Ùþ¡
t�ëß� s� �¦��ú́	כ ë�H��\P�õ� �'aº��÷& character�� complex, logical1pxs� e����.#��Qì�r[þt�Ér �����̧
character&ñ
�̧\�¦��6 x
�>� |̈c�.���s	כ character\�¦��6 x
���H\V]j\�¦ëß�[þt#Q�Ð��.

program test

character i, a
character*8 j, b

i=’I’
j=’I am Tom’

write(*,*) i, j
write(*,10) i, j

10 format(a1, 1x, a8)
write(*,20) i, j

20 format(1x, a1, 5x, a8)

a=’You’
b=’You are Jane’

write(*,*) a, b

stop
end

s� \V]j\�¦ ô�Ç��� ú̧� �Ð��. %�6£§ ÂÒì�r\� ���Ãº\�¦ ������
���HX< characterë�H�̀¦ ��6 xÙþ¡��HX< ¿º���P:
characterë�H\���H 7á§ s��©�ô�Ç ��s	כ ·¡­#Q e����.l��:r&h�Ü¼�Ð Õªzª� character\�¦ ������
��¦ ��6 x
����
Õª ���Ãº��H ë�H�� 
����� �)a��.ë�H��\P��Ér &ñ
SX�y� strings��¦ ë�H�� 
�����H characters���.Õª�QÙ¼
�Ð���Ãº i�� a��H/åJ��
���ëß��̀¦��|9�Ãºe����H���Ãºs���.Õª��6£§/åJ��
�������m���#��Q>h���
�â
Äº\���H character*Ì�	Ãº+þAd��Ü¼�Ð��6 xô�Ç��.0A\�"f jü< b��H 8>h��t�_�/åJ��\�¦��|9�Ãºe����H
���Ãºs���.ë�H�����Ãº\�°ú9}/@¦̀�כ�
�l�0AK�"f��H ‘ ’ ’ �� ‘ ” ’ \�¦��6 xK�"f{9�§4�
��¦��
���H?/6 x
�̀¦Ñüt�Q����ëß��)a��.Õªo��¦���Ãº_�°úכ\���H���ñß��̧ 
���_�ë�H���Ð{9�§4�÷&��H�
�l�%3¦̀�	כ���.

��Õª!3� iü< j ���Ãº\���H0A\�"f������ô�Ç°úכõ�1lx{9�ô�Çß¼l�_����Ãº�� ú̧�@/{9�s�÷&%3���. ‘I’��H
1ß¼l�s��¦ ‘I am Tom’�Ér ���ñß��̀¦ �í�<ÊK�"f 8>hs���.%�6£§ Ø�¦§4�ÂÒì�r�Ér iü< j ���Ãº\�¦ Ø�¦§4�
�l�
0AK�"f�íÐÓ	ë�H�̀¦��6 x
�t�·ú§��¤��.Ø�¦§4�÷&��H���õ���H ‘II am Tom’s� |̈c��\�s���.¿º���Ãº��s	כ
8A#Qæ¼l��̧½+ÉÃº\O�Ü¼Ù¼�Ð{©����ô�Ç��s���.��6£§¿º���P:Ø�¦§4�ÂÒì	כr�Ér�íÐÓ	ë�H�̀¦&ñ
K�¿º%3���.
10���ë�H��� ñ\�¦��t���H�íÐÓ	ë�H�̀¦�Ð���{9�éß�ë�H��\P����Ãº\�¦Ø�¦§4�
�l�0AK�"f��H ‘a’����Ht�r���
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\�¦��6 xô�Ç��.Õªo��¦Õª a��+'\�·¡­s���HÕüw����Hß¼l�\�¦_�p�ô�Ç��.7£¤, a1���¦
���H����Érë�H	כ
\P� 1��o�Ø�¦§4�, a8s����¦
���� 8��o�/åJ��Ø�¦§4�s�����H_�p���.Õª���X<s�XO�>�Ø�¦§4��̀¦&ñ
K�ÅÒ
��Ht�r���·ú¡\�Õüw��\�¦·¡­s���H�â
Äº��e����HX<s�����â
Äº��HÕüw����6£§_�t�r���\�¦ìøÍ4�¤&h�Ü¼�Ð

Y>������6 x½+Ét�\�¦&ñ
K�ÅÒ��H��\����s���.ëß	כ 3a2���¦÷&#Qe��Ü¼��� a2����HØ�¦§4��íÐÓ	+þAd���̀¦[j
�����6 x
���x����H�̀�
�Ér+'\�[O�"î	כ�s���.��[jô�Ç	כ¦
���.{9�éß�%�6£§\� i���Ãº_�°ú̀�כ¦ô�Ç��o��Ð
Ø�¦§4��̀¦
��¦Õª��6£§ x����Ht�r�����e����HX<s��¦�Érñß��̀	כ (̀Äº����Ht�r�����.{9�éß�t��FK�Érô�Ç
ñß��̀¦ (̀î�r��.Õª��6£§���Ãº\�¦ 8��o��Ðn��Ü¼���¦Ùþ¡��.Õª�Qm����õ���H ‘I I am Tom’s����̀¦��s	כ
���¦\V�©�½+ÉÃºe����.

Õª��6£§���Ér\V]j\�¦�Ð��� aü< b����H���Ãº�̧0A\�"f��6 xô�Ç�
�õ�1lx{9	כ�>�ß¼l�\�¦��t���H
���Ãº�Ð �������̀¦ Ùþ¡t�ëß� Õª �������)a ���Ãº °úכ�Ð�� �8 	�H °ú̀�כ¦ @/{9��̀¦ Ùþ¡��.Õª ���õ���H ÕªA�ú<��
�è6 xs� \O�����H ����.ô�Ç/åJ�� ���Ãº�Ð �������̀¦ '?@Ü¼��� ô�Ç/åJ��ëß� {9�§4��̀¦ K���t� Þ�¶y� [j/åJ��\�¦
V,�#Qú<����Áº���%ò
�¾Ó�̀¦p�u�t�3lwô�Ç��.Ø�¦§4����õ���H ‘YYou are ’�Ð���:r��.&ñ
SX�y�ô�Ç/åJ��ü<
8/åJ���Ð ½̈$í
s��)a���õ�s���.

B.2.3 ����]�ø���·�]�Uc ®̧�B�

s�p�s�ÂÒì�r�Ér ú́§s�[O�"î
�̀¦Ùþ¡t�ëß�s����\�&ñ
o�\�¦Ùþ¡Ü¼���ô�Ç��.��z�́#��Qì�r�Ér openë�H�̧ ��
6 x½+ÉÃºe��#Q��ëß�ô�Ç��.��0A\�"f[O�"î
ô�Ç�
õ�ÆÒ���Ð[O�"î	כ½+É�
ñ&¦̀�	כo�K��Ð��.

{9�§4�õ�Ø�¦§4��Érß¼>� readü< write\�¦��6 xô�Ç��.Óüt�:rs���\@ü	כ print�̧ ��6 x½+ÉÃºe����.{9�éß�
readü< write\�@/K�·ú����Ð��.

read(unit, format)
write(unit, format)

Ñüt��{9�§4�s���Ø�¦§4�\���6 x½+É unit̀�¦&ñ
K�ÅÒ�¦ ¢̧ô�ÇØ�¦§4�½+É�íÐÓ	�̀¦&ñ
K�ï�r��.l��:r°ú��6¦̀�כ x

���H�â
Äº\���HÕªzª� ‘*’ \�¦��6 x
�����)a��.#�l�"f unit\�@/K�"f��Hs�p�E�l�\�¦Ùþ¡%3���.ÕªXO�
t�ëß��8��[jy�E�l�\�¦K��Ð��.t��FK�&³F���H��6 x
���H unit_�Õüw���� 5,6���s���.s���� ñ��y��
y��{9�§4�õ�Ø�¦§4��̀¦{��{©�
��¦e����.Õª�Q���ëß����#��Qì�rs�#Q*���{9��̀¦&ñ
K�"fs���{9��̀¦{9�#Q
"f���Ãº°ú9}/@¦̀�כ�
��¦Õªo��¦Ø�¦§4�½+É���õ���H#��Qì�rs�&ñ
ô�Ç��{9�s�+���÷&��H�â
Äº\���H#Qb�G

>�K��� |̈c�� ?Õª�â
Äº\�@/q�K�"f openë�Hs�e����. openë�H_�+þAd���Ér��6£§õ�°ú ��.

OPEN ([UNIT=]io-unit [, FILE=name] [, ERR=label] [, IOSTAT=i-var], slist)

4�¤ú̧�K��Ðs���HX<��×�æ\�\V]j��H�Ð���7á§�8¼#�îß�y� �̂¦Ãºe���̀¦��\§s���.{9�éß�%�6£	כ UnitÕüw��
\�¦&ñ
K�ï�r��.Õª��6£§��{9�"î
�̀¦���&ñ
�̀¦
��¦{9�éß�s�XO�>�ëß�
���.�8��[jô�Ç�
��ÉrE�l	כ�t� ú́�
�¦Õª!3�\V]j\�¦ô�Ç���ëß�[þt#Q�Ð��.

program test
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open(unit=9,file=’test.in’)
open(unit=10,file=’test.out’)

read(9,*) a
write(10,*) a

stop
end

��ÅÒ çß�éß�y� ëß���H \V]js���. ú̧� �Ð��� �����̧ 9��� unit\�"f ��{9��̀¦ test.ins�����H ��{9��̀¦ \P��¦
10��� unit\�"f test.outs�����H ��{9��̀¦ #���H �Ü¼�Ð	כ �Ð�����.��f����t���H s� ��{9�[þts� #Q�"��¦̀�	כ
{9�§4�Ü¼�Ð ��6 x½+Ét� ��m���� Ø�¦§4� °ú̀�כ¦ t�&ñ

���H �Ü¼�Ð	כ ��6 x½+Ét� &ñ

�t� ·ú§��¤��.0Aü< °ú s�
áÔ�ÐÕªÏþ��̀¦���$í
ô�ÇÊê test1.for���¦$��©��̀¦ô�ÇÊêz�́'����{9��̀¦ëß�[þt#Q"fz�́'��K��Ð�����6£§õ�
°ú �Ér���õ�\�¦%3���H��.

F:\work>test1
forrtl: severe (24): end-of-file during read, unit 9, file test.in
Image PC Routine Line Source
test1.exe 0040A0C2 Unknown Unknown Unknown
test1.exe 00409EC3 Unknown Unknown Unknown
test1.exe 00409084 Unknown Unknown Unknown
test1.exe 004092FE Unknown Unknown Unknown
test1.exe 00403B22 Unknown Unknown Unknown
test1.exe 004010DB Unknown Unknown Unknown
test1.exe 0042E6B9 Unknown Unknown Unknown
test1.exe 004258B4 Unknown Unknown Unknown
KERNEL32.dll 77E57903 Unknown Unknown Unknown
F:\work>

z�́'���̀¦
��¦èß�Êê���Ð-$���¦Ùþ¡����� ”unit 9���\�e����H��{9� test.iǹ�¦{9���HX<{9�#Q�Ðm���{9�
�̀¦=åQ��t�{9�%3���.” ���¦ô�Ç��.áÔ�ÐÕªÏþ�\�"f unit 9���\�"f a����H���Ãº°ú9}¦̀�כ�Ü¼���¦Ùþ¡��HX<
{9�#Q�̂¦�9�¦ 
�m� ��{9��Ér \O�Ü¼m� {©����y� \��Q Bjr�t�\�¦ ìÁE�¦ e����.Õª�Q��� &h�{©�ô�Ç ¼#�|9�l��Ð
��{9�\�?/6 x�̀¦V,�#Q�Ð��.�9�����H 9.s�����H°ú̀�כ¦��t��¦e����H��{9��̀¦ëß�[þt�¦s���.������{9��̀	כ
ëß�[þt���"f�Ð���#��Qì�rs�z�́'����{9��̀¦ëß���Hn��7��Ðo�\���Hs�p� test.ins�����H��{9�s��>rF�
��¦
e���̀¦��s���.Óüt�:r?/6 x�Ér\O	כt�ëß�.�=ÕªXO��� ?Õªs�Ä»��H7á§���\�z�́'��s��)az�́'����{9�M:ë�H\�
ÕªXO���.l��:r&h�Ü¼�Ð open"î
§î
ë�H\�_�K���{9�s�Òqt$í
s��)a��s���.ÕªXO�t�ëß��&³F���{9��̀¦\P	כ
#Q"f?/6 x�̀¦{9�#Q°ú9}/@¦̀�כ�K���÷&��HX<@/{9�½+É°úכs�\O�Ü¼Ù¼�Ð\��Q\�¦µ1ÏÒqtr�����s���.Õª	כ
o��¦ test.out��{9��̀¦\P�#Q�Ð��.

F:\work>more test.out
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9.000000

F:\work>

��ÅÒ ú̧�$��©�s�÷&#Qe����.7á§���\� openë�H_�ë�HZO�\��Ð����©�{©�y�4�¤ú̧�ô�Ç �̀v���Ü¼�Ð½̈$í
s�÷&#Q
e����HX<#�l�"fÕª����
O�"î]¦̀�	כô�Ç����H���Ér	כ-ÁºjËµ��H{9�s��¦l��r��²ú¢Ü¼���ô�Ç��� DVF(Digital
Visual Fortran)�̧¹¡§ú́��̀¦¹1Ô��"f�Ðl���êøÍ��.ô�Ç��t���H=�GE�l�\�¦K���÷&��HX< OPEN��HX<s�
'�������ë�H_��±p��t�}��\�e��#Q���)a��.Õª�Qm� �̧��HX<s�'�ü<�'aº���)a������s�=åQ���¦èß�Êê\�
"f OPEǸ�¦��6 xô�Ç���¦·ú��¦e��#Q���)a��.

�� Õª!3� readü< write\�"f ��6 x
���H units� #Qb�G>� ëß�[þt#Qt���H����H [O�"î
�̀¦ =åQÍÇx�¦ s�]j
format\�@/K�·ú����Ð��.s� formatë�H�Ér�&³F���6 x����Ø�¦§4�
��¦��
���H���Ãº\�¦#Qb�G>�Ø�¦§4�
½+É�
ô�Ç&ñ/@�\�����	כ�Ð\�¦{���¦e����.

Default Format for List-Directed Output

Data Type Output Format

Integer Iw

Character Aw

Real, Double precision Fw.d

Real, Double precision Ew.d

Real, Double precision Dw.d

#�l�"f Data Type�ÉrØ�¦§4�
��¦��
���H���Ãº_���{9��̀¦E�l�
���H�¦��s	כ Output Format�Ér���Ãº
\�¦Ø�¦§4�
���Ht�r���s���.ß¼>���¾º��� I, A, F�Ð��*$�����.y��y��&ñ
Ãº,z�́Ãº,ë�H��\P�Ø�¦§4��̀¦0A
ô�Çt�r������X<y��y��_�t�r�����6£§\�·¡­#Qe����Hw��HØ�¦§4�
��9��H���Ãº_�ß¼l�\�¦_�p�ô�Ç��.7£¤,
8s�����HÕüw��\�¦Ø�¦§4�
�l�0AK�"f I\�¦Õªzª�æ¼��H�â
Äº\���HØ�¦§4�÷&��H���Ãº_�ß¼l�\�¦&ñ

�t�·ú§
�¦l��:r&h����+þAI��ÐØ�¦§4��̀¦
�����H��t�ô�Ç+þAI��Ð	Q���l��:r&h�s���o�\�¦�s��)a��.Õª	כ ‘ 8’s�
Ø�¦§4�s� ÷&�¦ I1���¦ 
���� ��Áº�̧�	כ Ø�¦§4�s� ÷&t� ·ú§��H��.s��Qô�Ç �&³�©��Ér �À»�©�\�"f s�p� E�l�
\�¦Ùþ¡%3���.ÕªXO�t�ëß�s��Qô�Ç?/6 x�̀¦��{9��ÐØ�¦§4�
���H�â
Äº\���Hs��©�\O�s�Ø�¦§4�s��)a��.t��FK
ÂÒ'���H ��{9�\� Ø�¦§4�s� ÷&��H �¦̀�	כ ��t��¦ E�l�\�¦ 
���x��. I2�Ð Ø�¦§4��̀¦ 
����¦ 
���H �â
Äº\���H
‘8’�ÐØ�¦§4�s��)a��.Ø�¦§4�
��9��H���Ãº_�Ì�	Ãº��&ñ
K�������Ð������Ér	כâ
Äº\���H ‘*’ ��Ø�¦§4�s�÷&
���"f	�H���Ãº\�¦�&³F�&ñ
K�é�H��aÅ@Ãº�Ð��HØ�¦§4�½+ÉÃº\O�����H���Ð#�ï¦̀�	כr��. ¢̧ô�Ç��aÅ@Ãº��z��
��H�â
Äº\���Hz����Hëß��pu���ñß��̀¦Ø�¦§4�
��¦°ú̀�כ¦Ø�¦§4�ô�Ç��.s��Qô�Ç��Ér	כ I, A, F_� �̧��H�â
Äº\�"f
1lx{9�
���.

Õª���X<0A\�"f�Ð��� d����HÕüw������6 xs�÷&%3���HX<s���Ér	כ �̧¿ºz�́Ãº\�&h�6 xs�÷&��H���½Ó
s���. wëß��pu�̀¦ ��aÅ@Ãº\�¦ ú̧���¿º�¦ �èÕüw&h�s�
�_� Õüw��\�¦ \O���ëß��pu Ø�¦§4�½+Ét�\�¦ ���&ñ
K� ÅÒ��H
�.���s	כ 10.1234����HÕüw��\�¦Ø�¦§4�
���HX< F10.5���¦
���� 10>h_���o�\�¦SX��Ð
��¦�èÕüw&h�s�

� 5>h_���o�\�¦SX��Ðô�Ç��.7£¤,&ñ
ÃºÂÒì�r�̀¦Ø�¦§4�
�l�0AK�"f 4>h_���o��èÕüw&h�
���,�èÕüw&h�
5>h_�°ú̀�כ¦Ø�¦§4�
�>��)a��.7á§���\�E�l�Ùþ¡1pws���o���	�H�â
Äº&ñ
ÃºÂÒì�r�Ér���ñß�Ü¼�Ð%�o�\�¦
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��¦�èÕüw&h�s�
�ÂÒì�r�Ér 0_�°ú̀�כ¦½+É{©�ô�Ç��.���õ�&h�Ü¼�Ð��6£§õ�°ú s� ‘tt10.12340’s�Ø�¦§4�
s��)a��. F�� Dt�r���_��â
Äº��H0A\�"f[O�"î
ô�Ç�
�1lx{9¦̀�	כ�>�&h�6 x
��¦���çß���6 x\�"f	�s�
&h�s�e��t�ëß�{9�éß��Ér��_�°ú �Ér�
��s����¦Òqty	כ���� |̈c��°ú ��. D��H Double precision_�������Ð
"f7á§�8&ñ
SX�ô�Ç°ú%3¦̀�כ��¦��½+ÉM:��6 xô�Ç��.Õª�Q�� E_��â
Äº\���H exponential�ÐØ�¦§4�
�l�M:
ë�H\����çß�d�¦�9�����.0A\���6 x�)a\V]j\�¦ E10.5�ÐØ�¦§4��̀¦
���H�â
Äº�èÕüw&h�s�
� 5>h\�¦Ø�¦§4�

��¦ E����Hl� ñ\�¦��6 x
��¦ exponential_� +ü< -\�¦³ðr�
�l�0AK�ô�Ç��o�\�¦��6 x
� 9Õªß¼
l�\�¦����?/l�0AK� 2��o�\�¦��6 xô�Ç��.7£¤, E\�¦�í�<ÊK�"f 4>h_���o�\�¦��6 x
�>�÷&�¦ ‘0’õ�
‘.’ �̀¦Ø�¦§4�
�>��)a��.ÕªXO�>�÷&���l��:r&h�Ü¼�Ð 6>h_���aÅ@Ãº���9¹כ�
�>�÷&�¦�èÕüw&h�s�
� 5>h
\�¦Ø�¦§4�
����¦Ùþ¡Ü¼m� 10>h_���aÅ@Ãº�Ð��HÂÒ7á¤
�>��)a��.s�����â
Äº\���H 0°ú̀�כ¦Ø�¦§4�
�t�·ú§
�¦ ‘.10123E+02’����H°úכs�Ø�¦§4�÷&>��)a��.Õª�QÙ¼�Ð³ðl�½+ÉÃºe����Hëß��pu³ðl�\�¦
��¦ 4����H
°úכ�Ér Âú���!Q�2;��.Õª�Q��� s�]j E15.5�Ð Ø�¦§4��̀¦ 
����¦ 
���� 11>h_� ��o�ü< 4>h_� ���ñß��̀¦ z��
��é�H+þAI��ÐØ�¦§4�s�÷&��H�.���s	כ ‘t t tt0.10123E+02’õ�°ú s�Ø�¦§4�s��)a��.s�����þt]	כ ú́��¦
X<s�'�\�¦Ø�¦§4�
���HX<��6 x
���Ht�������Y>���t����8e��t�ëß�Õª�����Qì���Ér#	כr[þts�f��]X�Bj

¾»\O��̀¦�Ð���"fe��y�l���êøÍ��.

s�]j��HX<s�'�\�¦³ð�&³
���H�̧�
t�r���[þt�̀¦¶ú�(R�Ð��.¿º��t�&ñ	ü@\����Ér�íÐÓ	כëß��8·ú�
��� |̈c��°ú ��. ‘nX’ü< ‘/’s���. X t�r�����Hñß��̀¦ (̀Äº���t�r������X<·ú¡\�·¡­#Qe����H n�ÉrÕªÌ�	
Ãº\�¦_�p�ô�Ç��.Õªo��¦ /_��â
Äº\���H×�¦�̀¦ (̀Äº����H_�p�s���.s����_	כâ
Äº\���HX<s�'�\�¦{9�
�̀¦M:��H��6£§×�¦\�e����HX<s�'�\�¦{9�Ü¼����H_�p�s��¦Ø�¦§4��̀¦
���H�â
Äº\���H��6£§×�¦\�Ø�¦§4��̀¦


�����H _�p�s���.��t�}��Ü¼�Ð �̧��H �íÐÓ	 t�r��� ·ú¡\� Õüw��\�¦ ·¡­s���H �â
Äº\���H Õª Õüw��ëß��pu
ìøÍ4�¤�̀¦
�����H_�p�s���.s��̧�
ë�H�̀¦ëß�×¼��H~½ÓZO�\�@/K�"f��H#QÖ¼&ñ	Ü¼�Ð�íÐÓ	כ·ú�>�÷&%3��̀¦
�.��Q���s�]jçß�éß�ô�Ç\V]j\�¦ô�Ç����Ð�s���.Õª	כ

program test

character*20 a
integer i, j
real b, c

open(unit=10,file=’test.out’)

a=’Hi ! I am Taechul Lee’
i=1
j=1000
b=1.0
c=1.e+3

write(10,10) a, i, j, b, c
10 format(a20, 1x, 2i10, /, 2f10.4)

write(10,20) b, c
20 format(2d10.5)
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write(10,30) b, c
30 format(2e10.5)

write(10,40) b, c
40 format(’Results are ’, 2(f10.5,1x))

stop
end

s�áÔ�ÐÕªÏþ��̀¦z�́'��
������6£§õ�°ú �Ér���õ�\�¦%3��̀¦Ãºe����.

1 2 3 4 5
12345678901234567890123456789012345678901234567890
--------------------------------------------------
Hi ! I am Taechul Le 1 1000

1.0000 1000.0000
.10000D+01.10000D+04
.10000E+01.10000E+04
Results are 1.00000 1000.00000

a����H���Ãº��H 10>h_���o�\�³ðr�\�¦
����¦
�%i�Ü¼Ù¼�Ð0A\�������e��1pws� ‘Lee’����Hë�H��
%i��̀¦ �� ³ðr� 3lwÙþ¡��.Õª ��6£§ ô�Çñß��̀¦ (̀Äº�¦ Ø�¦§4�
��¦ 
�%i�Ü¼Ù¼�Ð i ���Ãº��H 31���P: ñß�\� ³ð
r���÷&%3��¦ ¢̧ô�Ç c���Ãº�̧ 41���P:ñß���t�³ðr���÷&%3���.Õª��6£§��6£§×�¦�ÐØ�¦§4�
���H���¦̀�	כ
Ë̈�¦Õª��6£§\� 10ñß��̀¦SX��Ðô�Ç��6£§ 4>h_��èÕüw&h�s�
���aÅ@Ãº\�¦ ú̧��¦y��y�� ‘.0000’\�¦·¡­���+þA
I��ÐØ�¦§4��̀¦
�%i���.Õª��6£§Ø�¦§4�ÂÒì�r�Ér bü< c\�¦Ø�¦§4�
���HX<y��y�� dü< et�r���\�¦s�6 xK�"f
Ø�¦§4�
�%i���.Õª���X< ú̧��Ð���s�Õüw��[þt�̀¦Ø�¦§4�
����Ð���¿ºØ�¦§4�ÂÒì�rs�·¡­#Qe��#Q"f ½̈ì�rs�jËµ
[þt��.ô�Çñß�m��_� ½̈ì�r�̀¦V,�%3�#Q��
���HX<ÕªXO�>�
�t�3lwK�"f0Aü<°ú �Ér���õ�\�¦%3���H�.���s	כ
ÕªXO�t�·ú§Ü¼���Ø�¦§4�½+Éñß��̀¦�8SX��ÐK�"f��\Vñß�s�ZO�#Qt�>�Ùþ¡#Q��
���HX<ÕªXO�>�
�t�3lw

K�"fÒqt|��{9�s���.��t�}��Ø�¦§4�ÂÒì�r�Ér²DIs�ë�H��\P����Ãº\�¦½+É{©�
�t�·ú§�¦f��]X��íÐÓ	ë�H\�ë�H
��\P��̀¦V,��Ér\V]js���.s�ÂÒì�r\�"f��H formatë�H\�Ø�¦§4�
��¦��
���Hë�H��\P��̀¦V,��¦Õª��6£§Ø�¦
§4��̀¦ô�Ç��.Õªo��¦ ‘( )’\�¦s�6 xK�"fF�c ñîß�_�t�r���\�¦ìøÍ4�¤
���H\V\�¦�Ð#�ÅÒ�¦e����.q�5pwô�Ç
Ø�¦§4��̀¦>�5Åq
���H�â
Äºt�r���·ú¡\�Õüw��\�¦V,�#Q"fìøÍ4�¤
���H\V ú́��¦�̧F�c ñ\�¦s�6 xK�"f{9�&ñ


ô�Ç�íÐÓ	�̀¦ìøÍ4�¤½+ÉÃº�̧e����.

B.2.4 Redirection

{9�§4�õ�Ø�¦§4�\�@/ô�Ç��t�}��E�l�\�¦r����K��Ð��.s�p���6£§õ�°ú �ÉráÔ�ÐÕªÏþ��̀¦s�6 xK�"f��
{9��ÐÂÒ'�X<s�'�\�¦{9�#Q[þts��¦ ¢̧ô�Ç���õ�°ú9}��¦̀�כ�\�l�2�¤½+ÉÃºe������H�.��?°��C¦̀�	כ

program test
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open(unit=9,file=’test.in’)
open(unit=10,file=’test.out’)

read(9,*) a
write(10,*) a

stop
end

0Aü<°ú s�ëß���H��{9��̀¦z�́'����{9��̀¦ëß�[þt#Q"fz�́'��
���H�â
Äºëß���� test.ins�����H��{9�\� 1��H°úכ
s�e����H�â
Äº��6£§õ�°ú �Ér���õ�\�¦%3��̀¦Ãºe����.

c:\>df test.for
DIGITAL Visual Fortran Optimizing Compiler Version 6.0
Copyright (C) 1997,1998 Digital Equipment Corp. All rights reserved.

test.for
Microsoft (R) Incremental Linker Version 6.00.8168
Copyright (C) Microsoft Corp 1992-1998. All rights reserved.

/subsystem:console
/entry:mainCRTStartup
/ignore:505
/debugtype:cv
/debug:minimal
/pdb:none
C:\DOCUME˜1\tclee\LOCALS˜1\Temp\obj80.tmp
dfor.lib
libc.lib
dfconsol.lib
dfport.lib
kernel32.lib
/out:test.exe

c:\>test

c:\>type test.in
1
c:\>type test.out

1.000000
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c:\>

0A_����õ���HáÔ�ÐÕªÏþ�_�(����{9�ÂÒ'����õ�\�¦�Ð#�ÅÒ��H �̧��HÂÒì�r�̀¦{���¦e����.��Õª�Q���s�
]jáÔ�ÐÕªÏþ�_����õ�\�¦�o���\�Ø�¦§4�
���H\V]j\�¦ëß�[þt#Q�Ð��.s�\V]j��Hs�p� ú́§s�Ùþ¡~����s	כ
��.

program test

read(*,*) a
write(*,*) a

stop
end

7á§���\����$í
ô�ÇáÔ�ÐÕªÏþ�õ���_�1lx{9�
�t�ëß� openë�Hs�\O�#Q&���¦Õª@/���{9�§4�õ�Ø�¦§4��̀¦l��:r
°ú��6¦̀�כ x
��̧2�¤���$í

�%i���.s�áÔ�ÐÕªÏþ��̀¦z�́'��
������6£§õ�°ú �Ér���õ�\�¦%3���H��.

c:\>df test.for
DIGITAL Visual Fortran Optimizing Compiler Version 6.0
Copyright (C) 1997,1998 Digital Equipment Corp. All rights reserved.

test.for
Microsoft (R) Incremental Linker Version 6.00.8168
Copyright (C) Microsoft Corp 1992-1998. All rights reserved.

/subsystem:console
/entry:mainCRTStartup
/ignore:505
/debugtype:cv
/debug:minimal
/pdb:none
C:\DOCUME˜1\tclee\LOCALS˜1\Temp\obj86.tmp
dfor.lib
libc.lib
dfconsol.lib
dfport.lib
kernel32.lib
/out:test.exe
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c:\>test
2

2.000000

c:\>

{9�§4����Ãº_�°úכÜ¼�Ð 2����H°ú4��̀§�9}¦̀�כ¦Ùþ¡�¦�o���\� 2.00000s�����H���õ�°ú̀�כ¦�Ð#�ï�r��.ÕªXO�
�����s�°ú̀�כ¦$��©�½+É�9���#Qb�G>�K���|̈c��?

2.000000

7£¤,s����õ�°ú̀�כ¦&h�{©�ô�Ç��{9��Ð$��©��̀¦½+É�9���#Qb�G>�½+É��s�����H	כ���. openë�H�̀¦s�6 xK�"f
��{9��̀¦\P�#Q"fæ¼��x���¦ ?Õª�Q�����r�áÔ�ÐÕªÏþ�ëß�[þt�¦ ¢̧(����{9�K���÷&��HX< ?Õª���|	��©��'a
\O����¦\O������o�t�·ú§Ü¼m��� ?��m���.s�]jÂÒ'�o���s��7����s�r�����)a��.

o���s��7����s�����HáÔ�ÐÕªÏþ�_�z�́'��r�{9�§4�õ�Ø�¦§4��̀¦��7
ÅÒ��H��p��.{9�§4�s�v·�����¦̀�	כ
�Ð×¼s��¦Ø�¦§4�s��o�������â
Äº�o���\�Ø�¦§4�÷&��H���õ�\�¦&h�{©�ô�Ç��{9��Ð%3�l�0AK�"f��Ho���s�

�7�����̀¦��6 xK���ëß��)a��.s�o���s��7�����Ér@/ÂÒì�r_��â
Äº����6 x½+ÉÃºe����.

c:\>df test.for > compile.out

s�XO�>�{9�§4��̀¦
���� compile.outs�����H��{9�\�(����{9����õ���[þt#Qe����.

c:\>df test.for > compile.out

compile.outs�����H��{9�_�?/6 x�̀¦ô�Ç����Ð��.

c:\>type compile.out
DIGITAL Visual Fortran Optimizing Compiler Version 6.0
Copyright (C) 1997,1998 Digital Equipment Corp. All rights reserved.

test.for
Microsoft (R) Incremental Linker Version 6.00.8168
Copyright (C) Microsoft Corp 1992-1998. All rights reserved.

/subsystem:console
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/entry:mainCRTStartup
/ignore:505
/debugtype:cv
/debug:minimal
/pdb:none
C:\DOCUME˜1\tclee\LOCALS˜1\Temp\obj89.tmp
dfor.lib
libc.lib
dfconsol.lib
dfport.lib
kernel32.lib
/out:test.exe

c:\>

s�]j�ã¶��y��s� ú̧�y���H�� ?çß�éß�y�E�l�\�¦
����áÔ�ÐÕªÏþ�s�z�́'��s�÷&�¦Õª���õ�°ú̀�כ¦$��©�
�
l�0AK�"f��H ‘>’\�¦��6 xô�Ç��. ¢̧ô�Çq�5pw
�>�{9�§4�°úכs�[þt#Qe����H��{9��̀¦t�&ñ
K�ÅÒl�0AK�"f
��H ‘<’\�¦ ��6 xô�Ç��.Õª�Q��� 0A_� áÔ�ÐÕªÏþ��Ér {9�§4�õ� Ø�¦§4��̀¦ l��:r°ú̀�כ¦ ��6 x
�%i���HX< s��¦̀�	כ
sample.inõ� sample.outÜ¼�Ð��7
�Ð��.

c:\>test < sample.in > sample.out

s�"î
§î
#Q\�¦{9�§4�
��¦�������Áº���E�l�\O�s� �̧6 xy�Õªzª���r���6 x��_�"î
§î
�̀¦l����2;��.
s�XO�>�ëß� 
���� 7á§���\� áÔ�ÐÕªÏþ�s� l��:r {9�Ø�¦§4� °ú̀�כ¦ ��6 xô�Ç��\� q�K�"f 0A_� "î
§î
�Ér sam-
ple.inõ� sample.outs�����H��{9��̀¦s�6 xK�"f{9�§4�õ�Ø�¦§4���{9��Ðs�6 x
�>��)a��.

Õª���X< #�l�"f 7á§ ÅÒ_�½+É ��s	כ e����HX< sample.ins�����H ��{9��̀¦ Õªzª� ���$í
K�"f��H îß��)a��.
�û¶�̧Äºr�Û¼%7�\�"fo���s��7�����̀¦��6 x
���H�â
Äº\���H=�G°ú4§�9}¦̀�כ�
��¦��t�}��\��'p'�\�¦ô�Ç

����8V,�#Q1>���)a��.��6£§�̀¦�Ð��.

c:\>type sample.in
2

c:\>type sample.out
2.000000

c:\>type test.in
1
c:\>
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o���s��7�����̀¦ 0AK� ��6 xÙþ¡~�� sample.in��� �â
Äº_� °ú̀�כ¦ �Ð��� 2����H °úכõ� �'p'��� [þt#Qe��#Q ô�Ç
×�¦s��8[þt#Qçß���. ¢̧ô�Ç sample.out̀�¦ú<�̧1lx{9�
���.ÕªXO�t�ëß� test.ins����¦ openë�H�̀¦s�6 xK�
"f��6 x
���H�â
Äº\���HÕª�Qô�ÇÆÒ��&h�����'p'���[þt#Qe��t�·ú§��.s�&h��̀¦ÅÒ_�
�����)a��.Õªo�
�¦s��Qô�Çë�H]j��HÄ»_��Û¼\�¦��6 x
���H�â
Äº\���H\O���. read�� write��Hô�Ç���z�́'��s�÷&�¦èß�Êê
\���H &�"f\�¦ ��6£§ ñß�Ü¼�Ð �Å�|����.s� ë�H]j��H \V���\� s�p� [O�"î
�̀¦ Ùþ¡��.
�#�çß� �8 s��©� [O�"î

�̀¦
�t�·ú§�¦o���s��7�����̀¦s�6 x
���H�â
Äº\���H=�G�'p'�\�¦
����8V,��Ér+þAI��Ð��6 xK����)a

����H�
�l�%3¦̀�	כ���.

B.2.5 Dimension

Õª!3� s�]j ��t�}�� X<s�'�_� +þAI��Ð"f Dimension\� @/K�"f ·ú����Ð��.#Q��x� /BN�<Æ >�íß�s���
��H�
¦̀�	כ������Ð���'��§>=�̀¦ ú́§s���6 x½+ÉÃºµ1Ú\�\O���.{9�éß�'��§>=\�@/ô�ÇE�l�\�¦
���H����Ð	כ
.��¹ô�Ç��\�¦��4R�Ðכ��9=�

ëß����#��Qì�r\�>� 3>h_�X<s�'�°ú̀�כ¦��t���H���Ãº\�¦ëß�[þt���¦
����#Qb�G>�
���x��H�� ?çß�
éß�y� a, b, cs����d��Ü¼�Ðëß�[þt#Q"f$��©��̀¦½+É������	כ ?��m����7á§ Qo�\�¦+�"f a1, a2, a3s����
d��Ü¼�Ðëß�[þt������	כ ?Õª�Q���ëß����\� 100>h_�X<s�'�°ú̀�כ¦��t���H���Ãº\�¦ëß�[þt���¦
���� a1,
a2,..., a100s�XO�>�ëß�[þt 9÷&t�·ú§�����¦Òqty��½+Ét� �̧ØÔ��x��HX<s�XO�>����Ãº\�¦ëß�[þt�9���\O���
��jËµ[þt��x��.s�XO�M:��6 x
����¦ Dimensions�����H�.��s�e����.������~½ÓZO�\�@/K�·ú����Ð	כ

dimension a(100), b(10,10)
integer i(10)
real c(20)

0A_� \V]jü< °ú s� ß¼>� ¿º��t� ~½ÓZO�Ü¼�Ð dimensioǹ�¦ ������½+É Ãº e����.%�6£§\� e����H ��Ér	כ di-
mensions�����Hv�0>×¼\�¦��6 xK�"f a����H���Ãº��H 100>h_¹כ��è\�¦��t���H'��§>=s����¦������ô�Ç
�¦��s���.Õªo	כ b����H���Ãº��H��	�"é¶'��§>=�Ð 10×10'��§>=s��)a��.'��§>=_�%�6£§°úכ�Ér 1ÂÒ'�r����
�̀¦ô�Ç��.Õª�Qm��� a���Ãº��H a(1), a(2), ..., a(100)s��)a��.Õªo��¦\V���\� ú́§s�æ¼~�� 2	�'��§>=��
m���� 3	�'��§>=s����¦
���H��"é¶'��§>=s��)a��.s�XO�>�������½+ÉM:\���Hl��:r&h�������Ãº	���þts]	כ
_���{9�\�����°úכs����&ñ
�)a��.%�6£§\�E�l�Ùþ¡t�ëß���Áº���E�l���\O���H�â
Äº\���H(implicitë�H
�̀¦ ��6 x
�t� ·ú§��H �â
Äº) i-nÜ¼�Ð r����
���H ���Ãºëß� &ñ
Ãº+þAs��¦ �� Qt���H z�́Ãº+þAs����¦ Ùþ¡��.
Õª�QÙ¼�Ð aü< b��H �̧¿ºz�́Ãº+þA���Ãº���)a��.Õªo��¦s�XO�>� dimensioǹ�¦��6 x
�t�·ú§�¦���Ãº
+þA_�������
����"f'��§>=�̀¦������½+ÉÃº�̧e����. i����H���Ãº��H&ñ
Ãº+þA���Ãºs�p� 10>h_� ½̈$í
¹�èכ
\�¦ ��l���H ��s	כ �)a��. ¢̧ô�Ç ��t�}��Ü¼�Ð c��H 20>h_� ¦�\¹�èכ ��t���H z�́Ãº+þA '��§>=s� ÷&��H ��s	כ
��.s�XO�>�'��§>=�̀¦������½+ÉM:��HÅÒ_�K��� |̈c�
����s����#Q����r	כ���H°úכs���ØÔ����H�.���s	כ
C�ÐáÔ�ÐÕªÏþ��̀¦���$í

���H�â
Äº\���H 0ÂÒ'� n-1��t¹כ��è���>rF�
�>��)a��.Õª�QÙ¼�Ðy�����#Q
������6 x
���H��\s���ØÔÙ¼�Ðy��y��_����#Q	כ ú́�2X"f��6 xK���ëß��)a��.
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B.2.6 PLl�'a�ïe��ª

t��FK��t�#��Q��t�X<s�'�������~½ÓZO�\�@/K�"fC��°?��.Õª�Q���s��Qô�ÇX<s�'�[þts�#Qb�G>��í
l��o��÷&��Ht�·ú����Ð��.ÕªXO�t�ëß�×�æ¹כô�Ç���6¦��
������¦�\�'��ÉrX<s	כ x
�l����\�s�p����$�
�íl��o\�¦=�Gr�&�1>��ëß�ô�Ç��.ÕªXO�t�·ú§�¦��6 x
���H�â
Äº\���Hë�H]j��µ1ÏÒqt½+É�èt���e������H
�
�l�%3¦̀�	כ�l���êøÍ��.

• ���Ãº : 0Ü¼�Ð�íl��o

• C�\P� : 0Ü¼�Ð�íl��o

s��Qô�Çl��:r&h�����íl��o~½ÓZO�ü@\�s�p�C�î�r parameter ë�H\�_�ô�Ç�â
Äº\���H&ñ
K�ï�r°úכÜ¼�Ð
�íl��o���)a��.s� parameter_��â
Äº\���H�©�Ãº\�¦������
���H�â
ÄºÄ»ò́
���.Õª�QÙ¼�Ðô�Ç������
����̀¦
��¦èß�Êê\���H��r����Ér°ú9}/@¦̀�כ�½+ÉÃº\O���.

program test

parameter (n=2)
real realarray(10)
dimension realex(10)

do i=1,10
write(*,*) realarray(i), realex(i)
enddo

n=10

write(*,*) nroot, ttt

stop
end

0A_� áÔ�ÐÕªÏþ�\� @/K�"f ô�Ç��� ¶ú�(R�Ð��.{9�éß� ns�����H ���Ãº\�¦ parameterë�H\� _�K� 2����H °úכ
Ü¼�Ð �������̀¦ 
��¦ realarrayC�\P��Ér real�������̀¦ ·ú¡\� ·¡­#�"f �������̀¦ 
�%i��¦ realexC�\P��Ér di-
mension�������̀¦ s�6 xK�"f �������̀¦ 
�%i���. realex�̧ ¢̧ô�Ç ���Ãº s�2£§\� ���Ér +þA������ ~½ÓZO�\� _�
K� real���Ãº�Ð"f������s� |̈c�:���P	QÙ¼�Ð'Í�s���.Õª	כ DOë�H\�_�K�Ø�¦§4�s�÷&��H°úכ�Ér real+þA
I�_����Ãº�� �̧¿º 0Ü¼�Ð&ñ
K�4R"f���:r��.Õª��6£§ parameter\�_�K��������)a ns�����H���Ãº\�
��r�°ú9}/@¦̀�כ�
�%i���.s��â
Äºë�H]j��Òqt|����.�=�����s����Ãº��H�©�Ãº���Ãº�Ð"f������s��)a�	כ
s�l�M:ë�H\���r�°ú9}/@¦̀�כ�½+ÉÃº\O���HX<@/{9�
�%i�Ü¼Ù¼�Ð\��Q\�¦µ1ÏÒqt½+É���¦��s���.Õªo	כ
t�}��\�:£¤Z>�ô�Ç������\O�s�¿º���Ãº\�¦��6 x
�%i���.s�XO�>���6 x
���H��Ér�©�{©�y�·ú§a%~�ÉráÔ�Ð	כ
ÕªÏþ�~½ÓZO����X<{9�éß�\V�Ð"f�Ð���¿º���Ãº �̧¿º 0Ü¼�Ð������s�÷&#QØ�¦§4�|̈c�.���s	כ
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s����\���Hs�XO�>�áÔ�ÐÕªÏþ�s�]j/BN
���Hl��:r&h���� 0Ü¼�Ð&ñ

���H�	כ ú́��¦��ØÔ>�°ú9}/@¦̀�כ�

���H������ú����Ð��.s·¦̀�	כâ
Äº\���H DATA ����H������ë�H�̀¦��6 xK�"f°ú̀�כ¦&ñ
K�×�¦Ãºe����.

• ���Ãº_�Ì�	Ãºü<�íl��o°úכ_�Ì�	Ãº��{9�u�K���ëß�ô�Ç��.

• �̧��Hz�́'��ë�H·ú¡\���ü<��ëß��)a��.

• C�\P�_�s�2£§�̀¦Õªzª���6 x
���H�â
Äº��H �̧��H¹כ�è\�¦�����·p��.

• C�\P�_�°ú̀�כ¦�íl��o
���H�â
Äº\���H implied doë�H�̀¦��6 x½+ÉÃº�̧e����.

• 1lx{9�ô�Ç�íl�°ú��6¦̀�כ x
���H�â
Äº\���HÕªÌ�	Ãº\�¦&ñ
K�"fY�L_�+þAI��Ð����è­qÃºe����.

l��:r&h������6 x~½ÓZO��Ér��6£§õ�°ú ��.

DATA var-list /data-list/

Õª�Q�����6 x
���H~½ÓZO�\�@/K�\V]j�Ð"f·ú����Ð��.

program test

parameter (n=2)
real a, b, realarray(10)
dimension realex(2,10)
data a, b /10.0, 2./
data realarray /1.,2.,8*10./
data (realex(1,i),i=1,10) /10*1./
data (realex(2,i),i=1,4) /2*(12.1, 13.1)/
data (realex(2,i),i=5,10) /5*2./

stop
end

0A_�\V]j\�"f���Ãº aü< b��Hy��y�� 10.0õ� 2.0Ü¼�Ð�íl��o��÷&%3���.Õª��6£§ realarray����HC�\P�
�Ér 1.0õ� 2.0,�� Qt���H �̧¿º 10.0Ü¼�Ð�íl��o��÷&#Qe����H�©�I�s���.Õª��6£§ realexC�\P�_�%�
6£§ 1'���Ér �̧¿º 1.0Ü¼�Ð�íl��o��÷&�¦¿º���P:'��\�"f%�6£§W1>h��Hy��y�� 12.1õ� 13.1�Ð¿º����í
l��o\�¦Ùþ¡��.��t�}�� 5>h��H 2.0Ü¼�Ð�íl��o\�¦ô�Ç�©�I�s���.s�XO�>����ª�ô�Ç~½ÓZO�Ü¼�Ð�íl��o\�¦
½+ÉÃºe������H�.��ú��¦e��#Q���)a·¦̀�	כ

��t�}��Ü¼�Ð·ú�����|̈cX<s�'�õ��'aº��s��)a��Ér	כ COMMONë�H���X<s�ÂÒì�r�Ér+'\�"fÂÒáÔ
�ÐÕªÏþ�ÂÒì�r\�"f���Ð��Ò�¦�
s�Ù¼�Ð��[jô�ÇE�l���H	כ�t�·ú§��x��.

t��FK��t�[O�"î
½+É�
ñ&¦̀�	כo�K��Ð��.
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• Implicit ë�H�̀¦s�6 x
����l��:r&h�������Ãºs�2£§\����ÉrX<s�'�+þA�̀¦���&ñ
K�×�¦Ãºe����.

• Parameterë�H�̀¦��6 xK�"f�©�Ãº_�°ú̀�כ¦&ñ
K�×�¦Ãºe����.

• Dataë�H�̀¦s�6 xK�"f���Ãº_�°ú̀�כ¦�íl��or�&�×�¦Ãºe����.

• Commoǹ�¦��6 x
���H�â
ÄºBj���áÔ�ÐÕªÏþ�õ�ÂÒáÔ�ÐÕªÏþ�s�°ú �Ér���Ãº°ú��6¦̀�כ x½+ÉÃºe��
��.

B.2.7 Summary

s�����©�\�"fC�î�r�
ñ&¦̀�	כo�
������6£§õ�°ú ��.

• X<s�'�������~½ÓZO�(integer, real, character, double precision)

• {9�Ø�¦§4�ë�H���$í

î§¹כ
• open��6 x~½ÓZO�

• formatë�H���$í

î§¹כ

• y��y��_�t�r�����6 x~½ÓZO�(I, F, E, D, A, X, /)

• '��§>=�̀¦ëß�×¼��H~½ÓZO�
• y��y��_�X<s�'��íl��o~½ÓZO�x9�+þA������ë�Hõ��'aº���)a#��Q��t�t�r�#Q[þt

B.3 V�#a%K�

s�p�>�5ÅqK�"fE�l�\�¦K�M®ot�ëß����#Q\�¦C�Äº��HX<e��#Q"f���©�×�æ¹כô�Ç����î	כrX<
�����]j

#Që�Hs���.Õªo��¦t��FK��t�C�î�rt�d���̀¦���½ÓÜ¼�Ð �̂¦M:�íàÔêøÍs�����H���#Q��H�©�{©�y�%3����ô�Ç
���#Qs���.(��!3��̀¦ ú́�ÆÒt�·ú§��H����Ht����Ãº"î
�̀¦ ú̧�3lw��6 xô�Ç��~��t�
����#Q�̂�\O�s�\��QBjr�
t����â
�¦Bjr�t�\�¦ÍÒ�2;��.]j#Që�H\�@/ô�Ç�̧�	כ ��ðøÍ��t�t�ëß�ÕªXO�>�%3����ô�Çë�HZO��̀¦��6 x
�
l�M:ë�H\�ô�Ç���C�Äº���~1�>���6 x½+ÉÃº�̧e����.

B.3.1 STOP%K�

STOPë�H�Ér áÔ�ÐÕªÏþ��̀¦ 7áx«Ñr�v���H "î
§î
s���.�Ð:�x END���\� ��6 x�)a��.ÅÒ áÔ�ÐÕªÏþ�\�"f��H
STOP̀�¦��6 x
����ÂÒáÔ�ÐÕªÏþ�\�"f��H RETURǸ�¦��6 xô�Ç��.t��FK��t�ëß�[þt#Q�:ráÔ�ÐÕªÏþ�[þt
�Ér �̧¿º ÅÒ áÔ�ÐÕªÏþ�Ü¼�Ð programs�����H v�0>×¼�Ð r�����̀¦ ô�Ç��.ÂÒáÔ�ÐÕªÏþ� E�l�\�¦ ���r�Ùþ¡
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��HX<s�ÂÒì�r�Ér+'\�"f7á§�8d���̧e��>���Ò�¦��s���.Õªo��¦ÕªáÔ�ÐÕªÏþ�z�́'��_�7áx«Ñ\�¦_�p	כ

���H STOPõ�Õªo��¦áÔ�ÐÕªÏþ����$í
s�=åQèß��
��p_¦̀�	כ���H END�Ð ½̈$í
s�÷&#Qe����.çß�<�Ês�
STOP̀�¦Òqt|ÄÌÙþ¡�����¦Òqt�̀¦
���H�â
Äº��e����HX< (�9���_��â
Äº��.$3���\�áÔ�ÐÕªÏþ��̀¦���$í

�
����NS"3��¦��Hn�!Qç̂
\�~ÃÐ�̀¦[j�°?��.)=�GV,�#Q1>��ëß�áÔ�ÐÕªÏþ�s�7áx«Ñ�)a��.áÔ�ÐÕªÏþ�z�́'��
s�=åQs��������6£§õ�°ú �Érë�H�©��̀¦�o���\��Ð#�ï�r��.

Stop - Program terminated.

c:\>

s��Qô�Ç ú́��Ér STOPë�H\�_�K�µ1ÏÒqt
���H�.���s	כ

B.3.2 GOTO%K�

s� GOTO��H ���"î
s� @/éß�ô�Ç "î
§î
ë�Hs���. s��¦̀�	כ ��6 xô�Ç����H ��\M:ë�H	כ t��FK��t� �íàÔêøÍs�
Structured Language����H E�l�\�¦ 3lw[þt#Q �:r �.���s	כ s� "î
§î
ë�H�̀¦ ô�Ç/åJ�Ð ³ð�&³
���� Áº�̧|	�&h�
ì�rl�ë�Hs����¦
���HX<s�ú́�s�_�p�
���H@/�Ð��6£§@/�Ð���]j��#Qn��Ð��°ú�Ãºe����H"î
§î
ë�Hs�

��.s�XO�>�E�l�\�¦
�����©�{©�y�a%~�Ér��Ü¼�ÐÒqty��s�[þtt	כ �̧ØÔ��xt�ëß�ô�Ç���Òqty���̀¦K�ú<��.¾º
ç�H��áÔ�ÐÕªÏþ��̀¦��¿º%3���HX<���]j#Qn�"f#Qb�G>�°ú�t� �̧ØÔ�¦Õªzª�áÔ�ÐÕªÏþ�_�s�/BM$�/BMÜ¼

�Ð����HáÔ�ÐÕªÏþ��̀¦#��Qì�rs�s�K�½+É�9���\O�����jËµ[þt��x��.s� GOTOë�H�Ér@/ÂÒì�r IFë�HÜ¼�Ð
@/�̂½+É Ãº e��Ü¼Ù¼�Ð IFë�H�̀¦ +�"f ���$í

�l� ��êøÍ��.��z�́ s��Qô�Ç "î
§î
ë�Hs� e������H ��z�́ �̧	�
#��Qì�r\�>� ú́�
��¦z�·t�·ú§t�ëß�ÕªA��̧���r�[O�"î
�̀¦K��� |̈c��°ú ��"fV,��Ér���/@�s���.]X	כ
6 x
�t�����.7á§U�́>�áÔ�ÐÕªÏþ��̀¦���$í

��8A��̧]X�@/]X�@/��6 x
�t� ú́�����|̈c"î
§î
ë�Hs���.

B.3.3 PAUSE%K�

PAUSE"î
§î
�ÉráÔ�ÐÕªÏþ��̀¦{9�r�&ñ
t�r�v�l�0AK���6 xs��)a��.áÔ�ÐÕªÏþ��̀¦���$í

���H�â
Äº°ú�
���Û¼A�s��©�ô�Ç°úכs����̧��H�â
ÄºáÔ�ÐÕªÏþ��̀¦>�5ÅqÃº'��½+Ét���m����×�æt�r�~�́t�\�¦��6 x����

���×þ�½+ÉÃºe���̧2�¤ �̧ü<ï�r��.

Fortran Pause - Enter command<CR> or <CR> to continue.

s��Qô�ÇBjr�t�\�¦�Ð#�ÅÒ�¦��6 x��_�{9�§4��̀¦l���o��¦e��>��)a��.

B.3.4 CONTINUE%K�

CONTINUEë�H�Ér {9�ìøÍ&h�Ü¼�Ð DO]j#Që�H_� ���íß��̀¦ >�5Åq
�l� 0AK� ��6 x÷&%3�t�ëß� @/ÂÒì�r >�
íß�õ�&ñ
�̀¦>�5Åq
�l�0AK�"f��6 xs��)a��.ÅÒ�Ðë�H��� ñ\�¦·¡­#�"f��6 x
�>�÷& 9,7á§+'\�íß�Õüt
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IFë�H�̀¦[O�"î

���H\V]j\�"f��6 x
�>��)a��.Õª�Q¹7£כ��§\���HáÔ�ÐÕªÏþ����$í
r���_���6 x÷&t�
·ú§��H��.

B.3.5 CALL%K�

�íàÔêøÍ\�"f��HÂÒáÔ�ÐÕªÏþ�s����¦ SUBROUNTINEõ� FUNCTIONs�e����HX< FUNCTION�Ér°úכ
�̀¦[�t�9~ÃÎl�0AK�"f��6 xs�÷&�¦ SUBROUTINE�Ér{9�º��_�>�íß��̀¦Ãº'��ô�ÇÊê°ú̀�כ¦[�t�9ÅÒt�
��H·ú§��H��.s��Qô�Ç SUBROUTINÈ�¦Ãº'��
�l�0AK�"f��H CALL "î
§î
�̀¦·¡­#�"f��6 xô�Ç��.&ñ
SX�

�>�E�l�\�¦ô�Ç�����>�íß����õ�\�¦�Å���ÅÒ|���Å���ÅÒX<"î
SX�ô�Ç~½ÓZO��̀¦��6 xK�"f�Å���ÅÒ��H��s	כ

��m���.��×�æ\�s�ÂÒì�r\�@/K�"ff��]X���Ò�¦�.���s	כ

CALL SUBROUTINE

+þAd��Ü¼�Ð��6 xô�Ç��.

B.3.6 RETURN%K�

0A\�"f Bj��� áÔ�ÐÕªÏþ��̀¦ 7áx«Ñ
�l� 0AK�"f��H STOPë�H�̀¦ ��6 xô�Ç���¦ Ùþ¡%3���.Õªo��¦ Bj��� áÔ
�ÐÕªÏþ�\�"fÂÒáÔ�ÐÕªÏþ���î�rX<
������ SUBROUTINÈ�¦ÂÒØÔl�0AK�"f��H CALL�̀¦��6 xô�Ç��
�¦ Ùþ¡��.Õª�Q��� s��Qô�Ç SUBROUTINEs� 7áx«Ñ÷&�¦ ��r� Bj��� áÔ�ÐÕªÏþ�Ü¼�Ð [�t����l� 0AK�
"f��HÁº%Á	�̀¦��6 xK���½+É�� ?���Ðs� RETURǸ�¦��6 x
�����)a��.7£¤,áÔ�ÐÕªÏþ�_�Ãº'��]j#Q
\�¦Bj���Ü¼�Ð[�to�l�0AK�"f��6 x÷&��H"î
§î
s���.

SUBROUTINE TEST(a,b)
.
.
.

RETURN
END

{9�º��_�õ�&ñ
�̀¦���2;Êê RETURNÜ¼�Ð]j#Q\�¦�Å�l��¦áÔ�ÐÕªÏþ�s�=åQz�¤����H_�p�_� END\�¦��
6 x
�����)a��.��[jô�ÇÂÒáÔ�ÐÕªÏþ�_����$í
�Ér��×�æ\����Ð[O�"î
�̀¦
���x��.

B.3.7 IF%K�

IFë�H�Érß¼>�íß�Õüt,�7Ho�, �̂¦2�¤1pxÜ¼�Ð ½̈ì�rs�÷&t�ëß�#��Qì�r[þts� ú́§s���6 x½+ÉÂÒì�r�Ér�7Ho�ü<
�̂¦2�¤{9��s���.íß�Õüt	כ IFë�H�Ér>�íß��)a���õ�\�����"fy��y��_�½+É{©��)aë�H��� ñ\�¦z�́'��
�����H�	כ
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���X< �9���_� �â
+«>Ü¼�Ð ��_� ��6 x
�t� ·ú§��H��.�=����� ²DIs�s���� íß�Õüt IF\�¦ ��6 x
�t� ·ú§���̧
�7Ho� IF�Ð"f ½̈�&³½+ÉÃºe���¦ ¢̧ô�Çs�íß�Õüt IF\�¦��6 x
����áÔ�ÐÕªÏþ��̀¦{9�l���~1�t�·ú§l�M:ë�H
s���.ÕªXO�t�ëß�{9�éß�e������H��z�́õ�\V]j\�@/K�"fC�0>�Ð��.

program test

real a, b

a=10.0
read(*,*) b

if(a-b) 10, 20, 30

10 write(*,*) ’A is less than B’
goto 40

20 write(*,*) ’A is equal to B’
goto 40

30 write(*,*) ’A is greater than B’
40 continue

stop
end

�=s�íß�Õüt IFë�H�̀¦��6 x
����a%~t�·ú§�̀¦t���H �̧�FK���\�[O�"î
ô�Ç GOTOë�H�̀¦��6 xÙþ¡l�M:ë�Hs���.
Õªo��¦\V���\�s�p�E�l�\�¦Ùþ¡t�ëß�z�́Ãº\�¦q��§
���H�	כ�f°ú ����H³ð�&³s�Z>��Ð·ú§a%~����H"�\	כ

\�@/K�"f�7H_�\�¦Ùþ¡%3���.��ô�Ç����Ð��.{9�éß�íß�Õüt IF��H IFë�H��6£§\����̧��H���&ñ
\�����y��
y��_�ë�H��� ñ\�½+É{©�÷&��H/BMÜ¼�Ðs�1lx�̀¦ô�Ç��. ‘a-b’_����õ���#Qb�G>�÷&��\�����y��y��_�ë�H
��� ñ\� @/ô�Ç 
���H /BMÜ¼�Ð s�1lx�̀¦ K�"f Õª ë�H��� ñ\� @/ô�Ç �¦̀�	כ z�́'��ô�Ç��.+'\� 3>h_� ë�H��� ñ
�����̧��HX<>�íß����õ�°úכs�y��y���������°ú ����ß¼����\����� �̀����� 9z�́'��s��)a��.Õª���
X<Õª��6£§ gotoë�Hs�\O�Ü¼���>�5ÅqK�"fz�́'���̀¦
�>��)a��.Áº��HE�l������0A_�\V]j\�"f ‘goto
40’s�\O������ 10���ë�H�©�s�z�́'��s��)aÊê 20���ë�H�©�õ� 30���ë�H�©�s�z�́'��s�÷&#Q!Q�2;��.Õª�Q
Ù¼�Ð 10���ë�H�©�s�z�́'���)aÊê\�"f��r���o�\�¦ �̀���"f 40���Ü¼�Ð����ëß��)a��. ¢̧ô�Çz�́Ãº\�¦q�
�§
���H�â
Äº\���6 x
�t� ú́����¦Ùþ¡��HX<Óüt�:rq��§\�¦��\V
�t� ú́�����HE�l���H��m���.éß�,°ú 
����Hq��§\�¦:£¤y�&ñ
Ãºü<
�t� ú́�����H�
Q���4�¤ú̧�ô�Ç>�íß�õ�&ñ��s���.:£¤y�#	כs�e����HáÔ�ÐÕª
Ïþ�_��â
Äº\���H error��Áú¢#�"f 1.0Ü¼�Ð³ðr�÷&~��Õüw��_�°úכs� 0.9999999_�°úכs�[þt#Q����H�â

Äº�̧e��l�M:ë�H\�ß¼�����������\�¦q��§
���H�â
Äº��HÞ�¶¹1Þt�ëß�°ú ����Hq��§\�¦K�"f��H%í
Ýüæô�Ç

���õ�\�¦%3���H�â
Äº�̧e����.0A_�\V]j��Hë�H]j�����)�\O�Ü¼��ëß�{9�{9�º��_�>�íß�õ�&ñ
�̀¦���2;Êê
\���H%í
Ýüæô�Ç°úכs�[þt#Qe���̀¦Ãºe��l�M:ë�Hs���.

s�]j"é¶A���6 x
���H�7Ho� IFë�H\�@/K�"fC�0>�Ð��.�Ð:�x_��â
Äº\���H IF��6£§\�óøÍéß�_�l�
ï�rs����̧�¦l�ï�r\�����Ãº'��½+É"î
§î
�̀¦l�Õütô�Ç��.
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IF (logical_expression) statement

#�l�"f logical expression�Ér��6£§õ�°ú �Ér�.����þts�e]	כ

Relational & Logical Expression

Operator Meaning

.LT. or < Less Than

.LE. or<= Less than or Equal to

.EQ. or== Equal to

.NE. or/ = Not Equal to

.GT. or> Greater Than

.GE. or>= Greater than or equal to

.AND. True if both A and B are true

.OR. True if either A, B, or both, are true

.NEQV. True if either A or B is true, but false if both are true

.XOR. Same as .NEQV.

.EQV. True if both A and B are true, or both are false

.NOT. True if A is false and false if A is true

s��Qô�Ç óøÍéß� l�ï�r�̀¦ ëß�7á¤ r�&� logical expressions� �ÃÐ��� �â
Äº\�ëß� statement\�¦ z�́'���̀¦ ô�Ç��.
\V\�¦[þt#Q�Ð��.

program test

read(*,*) i

if(i .eq. 1) write(*,*) "Right !! You enter 1"

stop
end

��ÅÒ çß�éß�y� ëß���H \V]j�Ð ��6 x���� 1��� °ú̀�כ¦ i\� {9�§4��̀¦ 
���H �â
Äº\�ëß� writeë�Hs� z�́'��s� ÷&
�¦������â
Äº\���H��Áº�̧�	כ 
�t�·ú§�¦=åQ�̀¦�·p��.s�XO�>� IF�̀¦��6 x
���H�â
Äº��Hçß�éß�y�Áº���
��\�¦_�Û¼àÔô�ÇÊêçß�éß�ô�ÇØ�¦§4�s���>�íß�_�����â
�̀¦"é¶
���H�â
Äº\�����6 xô�Ç��.�84�¤ú̧�ô�Ç"î

§î
�̀¦z�́'��
�l�0AK�"f��H THENs��� ELSE\�¦��6 x
���H IFë�H�̀¦���$í
K���ëß�ô�Ç��.

Õª�Q�� #��Q>h_� "î
§î
�̀¦ Ãº'��
���H �â
Äº\���H THENs�����H v�0>×¼\�¦ ��6 xK���ëß� ÷&��HX<
s��Qô�Ç�â
Äº\���H �̂¦2�¤ IF���¦ÂÒ�Ér��.l��:r+þAI�\�¦�Ð��
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IF (logical_expression) THEN
statement block

ELSE IF (logical_expression) THEN
statement block

ELSE
statement block

ENDIF

$�����©�\�"fC�î�rmatlab_��â
Äºü<��_�Ä»��
���.s�XO�>� �̂¦2�¤ IF\�¦��6 x
���H�â
Äº\���H=�G��
t�}��\� ENDIF\�¦·¡­#�1>��ëß��)a��.\V\�¦[þt#Q�Ð��.%�6£§\���Hçß�éß�ô�Ç\V]j\�¦[þt#Q�Ð�¦��6£§\�
��H7á§���\�C�î�ríß�Õüt IFë�H�̀¦��7
"fK��Ð��.

program test

real a

read(*,*) a

if(a .gt. 0.) then
write(*,10) a

else
write(*,20) a

endif

10 format(’A is positive and the value is ’, f10.3)
20 format(’A is negative or zero and the value is ’, f10.3)

stop
end

0A_�\V]j��Hçß�éß�y� a����H°úכ\�����"f�ª�Ãº���t���m����6£§Ãº���t�\�¦óøÍéß�°ú̀�כ¦Ø�¦§4�
���HáÔ
�ÐÕªÏþ�s���.�íÐÓ	ë�H�Ér#Qn�\�e��~��t�çß�\�áÔ�ÐÕªÏþ�s�7áx«Ñ
�l����\�e��l�ëß�
�����)a��.

program test

real a, b, c

a=10.0

read(*,*) b
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c=a-b

if(c .lt. 0.) then
write(*,*) ’A is less than B’

else if(c .eq. 0)
write(*,*) ’A is equal to B’

else
write(*,*) ’A is greater than B’

endif

stop
end

s�\V]j��Híß�Õüt IFë�H�̀¦ �̂¦2�¤ IF�Ð��õ�H�
s���.s�XO�>�áÔ�ÐÕªÏþ��̀¦���$í	כ
���H�8��s	כs�K�
�
l�~1��¦ GOTOë�H�̀¦��6 x
�t�·ú§��"f7á§�8 ½̈�̧&h�áÔ�ÐÕªA�bç
�̀¦½+ÉÃºe����.

B.3.8 DO%K�

DOë�H�Ér>�íß��̀¦ìøÍ4�¤&h�Ü¼�Ðz�́'��
���H�â
Äº\���6 x
���HX<matlab\�"fE�l�ô�Ç for�� whileõ�Ä»
��ô�Ç"î
§î
#Qs���.

DO [label[, ] ] [loop-control]
block

[label] term-stmt

0Aü<°ú s�l��:r+þAs�ÅÒ#Qt���HX< DO��6£§\���6\��̀¦³ðr�
��¦Õªo��¦\O�����ìøÍ4�¤Ãº'��½+Ét�\�¦
���&ñ
K�ï�r��.��\V\�¦�Ð��.

program test

real sum
integer i

sum=0.

do 10 i=1,10
sum = sum + i

10 continue
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write(*,*) sum

sum = 0.

do i=1,10
sum = sum + i

enddo

write(*,*) sum

sum = 0.

do i=2,10,2
sum = sum + i

enddo

write(*,*) sum

stop
end

%�6£§\���6 xô�Ç DOë�H�Érl��:r&h����ë�HZO�\�Ø�æz�́
�>�ëß���H�.���s	כ do��6£§\�ë�H��� ñ\�¦{9�§4�Ùþ¡
Ü¼ 9 Õª ��6£§ Y>���� [�tt�\�¦ ���&ñ

���H i����H ���Ãº\�¦ ��6 xÙþ¡��. #�l�"f ���Ãº i��H 1ÂÒ'� r�����̀¦
K�"f 10��t�	�YV�Ð7£x��\�¦ô�Ç��."é¶A���H[j>h_����Ãº\�¦��6 xK�"fr����°ú7,כáx«Ñ°ú7£,כx��°úכÜ¼
�Ð��6 x
�t�ëß�7£x��°úכs�\O���H�â
Äº\���Hl��:r&h�Ü¼�Ð 1�̀¦��6 xô�Ç��.Õª�QÙ¼�Ðs��â
Äº\���H 1ÂÒ
'� 10��t�_� ½+Ë�̀¦ ½̈
�>� �)a��.Õª���X< s�XO�>� ���$í

���H �â
Äº\���H ë�H��� ñ\�¦ 
��� ��6 x
��¦
continue"î
§î
�̀¦��6 xK���ëß�
���Hë�H]j��e����.¿º���P: DOë�H�Ér enddo�Ð=åQs��� 9ë�H��� ñ\�¦��
6 x
�t�·ú§��¤��.#��Qì�r[þt�Ér#Qb�G>�Òqty��
���H�� ?s�XO�>����$í

���H�8��s	כçß����K��Ðs�t�·ú§
��H�� ?
�#�çß�ë�H��� ñ\�¦��6 x
������Ð���7á§	�HáÔ�ÐÕªÏþ��̀¦���$í

���H�â
Äº\���H�D¥êøÍs�Òqt|��
��.�íÐÓ	ë�H\�ë�H��� ñ\�¦t�&ñ

���H�����̧�	כ�XO��¦#Qn�\�#Q�"�ë�H��� ñ\�¦��6 xÙþ¡��Ht��̧ �̂ß¼\�¦
K���÷&��HX< DOë�H��$�ë�H��� ñ\�¦��6 x
�����8¹¡¤�84�¤ú̧�
�>��)a��.[j���P:\V]j��H[j���P:���
Ãº 7£¤,7£x��°ú̀�כ¦ ���&ñ
K�ÅÒ��H \V]js���.s����\� 7£x��°úכ�Ér 2�Ð s� DOë�H�Ér 2ÂÒ'� r�����̀¦ K�"f
10��t����Ãº�Ð7£x��\�¦
����"fÕª°úכ[þt_�½+Ë�̀¦>�íß�
���H\V]js���.s�&ñ
�̧ 
����l��:r&h���� DO
ë�H�̀¦s�K�
���HX<#Q�9¹¡§�Ér\O�Ü¼o���Òqty��s��)a��.

Õª�Q�����×�æ DOë�H�̀¦��6 xK��Ð��.��×�æ DOë�H�̀¦��6 x
���H�â
Äº��H@/ÂÒì�r'��§>=�̀¦��ÀÒ��H
ë�H]j\�"f��6 x
�>��)a��.����©�\�"fs�p�'��§>=�̀¦ëß���H~½ÓZO�\�@/K�"f��H[O�"î
�̀¦
�%i���.\V\�¦
[þt#Q 2×2'��§>=_� »	!lr�̀¦K��Ð��.

program test
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real a(2,2), b(2,2), c(2,2)

do i=1,2
do j=1,2

read(*,*) a(i,j)
enddo
enddo

do i=1,2
do j=1,2

read(*,*) b(i,j)
enddo
enddo

do i=1,2
do j=1,2

c(i,j)=a(i,j)+b(i,j)
enddo
enddo

do i=1,2
do j=1,2

write(*,*) c(i,j)
enddo
enddo

stop
end

7á§ t�ÀÒK� �Ðs�t�ëß� aü< b\� @/K� y��y�� 4>h_� {9�§4� °ú̀�כ¦ V,�#QÅÒ��� c���Ãº_� °ú̀�כ¦ %3��̀¦ Ãº e��
��.���Ãº\�¦{9�§4�
�l�z���Ér�â
Äº\���H openë�H�̀¦s�6 xK�"f{9��̀¦��{9��̀¦&ñ
K�ÅÒ�¦èß�Êê°ú9}¦̀�כ�
§4�~ÃÎÜ¼����)a��.ÕªXO�t�ëß�ÕªXO�>�ô�Ç�â
Äº\��̧ X<s�'���{9�_�+þAI���·ú����Ðl�jËµ[þt�.���s	כ
s�XO�>���õ�H�â
Äº#Qb�G>�÷&��Òqty���̀¦K��Ð��.

program test

real a(2,2), b(2,2), c(2,2)

open(9,file=’test.in’)
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do i=1,2
do j=1,2

read(9,*) a(i,j)
enddo
enddo

do i=1,2
do j=1,2

read(9,*) b(i,j)
enddo
enddo

do i=1,2
do j=1,2

c(i,j)=a(i,j)+b(i,j)
enddo
enddo

do i=1,2
do j=1,2

write(*,*) c(i,j)
enddo
enddo

stop
end

test.ins�����H��{9�\�"f>�íß�\���6 x|̈cX<s�'�°ú9�#}¦̀�כQ[þt�����.Õª�Q��� test.in��{9��Ér��6£§õ�
°ú s�ï�rq�K����)a��.

1
2
3
4
5
6
7
8

s�>� ÿ.���?#��Qì�r[þts� s� °ú̀�כ¦ �Ð��� ��Áºo� _�Û¼àÔ6 xÜ¼�Ð ëß���H áÔ�ÐÕªÏþ�s����¦ ½+Ét�A��̧
7á§�Ðl���·ú§a%~t�·ú§�Ér�� ?s�XO�>�{9�§4�
���H>�z��Ü¼�����6£§õ�°ú s�
��¦z�·�̀¦t� �̧ØÔ��x��.
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1 2 3 4 5 6 7 8

Õª���X<s�XO�>�ëß�[þt�¦�����\��Q\�¦µ1ÏÒqt½+É��Qì��s���.#	כr[þt�Érì�r"î
y� 8>h_�X<s�'�°ú̀�כ¦ÅÒ
%3�t�ëß�áÔ�ÐÕªÏþ��ÉrX<s�'���\O����¦
����"f\��Q\�¦µ1ÏÒqtô�Ç��.�=ÕªXO��� ? read�� writeë�H�Ér
ô�Ç���z�́'��s� |̈cM::£¤Z>�ô�Çt�r���(×�¦��ÀDK ‘/’)��\O���Hô�Çô�Ç×�¦_�X<s�'�\�¦{9�#Q[þt�����.Õªo��¦
ÕªX<s�'�[þt�ÉrñÁ�s������ñß�Ü¼�Ð ½̈ì�r�̀¦ô�Ç��.Õª���X<{9�#Qëß�[þt#��̧ @/{9�½+É���Ãº��\O�Ü¼���
!Q�9!Qo�l�M:ë�H\�'Í	×�¦\�e����H���Ãº��î�rX< 1_�°úכs� a(1,1)\�½+É{©�s�÷&�¦\O�l�M:ë�H\�X<
s�'��� �̧��ØÔ���¦\��QBjr�t�\�¦�Ð#�ÅÒ��H��s���.z�́]j���©�s��©�&h�Ü¼�ÐÒqt|��X<s�'�{9�§4	כ
+þAI���H�����̧��6£§õ�°ú �̀¦�.���s	כ

1 2
3 4
5 6
7 8

z�́]j'��§>=_� �̧_þvõ�Ä»��ô�Çs��Qô�Ç �̧_þvÜ¼�ÐX<s�'�\�¦{9�§4�
���H��s��Ðl�\����©�a%~�¦s�K	כ


�l��̧/'Ö�¦���9���#Qb�G>�K���|̈c�s���.s�XO�>�{9�§4��̀¦½+É	כ ?s�����â
Äº\� implied DO loop��
��H�
s�6 x¦̀�	כ�����)a��.7£¤,?/]j�)a DOÀÒáÔs���.

program test

real a(2,2), b(2,2), c(2,2)

open(9,file=’test.in’)

do i=1,2
read(9,*) (a(i,j),j=1,2)

enddo

do i=1,2
read(9,*) (b(i,j),j=1,2)

enddo

do i=1,2
do j=1,2

c(i,j)=a(i,j)+b(i,j)
enddo

enddo

do i=1,2
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write(*,*) (c(i,j),j=1,2)
enddo

stop
end

s�XO�>����$í

���� DOÀÒáÔ
�����\O�#Qt��¦{9�§4�s���Ø�¦§4�ÂÒì�r\���\V DOÀÒáÔü<q�5pwô�Ç+þA
I�_��¦��s�e��>��)a��.Õªo	כ read�� write��ô�Ç���m����6 xs�÷&%3�Ü¼Ù¼�Ð×�¦�̀¦��Ë̈t�·ú§�¦>�
5Åq���'��K���çß���.s����s�6 xô�Ç�����ô�Ç×�¦\�{9�§4�½+ÉÃº�̧e���̀¦�.���s	כ

program test

real a(2,2), b(2,2), c(2,2)

open(9,file=’test.in’)

read(9,*) ((a(i,j),j=1,2),i=1,2)
read(9,*) ((b(i,j),j=1,2),i=1,2)

do i=1,2
do j=1,2

c(i,j)=a(i,j)+b(i,j)
enddo
enddo

write(*,*) ((c(i,j),j=1,2),i=1,2)

stop
end

Õª���X<s�XO�>����$í
�̀¦
����"é¶A�_��̧ü<��H��ØÔ>�7á§ ½̈ì�r
�l�jËµ[þt��Ér	כ��Qm�s�s���.Õª	כ
Õªzª�\V]j�Ð"f�Ð#�ï�r�
x ��6¦̀�	כ��_���§s�Ù¼�Ð7á	כ���H��¦̀�~%s�a	כ�°ú ��.

B.3.9 Summary

s�����©�\�"f��Hy��7áx]j#Që�H\�@/K�"fC��°?��.s��
þt�̀¦&ñ]	כo�
������6£§õ�°ú ��.

• STOPë�H

• GOTOë�H
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• PAUSEë�H��6 x~½ÓZO�

• CONTINUEë�H

• CALLë�H��6 x~½ÓZO�

• RETURNë�H

• íß�Õüt IFü< �̂¦2�¤ IFë�H���$í
~½ÓZO�

• y��7áx�'a>�x9��7Ho����íß�����6 xZO�

• {9�ìøÍ&h� DOë�Hõ���×�æ DOë�H, implied DOë�H���$í
ZO�

• ��	�"é¶C�\P����$í
ZO�

B.4 ÉÙè«�×Ü«9̂g

t��FK��t�C�î�r���Ér@/ÂÒì	כr�ÉráÔ�ÐÕªÏþ����$í
_�l��:r&h¹כ�����è��÷&��H��K�C��°?��.s/@�\	כ
���\���Hs��Qô�Ç¹כ�è\�¦s�6 xK�"f�íàÔêøÍ\�"f��6 x÷&��HÂÒáÔ�ÐÕªÏþ����$í
~½ÓZO�\�@/K�"fC�î�r

��.ÂÒáÔ�ÐÕªÏþ�s����¦E�l�
���H��Ér	כ FUNCTIONõ� SUBROUTINEs�e��l�M:ë�Hs���.y��y���Ér
��6 x~½ÓZO�s����çß���ØÔ��.Õªo��¦Matlab\�"fs�p�E�l�\�¦Ùþ¡t�ëß�áÔ�ÐÕªÏþ��Ér����Éréß�0A�Ð��
*$"fBj���áÔ�ÐÕªÏþ�\�"f��H4�¤ú̧�K��Ðs���H���íß�õ�&ñ
°ú �Ér���Ér\O	כE���H�8��s	כ ò́Ö�¦&h����áÔ�Ð

ÕªA�bç
l�ZO�s���.

B.4.1 FUNCTION

function�Ér���©�l��:r&h����ÂÒáÔ�ÐÕªÏþ�s���. functions�[�t�9ÅÒ��H°úכ�Ér@/ÂÒì�r���Ãº
���s�Ù¼�Ð
#��Q��t����Ãº°ú̀�כ¦~ÃÎ��H�â
Äº\���HÂÒ&h�]X�ô�Ç��.l��:r&h����+þAI���H��6£§õ�°ú ��.

Type FUNCTION function_name(arg1,arg2...)
statement1
statement2
statement3
.
.
function_name=returned values
return
end
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{9�éß� ��6 x
��¦�� 
���H �<ÊÃº�� [�t�9ÅÒ��H °úכ_� X<s�'� +þAI�\� @/ô�Ç Types� 
¹כ��9��¦ FUNC-
TIONs�����Hv�0>×¼��6£§�<ÊÃº_�s�2£§�̀¦&h���H��.�<ÊÃº��H
���_����Ãº\�¦��|9�Ãº�̧e���¦#��Q
>h_����Ãº\�¦��|9�Ãº�̧e����.Õª��6£§ÂÒ'���H{9�ìøÍ&h�áÔ�ÐÕªÏþ��̀¦���$í

����÷&�¦�<ÊÃºs�2£§\�[�t
�9×�¦°ú̀�כ¦"î
r�ô�Ç��6£§=�G RETURNë�Hs�e��#Q���)a��.Õª��6£§ ENDF�Ð"fáÔ�ÐÕªÏþ�s�=åQz�¤6£§
�̀¦·ú��9ÅÒ����)a��.çß�éß�ô�Ç\V]j\�¦�Ð���"f���$í
~½ÓZO�\�@/K�"f·ú����Ð��.

program test

real a, b, c

a=1.
b=2.

c=sum_test(a,b)

write(*,*) c

stop
end

real function sum_test(x,y)

sum_test=x+y

return
end

s�\V]j��Hçß�éß�y�½+Ë�̀¦>�íß�
���H�<ÊÃº\�¦���$í

�%i���.s��<ÊÃº��[�t�9ÅÒ��H°úכ��H real+þAI�_�°úכ
s� 9, sumtest\�"f��6 x�)a���Ãº��� xü< y��Ht�%i����Ãº�Ð"f#Q*�ô�Çs�2£§Ü¼�Ð������s�÷&#Qe��#Q
�̧Áº~½Ó
���.Õªo��¦ returnë�Hs����̧l����\��<ÊÃºs�2£§\�K�{©�
���H sumtest\�ÅÒ#Q���¿º���Ãº
_�½+Ë_�°ú9}/@¦̀�כ�
��¦��t�}��Ü¼�Ð end�ÐáÔ�ÐÕªÏþ��Ér=åQs�z�¤��.�&³F���H�-Áºçß�éß�
�l�M:ë�H
\�s��Qô�Ç�<ÊÃº_����$í
�Ö¼z�t�3lw½+Ét¦¹�̀כ��9 �̧ØÔ��xt�ëß�z�́]j��Hs�XO�>�çß�éß�ô�ÇáÔ�ÐÕªÏþ��̀¦

���$í

�t� ·ú§��H��.�<ÊÃº\�¦ s�6 x½+ÉM:��H éß�í�Hy� s�2£§õ� s� �<ÊÃº�� [�t�9×�¦ ���Ãºëß� ������s� ÷&#Q
e��Ü¼����)a��.

���Ér\V�Ð"f�8 ú́§�Ér���Ãº��e����H�â
Äº��H#Qb�G>�½+Ét�Òqty���̀¦K��Ð��.

program test

real a, b, c, d, e, f, g
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a=1.
b=2.
c=1.
d=2.
e=1.
f=2.

g=sum_test(a,b,c,d,e,f)

write(*,*) g

stop
end

real function sum_test(o,p,q,r,s,t)

sum_test=o+p+q+r+s+t
return
end

s�áÔ�ÐÕªÏþ��Ér���0A&h�Ü¼�Ð���Ãº\�¦ ú́§s�æ¼��H�â
Äº\�¦�Ð#�ÅÒ�¦e����.s�XO�>����$í
�̀¦K��̧ ÷&
t�ëß�s��Qô�Ç�â
Äº\���H COMMONs�����H�
x ��6¦̀�	כ���H�8��s	כa%~��.��f��s�ÂÒì�r\�"f@/K�
"f ��[jô�Ç [O�"î
�̀¦ 
�t� ·ú§��¤t�ëß� çß�éß�y� ·ú����Ð��.¿º��t� 8£¤���\�"f �©�&h�s� e����HX< 
�����H
Bj�̧o� ]X����&h���� ���\�"f ��ÅÒ d��ô�Ç z©�q�s���.Bj���ë�H\�"f ��6 xô�Ç ���Ãº��H real+þAI��Ð 7>h_�
���Ãº����6 x÷&%3���. ¢̧ô�Ç�<ÊÃº\�"f��H"î
SX�ô�Ç���Ãº_�������ÂÒì�r�Ér\O�t�ëß����Ãº�Ð~ÃÎ��H �̧��H���
Ãº\�¦Bj�̧o�\�½+É{©�K���t�ëß���6 x½+ÉÃºe����.7£¤,0A_� sumtest�<ÊÃº��H���Ãº�Ð"f~ÃÎ��[þts���H
���Ãº 7>h_����Ãº\�¦ Bj�̧o�\�½+É{©�K���ëß����1lxs���0px
���.Õª�QÙ¼�ÐBj�̧o�\�¦ z©�q�
�>��)a
��. ¢̧ 
�����Hs� COMMON�̀¦��6 x
�������Ãº\�¦°ú̀�כ¦#Qn�"f��Ht���ÜãJÃºe����.7£¤, matlab\�
"f ��6 x÷&%3�~�� global���Ãºü< q�5pw
���. ��t�}��Ü¼�Ð ��6 x
���HX< e��#Q"f ���Ãº�� ú́§��t�Ù¼�Ð
7á§4�¤ú̧�
�����Héß�&h��̧e����.s��¦̀�	כ COMMON�̀¦��6 xK�"fçß�éß�y�³ð�&³
������6£§õ�°ú ��.

program test

real a, b, c, d, e, f, g
common /data/ a,b,c,d,e,f,g
a=1.
b=2.
c=1.
d=2.
e=1.
f=2.
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g=sum_test()

write(*,*) g

stop
end

real function sum_test()
common /data/ a,b,c,d,e,f,g
sum_test=a+b+c+d+e+f+g
return
end

s�XO�>�
���H�â
Äº\���H��\V���Ãº��\O���H+þAI�_��<ÊÃº�̧���$í
s���0px
�t�ëß���z�́s����d��Ü¼�Ð

��6 x
�l�0AK�"f COMMONë�Hs�e����H���Ér��m���.s�\V]j��Héß�í�Hy	כ COMMONë�H�̀¦��6 x
�
��H�
�Ð#�ÅÒl�0AK�"f���$í¦̀�	כô�Ç�.���s	כ

��s����\���H�<ÊÃº_����Ãº�Ð"fC�\P�s�[þt#Q�̧��H�â
Äº\�¦Òqty��K��Ð��. �̧@/�̂ C�\P��̀¦���Ãº
�Ð�Ðè­qM:��H#Qb�G>�K���|̈c�� ?\V]j\�¦�Ð��.

program test

real a(10), sum_result

read(*,*) (a(i),i=1,10)

sum_result=sum_test(a)

write(*,*) sum_result

stop
end

t��FK {9�éß� �<ÊÃºÂÒì�r\� @/ô�Ç ��Ér	כ NS�¦ ���Ãº�Ð"f C�\P��̀¦ ��6 x
���H �â
Äº\�¦ Òqty��K��Ð��.0Aü<
°ú s�éß�í�Hy� a����H���Ãº\�¦z�́ÃºC�\P��Ð"f�������̀¦ô�ÇÊê�<ÊÃº_����Ãº�Ð"fV,�#QÅÒl�ëß�
������
6 x½+ÉÃºe����.Õª�Q����<ÊÃº\�"fs�°ú̀�כ¦~ÃÎ��"f&h�]X�ô�Ç>�íß��̀¦½+ÉÃºe����.7£¤,C�\P�s�A��̧{9�
ìøÍ���Ér���Ãºü<	�s�\O�s�Bj���áÔ�ÐÕªÏþ�\�"f��6 x
�����)a��.Õª!3��<ÊÃº�̧ ÕªXO��� ?��m���.
�<ÊÃº\�"f��H���çß����Ér��.�<ÊÃº��H�&³F�C�\P����Ãº��[þt#QM®o����H�¦̀�	כ �̧ØÔ�¦éß�t�#Q*�ô�Ç���Ãº

���ëß��̀¦~ÃÎ�Ér�©�S!�s�Ù¼�ÐC�\P�s����Ãº�Ð[þt#Q�:r����H�.��91>���)a��ú·¦̀�	כ

real function sum_test(x)
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real x(10)

sum_test=0
do i=1,10
sum_test=x(i)
enddo

return
end

0A\�"f�Ð��H�õ�°ú s����Ãº�Ð"f��H	כ x����H���Ãº��[þt#QM®o���¦·ú��9ÅÒt�ëß��<ÊÃº?/\�"fs����
Ãº��HC�\P����Ãº����H���9ÅÒl�0AK�"f��r�C�\P��������̀¦K�1>��ëß���6 x½+ÉÃºe����.Õª��ú·¦̀�	כ
6£§�ÉrÕªzª�C�\P��̀¦æ¼1pws�>�íß�\���6 xëß�
�����)a��.

B.4.2 SUBROUTINE

s����\���HÂÒáÔ�ÐÕªÏþ���î�rX<
������"fÚÔÀÒ�2;\�@/K�[O�"î
�̀¦ô�Ç��."fÚÔÀÒ�2;�Ér0A\�"f[O�"î

ô�Ç FUNCTIONõ���H���çß����Ér&h�s�e����.'Í	���P:�Ð SUBROUTINE�Ér FUNCTIONõ���H²ú�o����
õ�°ú̀�כ¦"î
SX�y�[�t�9ÅÒt���H·ú§��H��.�<ÊÃº\�¦s�6 x
���H�â
Äº\���H�<ÊÃº��[�t�9ÅÒ��H°ú̀�כ¦&h�{©�ô�Ç
���Ãº\� @/{9�K�ÅÒl� M:ë�H\� ��6 x���� áÔ�ÐÕªÏþ� ���$í
r� #Q*�ô�Ç ���Ãº\� ���õ�°úכs� @/{9�÷&��Ht�

SX�z�́y� ·ú� Ãº e��t�ëß� "fÚÔÀÒ�2;_� �â
Äº\���H ÂÒáÔ�ÐÕªÏþ� z�́'��r� CALLs�����H \V���#Q\�¦ s�6 x
K�"f"fÚÔÀÒ�2;�̀¦ÂÒ\�¦÷�r#Q�"����Ãº��{9�§4����Ãºs��¦#Qb�G>����õ�°úכs�[�t���̧��Ht� ú̧� �̧�Ér��.
ÕªXO�t�ëß��<ÊÃº_��â
Äº\���H[�t�9~ÃÎ�̀¦Ãºe����H°úכs�
���µ1Ú\�\O�t�ëß�"fÚÔÀÒ�2;�ÉrÕª�Qô�Ç]j���

s�\O���.Óüt�:r COMMONë�H�̀¦s�6 x
���H�â
Äºs��Qô�Ç]j���s�\O�#Qt�t�ëß�ÕªXO�>�°ú̀�כ¦��Ë̈��H
�.���Éra%~�ÉráÔ�ÐÕªÏþ�~½ÓZO�s���m���.{9�éß�l��:r+þAI�\�@/K�"f·ú����Ð	כ

SUBROUTINE subroutine_name(arg1, arg2...)
statements
.
.
return
end

SUBROUTINEs�����Ht�r���\�¦·¡­���Êê"fÚÔÀÒ�2;_�s�2£§�̀¦&ñ
K�ÅÒ�¦y��y��_����Ãº\�¦&ñ
_�ô�Ç
��.Õª��6£§z�́'��
��¦��
���Hë�H�©��̀¦l�Õütô�Ç��6£§\���t�}��Ü¼�Ð��H RETURNë�Hõ� ENDë�H�̀¦+�
ÅÒ����)a��.s��Qô�Ç"fÚÔÀÒ�2;�̀¦ ñØ�¦
���H�â
Äº\���Hs�p�E�l�Ùþ¡~�� CALL�̀¦s�6 xK�"f"fÚÔÀÒ
�2;�̀¦ÂÒØÔ����)a��.Õª�Q���çß�éß�ô�Ç\V\�¦[þt#Q�Ð��.

program test

Numerical Method for Chemical Engineers
c©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



168 Using Fortran

real a, b, sum_result

a=1.0
b=2.0

call sum_test(a, b, sum_result)

write(*,*) sum_result

stop
end

s� \V]j��H [j>h_� ���Ãº\�¦ ~ÃÎ��"f {9�º��_� >�íß��̀¦ 
���H \V]js���."fÚÔÀÒ�2;�̀¦  ñØ�¦
���H ��Ér	כ
calls�����H�xÙþ¡�¦"fÚÔÀÒ�2;_�s�2£§�Ér ��6¦̀�	כ sumtests���.Õª�Q���s�]j"fÚÔÀÒ�2;�̀¦ëß�[þt#Q
�Ð��.

subroutine sum_test(x,y,z)

real x, y, z

z=x+y

return
end

"fÚÔÀÒ�2;�Érçß�éß�
�>�¿º>h_����Ãº½+Ë�̀¦>�íß�ô�Ç��6£§&h�{©�ô�Ç���Ãº\�s�°ú̀�כ¦u�8̈�K�ÅÒ��H��s	כ

��."fÚÔÀÒ�2;\�"f��6 x�)a x, y, z��H �̧¿ºt�%i����Ãºs���.0A_��<ÊÃº_�\V]j\�"f��H�<ÊÃº\�"f��
6 x
���H���Ãº\�@/ô�ÇX<s�'�+þA������ÂÒì�rs�\O��O\¹כ��9.��#Q"f����m���Õªzª�Òqt|ÄÌ�̀¦ô�Ç��s	כ
��.C�\P�_�\V]j\�"f��Hì�r"î
y����Ãº��Áº%Á	���t��������̀¦K�ÅÒ%3���.��z�́0A_�\V]j\�"f��H"f
ÚÔÀÒ�2;\�"f��6 x
���H���Ãº\�@/ô�Ç������ÂÒì�rs��9¹כ�\O�t�ëß��8¹¡¤SX�z�́ô�ÇáÔ�ÐÕªÏþ��̀¦���$í

�

��H�â
Äº\���H+�ÅÒ��H¼#�s��8a%~��.0Aü<°ú �ÉráÔ�ÐÕªÏþ��̀¦���$í

���H�â
Äº\���H²DIs�"fÚÔÀÒ�2;
�̀¦s�6 x½+É�9¹כ���H\O���.s��Qô�Ç�â
Äº\���6 x
����¦"fÚÔÀÒ�2;s�e����H�.���s���m�l�M:ë�Hs	כ
Õª�Q���7á§�8�&³z�́$í
e����H\V]j\�¦ëß�[þt#Q�Ð��.C�\P�_�½+Ë�̀¦>�íß�
���HáÔ�ÐÕªÏþ��̀¦ëß�[þt#Q�Ð��.
{9�éß�r�����Ér"fÚÔÀÒ�2;�̀¦��6 x
���H·ú§��H�â
Äº�ÐK��Ð��.

program test

real a(2,2), b(2,2), c(2,2)
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do i=1,2
read(*,*) (a(i,j),j=1,2)

enddo

do i=1,2
read(*,*) (b(i,j),j=1,2)

enddo

do i=1,2
do j=1,2

c(i,j)= a(i,j)+b(i,j)
enddo

enddo

do i=1,2
write(*,*) (c(i,j),j=1,2)

enddo

stop
end
subroutine sum_test(x,y,z)

real x, y, z

z=x+y

return
end

program test

real a(2,2), b(2,2), c(2,2), d(2,2), e(2,2)

do i=1,2
read(*,*) (a(i,j),j=1,2)

enddo

do i=1,2
read(*,*) (b(i,j),j=1,2)

enddo
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do i=1,2
read(*,*) (c(i,j),j=1,2)

enddo

do i=1,2
do j=1,2

d(i,j)= a(i,j)+b(i,j)
enddo

enddo

do i=1,2
do j=1,2

e(i,j)= c(i,j)+a(i,j)
enddo

enddo

do i=1,2
write(*,*) (d(i,j),j=1,2)

enddo

do i=1,2
write(*,*) (e(i,j),j=1,2)

enddo

stop
end

s�áÔ�ÐÕªÏþ��̀¦s�K�
���H��9î��ÉrÕªo�#Q	כr�>s���u�́����.Õª���X	כ ú̧��Ð���>�5ÅqìøÍ4�¤÷&��HÂÒ
ì�rs�e����.{9�éß�'��§>=_�½+Ë�̀¦>�íß�
���HÂÒì�r�̀¦"fÚÔÀÒ�2;Ü¼�Ð���$í
K��Ð��.

subroutine sum_array(x,y,z)

real x(2,2), y(2,2), z(2,2)

do i=1,2
do j=1,2

z(i,j)= x(i,j)+y(i,j)
enddo

enddo

return
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end

s�"fÚÔÀÒ�2;�̀¦s�6 x
����0A_�áÔ�ÐÕªÏþ��̀¦��6£§õ�°ú s�Ãº&ñ
K����)a��.

program test

real a(2,2), b(2,2), c(2,2), d(2,2), e(2,2)

do i=1,2
read(*,*) (a(i,j),j=1,2)

enddo

do i=1,2
read(*,*) (b(i,j),j=1,2)

enddo

do i=1,2
read(*,*) (c(i,j),j=1,2)

enddo

call sum_array(a,b,d)
call sum_array(c,a,e)

do i=1,2
write(*,*) (d(i,j),j=1,2)

enddo

do i=1,2
write(*,*) (e(i,j),j=1,2)

enddo

stop
end

��s�]j�Ð��� sumarray����H"fÚÔÀÒ�2;s�Áº%Á	�̀¦
���Ht� �̧ØÔ��xt�ëß�
�#�çß�áÔ�ÐÕªÏþ�s� ú́§s�
çß����K�&����.Õª�Q���7á§�8Òqty���̀¦K��Ð��.'��§>=_�°ú̀�כ¦ÂÒØÔ��HÂÒì�r�̧7á§×�¦#��Ð��.

subroutine read_array(x)

real x(2,2)
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do i=1,2
read(*,*) (x(i,j),j=1,2)

enddo

return
end

Õª�Q���Bj����̀¦��6£§õ�°ú s���7
���)a��.

program test

real a(2,2), b(2,2), c(2,2), d(2,2), e(2,2)

call read_array(a)
call read_array(b)
call read_array(c)

call sum_array(a,b,d)
call sum_array(c,a,e)

do i=1,2
write(*,*) (d(i,j),j=1,2)

enddo

do i=1,2
write(*,*) (e(i,j),j=1,2)

enddo

stop
end


���HU�́\�Ø�¦§4�
���HÂÒì�r��$�Ãº&ñ
�̀¦K��Ð��.

subroutine write_array(x)

real x(2,2)

do i=1,2
write(*,*) (x(i,j),j=1,2)
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enddo

return
end

s��
�s�6 xô�Ç�����Bj����Ér&ñ$��	כú́�çß����
�>���6£§õ�°ú s� |̈c�.���s	כ

program test

real a(2,2), b(2,2), c(2,2), d(2,2), e(2,2)

call read_array(a)
call read_array(b)
call read_array(c)

call sum_array(a,b,d)
call sum_array(c,a,e)

call write_array(d)
call write_array(e)

stop
end

%�6£§\� �<ÊÃºü< "fÚÔÀÒ�2;_� 	�s�&h�\�"f "fÚÔÀÒ�2;_� �â
Äº\���H ���õ�°úכs� #Qn�\� $��©�s� ÷&��H

t�"î
SX�
�t�·ú§���¦Ùþ¡��.#��Qì�r[þts���s�p�#��Qì�rs�f��]X�áÔ�ÐÕªÏþ��̀¦���$í

��¦e��Ü¼m�#Q
Ö¼°úכs�{9�§4����Ãº��÷&�¦#QÖ¼���Ãº��Ø�¦§4����t�~1�>�·ú�Ãºe��t�ëß�ëß�������Ér��|ÃÐs�����m�

���#��Qì�rs�r�çß�s�7á§t�èß�+'\�0A_�áÔ�ÐÕªÏþ��̀¦�:r�����·ú�Ãºe���̀¦�� ?s�ÂÒì�r�Ér7á§�8Òqt
y���̀¦K��̂¦ë�H]js���.Õª�QÙ¼�ÐáÔ�ÐÕªÏþ��̀¦���$í
½+ÉM:\���Hs�õ�3lq_�%�6£§ÂÒì�r\�"fE�l�Ùþ¡1pw
s�&h�]X�ô�ÇÅÒ$3�ë�H�̀¦²ú���"f[O�"î
�̀¦K�1>��ëß��)a��.C�\P�_�½+Ë�̀¦>�íß�
���HÂÒì�r\�ÅÒ$3��̀¦²ú�
���Ð��.

subroutine sum_array(x,y,z)
c
c ¬È ª¸̈Æ¦Á±Ýá¬Ûá ­Á¬ ­̧Ýá ¤Á¡µ¬Ç ¨µ¬Ïå¬Ç ³Éî¬Ûå ¡»ªÉá³ £́Ûá ¦Á±Ýá¬È¤´.
c ­Á¬ ­̧Ýá ¨µ¬Ïå¬Ûá §¼¤Á ªÝåªÁ³Ïò¬Æ¦¼ ªÍá¬Íá¤Ôá ¨ÏáªÁ¦Ûå ª ¬́Õò³Éá¤´.
c input : x, y
c output : z
c

real x(2,2), y(2,2), z(2,2)
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do i=1,2
do j=1,2

z(i,j)= x(i,j)+y(i,j)
enddo

enddo

return
end

0Aü<°ú s�ÅÒ$3��̀¦²ú���ö"��t�ëß���×�æ\����]j��Ht��:r��������s�~��t���m�������Ér��|ÃÐs��Ð�8

A��̧0A_�"fÚÔÀÒ�2;�̀¦s�K�½+ÉÃºe���̀¦Ãºe����.=�GÅÒ$3�õ�[þt#�æ¼l�
���H!Q2£©�̀¦[þts�l���êøÍ
��. ¢̧ô�Ç���Ãºs�2£§�̧ ��Áº���_�p�\O���H�
x ��6¦̀�	כ�t� ú́��¦÷&�̧2�¤s����_�p�e����H���Ãº\�¦��
6 xK�"f��r��Ð�8A��̧ s�K���~1�>�ëß�[þt#Q+$��ëß��)a��.��z�́\V��� 5-6̧�����ëß�
��8A��̧ �íàÔ
êøÍ\�"f��6 x½+ÉÃºe����H���Ãºs�2£§ß¼l�_�]j���s�e��%3���. 8��o�ëß�_����Ãº\�¦��6 x
�l�M:ë�H\�
ëß���� a����H���Ãº��Ä»|¾Ó�̀¦_�p�
���H���Ãº����â
Äºéß�í�Hy� fa&ñ
�̧�Ðëß�K�"fæ¼��H�â
Äº�̧e��%3�
t�ëß��&³F���HÕª�Qô�Ç]j���s�\O�Ü¼Ù¼�Ð flowratea�Ð���Ãº\�¦ëß�[þt#Qæ¼��H�
�s��s̀���s�K	כ�l�~1�
��.

��t�}��Ü¼�Ð ÂÒáÔ�ÐÕªÏþ�[þt�̀¦ s�6 x½+É M: �©�&h�\� @/K�"f E�l�\�¦ K��Ð��.0A\�"f K®o1pws� éß�
í�Hy�Bj���áÔ�ÐÕªÏþ�s�çß����K�t���H�̀��ü@\����Ér�©�&h��Ér\O	כ¦�� ? 1000×�¦��o�áÔ�ÐÕªÏþ��̀¦���
$í

���H��Ð��ÂÒáÔ�ÐÕªÏþ��̀¦s�6 xK�"f	כ 300×�¦�̀¦���������H����ëß�s��©�&h�{9	כ ?��m���. ú̧�Òqty��
K� �Ð��.#��Qì�rs� C�%i��̀¦ ½+Ë�̀¦ >�5Åq&h�Ü¼�Ð >�íß�
���H áÔ�ÐÕªÏþ��̀¦ ���$í
ô�Ç���¦ 
���.s��Qô�Ç
�â
ÄºÓüt�:rz�́Ãº\O�s�>�5Åq>�íß�
���HÂÒì�r�̀¦4�¤��ü<·¡­#�V,�l�\�¦s�6 xK�"f&ñ
SX�
�>�
�%i������

Óüt�:r ë�H]j�� \O��̀¦ Ãº e����.ÕªXO�t�ëß� 1000×�¦��o� áÔ�ÐÕªÏþ��̀¦ 
�ÀÒëß�\� ���$í
ô�Ç����H ��Ér	כ �©�
{©�ô�ÇÁºo�����\�¦���¦ÕªXO������ 9}9�\���*$"fáÔ�ÐÕªÏþ��̀¦���$í
½+ÉÃºµ1Ú\�\O��̀¦�s���.Õª	כ
����â
Äº
������Ðm�×�æçß�\�áÔ�ÐÕªÏþ��̀¦ ú̧�3lw
�x�K�ü<"fë�H]j��Òqtl���H�â
Äº��µ1ÏÒqt½+ÉÃº

�̧e���̀¦��ÂÒáÔ�ÐÕªÏþ�[þt�Érx�½+ÉÃºe��>�K�ï¦̀�	כ�Qô�Ç��s���.s	כr��.ÂÒáÔ�ÐÕªÏþ�Ü¼�ÐáÔ�ÐÕª
Ïþ��̀¦ ���$í

���H �â
Äº\���H ìøÍ4�¤÷&��H áÔ�ÐÕªÏþ�\�"f #��Qì�r_� z�́Ãº\�¦ þj@/ô�Ç ×�¦#�ÅÒ�¦ ���$í
�̀¦

¢-a«Ñô�Ç ��6£§\� n�!Qç̂
�̀¦ 
���H �â
Äº\��̧ éß�í�Hy� ÂÒáÔ�ÐÕªÏþ� ÂÒì�rëß��̀¦ �̂ß¼K�ÅÒ��� ÷&l�M:ë�H

\�n�!Q|��r�çß��̀¦×�¦#�ï�r��.Óüt�:rl���}���2³áÔ�ÐÕªA�bç
z�́§4��̀¦°ú�ÆÒ�¦e��#Q"fô�Ç���áÔ�ÐÕªÏþ�
�̀¦����� QaÅ@5Åq\�"f�����y�(����{9��Q�����1lx�̀¦K�"f �̧ÀÓ\�¦¹1Ô��?/���"f���'���̀¦ô�Ç�����ë�H]j

��\O���xt�ëß��9���_��â
Äº\���HáÔ�ÐÕªÏþ��̀¦���$í

���Hr�çß��Ð��#Q�"��â
Äº\���HáÔ�ÐÕªÏþ�_� �̧

ÀÓ\�¦ ú̧���HX<�8 ú́§�Érr�çß��̀¦�ÐÍÇx�¦ ¢̧ s��Qô�Çë�HZO�&h� �̧ÀÓ\�¦ ú̧���HX<�Ð�·pr�çß��Ð��&ñ
ú́��7H

o�&h� �̧ÀÓ\�¦ ú̧���HX<�8 ú́§�Érr�çß��̀¦)�q�K�M®o��.Óüt�:r#��Qì�rs�s��Qô�Ç{9�s�Òqtl�t�·ú§�̀¦��
���¦ E�l�½+É Ãº e���̀¦t� �̧ØÔ��xt�ëß� 
�#�çß� @/ÂÒì�r_� �â
Äº\���H ÂÒáÔ�ÐÕªÏþ�Ü¼�Ð áÔ�ÐÕªÏþ��̀¦

�̧y���̧y��ëß�[þt�����×�æ\����ÉráÔ�ÐÕªÏþ��̀¦���$í

���H�â
Äº\��̧ s����\�ëß���HáÔ�ÐÕªÏþ��̀¦��4R

����æ¼�¦Õªo��¦(����{9�\����o���Hr�çß��̧×�¦{9�Ãºe����.s�ÂÒì�r\�@/ô�Ç���Ér��6£§�©�\�"fE	כ
l�\�¦
���x��.
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B.4.3 ÉÙè«�×Ü«9̂g�É�����


s�����©�\�"f0A\�"f���$í
ô�ÇÂÒáÔ�ÐÕªÏþ�[þt�̀¦(����{9�
��¦a�Aß¼
���H~½ÓZO�\�@/K�"fE�l�\�¦K�

�Ð��.t��FK��t�#��Qì�r[þts�K��:r~½ÓZO��Éréß�í�H
�>�
���_���{9�\� �̧��HáÔ�ÐÕªÏþ�[þt�̀¦V,��¦Õª

���_� ��{9�ëß��̀¦ (����{9�K�"f ��6 xK� M®o��.Õª��� �â
Äº Òqtl���H ë�H]j&h�õ� K���� ~½ÓZO�\� @/K�"f
�7H_�\�¦K��Ð��.

{9�éß��8
�l�ü<NSl�\�¦"fÚÔÀÒ�2;Ü¼�Ð���$í
�̀¦
��¦Y�L
���Hl���H�<ÊÃº�Ð"f���$í
�̀¦ô�Ç��6£§
�

��_���{9�\�$��©��̀¦
���.

program test

integer i, j, k

i=2
j=3

call iconst_minus(i,j,k)

write(*,*) k

call iconst_plus(i,j,k)

write(*,*) k

k=iconst_multi(i,j)

write(*,*) k

stop
end

subroutine iconst_minus(i1,j1,k1)

k1=i1-j1

return
end

subroutine iconst_plus(i1,j1,k1)
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k1=i1+j1

return
end

integer function iconst_multi(i1,j1)

iconst_multi=i1*j1

return
end

s�XO�>�
���_���{9�\�$��©��̀¦ô�Ç��6£§çß�éß�y� df test1.f ���¦{9�§4��̀¦
����z�́'����{9��̀¦ëß�

[þtÃºe����.Õª�Q���ëß����s�XO�>�K�¿º�¦èß�Êê\� iconstminus����H"fÚÔÀÒ�2;�̀¦Ãº&ñ
K���÷&��H
�â
Äº\���HÃº&ñ
�̀¦
��¦èß�Êê��r� df test1.f \�¦z�́'��K����)a��.��z�́s�ÂÒì�r\�@/K�"fE�
l�\�¦K���÷&t�ëß�{9�éß��Å�#Q���¦s���{9��̀¦��0>"f 4>h_���{9��̀¦��õ�H��6£§#Qb�G>�K���÷&��H
t�Òqty��K��Ð��.y����_�s�2£§\�������{9��̀¦$��©�
�����)a��.

program test

integer i, j, k

i=2
j=3

call iconst_minus(i,j,k)

write(*,*) k

call iconst_plus(i,j,k)

write(*,*) k

k=iconst_multi(i,j)

write(*,*) k

stop
end

---------------------------------------------
subroutine iconst_minus(i1,j1,k1)
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k1=i1-j1

return
end

---------------------------------------------
subroutine iconst_plus(i1,j1,k1)

k1=i1+j1

return
end

---------------------------------------------
integer function iconst_multi(i1,j1)

iconst_multi=i1*j1

return
end

s� áÔ�ÐÕªÏþ�_� y��y��_� ¤èÛ¼ �ï×¼\�¦ test.for, iconstminus.for, iconstplus.for, iconstmulti.for��
�¦$��©��̀¦Ùþ¡�����s���{9�[þt�̀¦#Qb�G>�
����z�́'����{9��Ðëß�[þtÃºe���̀¦�� ?çß�éß�y���6£§õ�°ú 
s�
�����)a��.

df test.for iconst_minus.for iconst_plus.for iconst_multi.for

s�XO�>�
�����íàÔêøÍ(����{9��Q��H{9�éß� maináÔ�ÐÕªÏþ��̀¦¹1Ô��H��.¹1Ô���Ð��� test.for�� mains���
��H��������ô�ÇÊêz�́'����{9��̀¦ëß���H��.Õª�¦̀�	כ�ú��¦�� Qt���Héß�í�Hô�ÇÂÒáÔ�ÐÕªÏþ�s�����H·¦̀�	כ
X<\V���\���6 x
�~���íàÔêøÍ(����{9��Q_��â
Äº\���HBj{9�áÔ�ÐÕªÏþ�_�s�2£§Ü¼�Ðz�́'����{9��̀¦ëß�

[þt%3�Ü¼�� "î
§î
�½Ó\�"f ���\O��̀¦ 
���H �â
Äº �&³F� �9����� ��6 x
��¦ e����H �íàÔêøÍ (����{9��Q_� �â


Äº(Visual Fortran 6.0)\���H df "î
§î
#Q��6£§\����Ð��ü<e����H¤èÛ¼�ï×¼_�s�2£§Ü¼�Ðz�́'����{9�
�̀¦ëß���H��.0A_��â
Äº\���H test.exe �̀¦ëß�×¼�����Ér��{9�s�e����H�â
Äº\���HÕª¤èÛ¼�ï×¼_�s�

2£§Ü¼�Ð��7
!Q�2;��.Õª�Q��:�x½+Ë>hµ1Ï 8̈��â
�̀¦s�6 xK�"fáÔ�Ð#�oàÔ\�¦ëß�[þt#Q"f���\O�
���H�â
Äº
\���Hëß�[þt�¦��Ùþ¡~��áÔ�Ð#�oàÔ_�s�2£§Ü¼�Ðz�́'����{9��̀¦ëß���H��.Õªo��¦�� Qt�n��7��Ðo�\�z��
�� e����H ��{9�[þt�Ér \O���."é¶A���H (����{9� Ùþ¡�̀¦ M: ��6 x�)a obj��{9�[þts� z���� e��#Q�� ÷&�� z�́'��
��{9��̀¦ ëß�[þt�¦èß�Êê\���H:£¤Z>�y�Ä»t�
�t�·ú§�¦t�0>!Q�2;��. df ����H"î
§î
#Q��H (����{9�õ� a�A
ß¼\�¦1lxr�\�K�ÅÒ��HáÔ�ÐÕªÏþ�s���.

��#�l�"f ú̧�Òqty���̀¦K��Ð��.z�́'����{9��̀¦ëß�[þtl�0AK�"f��H¿º��t�éß�>�\�¦��5g���)a��.

• ¤èÛ¼��{9��̀¦3lq&h��ï×¼(object code)�Ðëß�×¼��Héß�>�
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• object codeü<���Ér�9¹כ�ô�Ç��s�ÚÔ�Qo�[þt�̀¦s�6 xK�z�́'����{9��̀¦ëß�×¼��Héß�>�

s�XO�>� ¿ºéß�>�\�¦ ��5g�� ÷&��HX< #��Q>h_� ÂÒáÔ�ÐÕªÏþ�Ü¼�Ð ½̈$í
�)a áÔ�ÐÕªÏþ��̀¦ 
���_� ��{9�

�Ð���$í
�̀¦
���H�â
Äº\���Hs����÷¶ÂÒì�r�̀¦&h�6 x
�l�0AK�"f��H��{9��̀¦(����{9�K���÷&�¦ ¢̧ô�Çëß�

[þt#Q��� object code\�¦a�Aß¼K�"fz�́'����{9��̀¦ëß�[þt#Q���)a��.Õª���X<ÕªXO�>�
������Ð���(����
{9�
���Hr�çß�s�7£x��÷&>��)a��.Óüt�:r#��Qì�r[þts����$í

���HáÔ�ÐÕªÏþ��ÉrÕªXO�>�d��
�>�	�s���
��t�·ú§��H��.ÕªXO�t�ëß�ëß����¤èÛ¼�ï×¼_���{9�s� 100kb��÷&��H�â
Äº\���HE�l���d�¦�9�����.�&³
F�ëß�[þt�¦e����Hy©�_�2�¤\�"fs��íàÔêøÍ\��'aº���)a��{9�_�ß¼l��� 60kb���Å���H��.ÕªXO�t�ëß�×�¦
�Ér 3000���������s��)a��.ëß����s�XO�>�ëß�[þt#Q����íàÔêøÍ¤èÛ¼��{9��̀¦(����{9�
���HX<��H�©�{©�
ô�Çr�çß�s��è¹כ�)a��.Óüt�:r �̧��H�
��������\��Ér(��ÉÓ'�_����ª	כ���xt�ëß�ÕªA��̧ ÕªXO�>�
���H
�
�Ér&ñ	כú́����ÐÛ¼�Qî�r{9�s���.Õª�Q���#��Q>h_�¤èÛ¼��{9��Ð��è�H�â
Äº\�0Aü<°ú s�(����{9�
K�"fz���Ér��{9�s���t�0>t����ëß����¤èÛ¼��{9�_�ô�Ç¿º>h������â
÷&��H�â
Äº>á¤°ú s� �̧��H��{9�

�̀¦(����{9�K����)a��.Õª�QÙ¼�Ð df "î
§î
#Q\�¦Õªzª���6 x
�t� ú́��¦�íàÔêøÍ\��'aô�Çy©�_�_�%�6£§
ÂÒì�r\�e����H /compile only ����H �̀v����̀¦��6 xK�"f{9�éß� �̧¿º(����{9��̀¦ô�ÇÊêa�Aß¼\�¦K�"f
��6 xK���ëß�ô�Ç��.

df /compile_only test.for iconst_minus.for iconst_plus.for iconst_multi.for

s�XO�>�K��̧÷&�¦��m���� �̧��H��{9��̀¦��u���H�¹1
(�s	כÞÜ¼�����6£§õ�°ú s�K��̧�)a��.

df /compile_only *.for

s�XO�>�
���� �̧��H¤èÛ¼�ï×¼\�@/ô�Ç(����{9��̀¦r�'��K�"f obj��{9�[þt�̀¦Òqt$í
K�ï�r��.Õª�Q���s�
�Qô�Ç��{9��̀¦s�6 xK�"fz�́'���ï×¼\�¦ëß�[þtl�0AK�"f��H

df *.obj

s�XO�>�
���H�â
Äº���$�s�2£§s� �̧��H�
�s�z�́'����{9��Ðëß�[þt#Qt�Ù¼�Ð��6£§õ�°ú s	כ����s�2£§�̀¦

"î
r�K�×�¦Ãºe����.

df /exe:test *.obj

Õª�Q��� test.exe ��{9��̀¦ëß�[þt#Qï�r��.Õª�Q���s�XO�>���6 x½+ÉÂÒáÔ�ÐÕªÏþ�\�@/ô�Ç obj�ï×¼\�¦
ëß���HÊê\� test.for��{9�s�Ãº&ñ
s�÷&��H�â
Äº\���Hçß�éß�y�

df test.for *.obj

���¦{9�§4��̀¦
����ÂÒáÔ�ÐÕªÏþ��̀¦��r�(����{9�
���H{9�\O�s�Õªzª� test.for��{9�ëß��̀¦(����{9�K�"f
obj code\�¦ ëß�[þt�¦ a�Aß¼K�"f z�́'�� ��{9��̀¦ ëß�[þt#Qï�r��.Õª���X< ëß���� ÂÒáÔ�ÐÕªÏþ� ��î�rX< 
���
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�����+þAs�÷&��H�â
Äº\���H#Qb�G>�K���|̈c�� ?Óüt�:rs��
	כ���ëß�(����{9�
��¦�� Qt���HÕªzª� obj
code\�¦��6 x
�����)a��.ÕªXO�t�ëß�s�XO�>�
���H�â
Äº7á§������Q0>�����.�=�����s�p�s���{9�_�
obj code��e��l�M:ë�H\�0Aü<°ú s� wildcard(*l� ñ)��6 xK�"f��H"é¶
���H���õ�\�¦%3��̀¦Ãº\O���.
ÕªXO������K�{©�÷&��HÃº&ñ
�)a��{9�_� obj code\�¦t�Äº�¦��"f����6 x½+ÉÃºe���̀¦�Qô�Ç��s���.s	כ
Ô�¦¼#�M:ë�H\� make����HÄ»�9�o�w���e����.s�ÂÒì�r�Ér��×�æ\�[O�"î
�̀¦
���x��.{9�éß�t��FK�Éréß�í�H

�>�ÂÒáÔ�ÐÕªÏþ�Ü¼�Ð ½̈$í
�)aáÔ�ÐÕªÏþ�_�(����{9�~½ÓZO�\�@/K�"fëß�C�Äº��.

B.4.4 ��l�áÃ�ah�ï5Ñ�æ·e�

����©�\�"fÂÒáÔ�ÐÕªÏþ�Ü¼�Ð ½̈$í
s��)a¤èÛ¼áÔ�ÐÕªÏþ��̀¦(����{9�
���H~½ÓZO�\�@/K�"fC��°?��.Õª
!3�s�]jô�Ç����8Òqty���̀¦K��Ð��.ëß����?/��"é¶
���H#��Q��t�ÂÒáÔ�ÐÕªÏþ��̀¦ëß�[þt%3���HX<�&³F�
��Hs��Qô�ÇÂÒáÔ�ÐÕªÏþ�Ü¼�Ð���3lwÖ¼z��¦e����.Õª���X<s(���¦�\¹כ�þA½+É�9+���¦̀�	כ ½̈$í
�)a�¦̀�	כ
��6 x
�l�0AK�"f��H�½Ó�©�#��Q>h_�¤èÛ¼�ï×¼\�¦��t��¦���.���)a��.7á§Ô�¦¼#�
�t�·ú§�Ér�� ?Õª
A�"f ���:r��s	כ ��s�ÚÔ�Qo���.��s�ÚÔ�Qo���H #��Q��t� ÂÒáÔ�ÐÕªÏþ�_� �̧6£§|9�s���. �̧"f�'a\�
�����#��Q��t�Õþ�s�e���¦s���î�rX<?/���9¹כ��Ð
���HÕþ�ëß�i(v��"f�Ð���÷&1pws���s�ÚÔ�Qo�

��H#��Q��t�ÂÒáÔ�ÐÕªÏþ�Ü¼�Ð ½̈$í
s�÷&#Qe���¦s���î�rX<?/���9¹כ��Ð
���HáÔ�ÐÕªÏþ�ëß��̀¦i(v

��"f�&³F���6 x
��¦��
���HáÔ�ÐÕªÏþ�_�a�Aß¼\���6 x
����÷&��H���s���.{9�éß�s�����©�\�"f	כ
6 x
���H\V]j��H0A\�"fëß���H�.��s�6 xK��Ð¦̀�	כ

��s�ÚÔ�Qo�\�¦ ëß�[þt�¦ Ä»t��ÐÃº
�l� 0AK�"f��H lib s�����H "î
§î
#Q\�¦ ��6 xô�Ç��. libs�����H
áÔ�ÐÕªÏþ�_� �̀v����Ér��6£§õ�°ú ��.

F:\work\test1>lib
Microsoft (R) Library Manager Version 6.00.8168
Copyright (C) Microsoft Corp 1992-1998. All rights reserved.

usage: LIB [options] [files]

options:

/CONVERT
/DEBUGTYPE:CV
/DEF[:filename]
/EXPORT:symbol
/EXTRACT:membername
/INCLUDE:symbol
/LIBPATH:dir
/LINK50COMPAT
/LIST[:filename]
/MACHINE:{ALPHA|ARM|IX86|MIPS|MIPS16|MIPSR41XX|PPC|SH3|SH4}
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/NAME:filename
/NODEFAULTLIB[:library]
/NOLOGO
/OUT:filename
/REMOVE:membername
/SUBSYSTEM:{NATIVE|WINDOWS|CONSOLE|WINDOWSCE|POSIX}[,#[.##]]
/VERBOSE

F:\work\test1>

#�l�"f���Ér��Qì���Ð��#	כrs�·ú����� |̈c �̀v����Ér��s�ÚÔ�Qo�\���{9��̀¦�8
�����NS������m�

���1lx{9�ô�Çs�2£§_�Dh�Ðëß���H��{9��Ð�§�̂
���H{9�s���.{9�éß�]j{9�çß�éß�
�>���s�ÚÔ�Qo�\�¦ëß�[þt
#Q�Ð��.

lib /out:test.lib *.obj

s�XO�>�{9�§4��̀¦
�����&³F�n��7��Ðo�\�e����H��{9��̀¦��î�rX< obj��{9�[þtëß��̀¦ �̧��"f test.libs���
��H��{9��Ðëß�[þt#Qï�r��.Õª���X<s�XO�>�
����s���{9�\�Áº%Á	s�[þt#Qe����Ht� �̧�Ér��.Õª�Q�����
�Ér �̀v����̀¦ �̀¦s�6 xK�"f�&³F���6 x
��¦��
���H��s�ÚÔ�Qo�\�#Q*�ô�Ç��{9�[þts�[þt#Qe����Ht�·ú�

���Ð��.

lib /list:test.lst test.lib

#�l�"f ‘.lst’ ����HSX��©���\�¦��6 xô�Ç���¦&ñ
K�����
�Ér��m�t�ëß�s�XO�>�&ñ	כK�¿º�����×�æ\�ú<�̧
Áº��H��{9����t�·ú�Ãºe����.¹7£כ§�ÉrSX��©���_�Õüw��\�]jô�Çs�\O�Ü¼m��� ‘ .list ’���¦ëß�[þt#Q�̧ |̈c
����.ÕªXO�t�ëß� �9�����H ��_� 10̧�����ÂÒ'� �íàÔêøÍ�̀¦ ��6 xK� M®ol� M:ë�H\� ��f�� !Q2£©s� s�XO�>�
Õªzª� 3��o��ÐSX��©���\�¦ëß���H��.
�#�çß�s���{9�\���H�&³F���s�ÚÔ�Qo�\�[þt#Qe����H��{9�\�@/
ô�Ç&ñ
�Ð\�¦��t��¦e����.��{9��̀¦?/6 x�̀¦�Ð���

F:\work\test1>more test.lst
iconst_minus.obj
iconst_multi.obj
iconst_plus.obj

��ÅÒ çß�éß�y� 7á§���\� V,�%3�~�� ��{9�[þts� [þt#Q e�����¦ ÷&#Q e����.#��Qì�rs� f��]X� ��s�ÚÔ�Qo�\�¦
ëß�×¼��H�â
Äº\���H=�Gs�XO�>� list��{9��̀¦ëß�[þt#Q"f°ú s��Ð�'a
�l���êøÍ��.ÕªA���t���×�æ\�ú<
�̧ Áº��H��{9�s�s���s�ÚÔ�Qo�îß�\�[þt#Qe����Ht�·ú�Ãºe����.

Õª�Q���s����\���H��s�ÚÔ�Qo�_�Ä»t��'ao�&h����8£¤����̀¦�¦�9K��Ð��.{9�éß���s�ÚÔ�Qo�\�"f

���_���{9��̀¦NS�Ð��.
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lib /remove:iconst_plus.obj test.lib

s�XO�>� {9�§4��̀¦ 
���� test.lib\�"f iconstplusÀÒ�2;�̀¦ NS!Q�2;��.Õª�Q��� s�]j ��r� �>rF�
��¦ e��
��H��s�ÚÔ�Qo�\�ÀÒ�2;�̀¦
����8K��Ð��.

lib /out:test1.lib iconst_plus.obj test.lib

0Aü<°ú s�
��������� obj code\�¦��r�V,�#QÅÒ>��)a��.s���ÉrÓüt�:r���Ér	כ obj code\�¦V,��8A��̧
�� ��0px
���.Õª�Q��� ¢̧ 
��� 0A_� \V]j\���H ��s�ÚÔ�Qo�\�"f :£¤&ñ
 obj code\�¦ \O�E�!QÏþ¡��HX<
ÕªXO�>�
�t� ú́��¦ obj code\�¦NS?/#Q�Ð��.

lib /extract:iconst_plus.obj test1.lib

s�XO�>�
����"é¶
���H obj code\�¦��s�ÚÔ�Qo�\�"fÆÒ»¡¤½+ÉÃºe����.Õª�Q���l��>r\�[þt#Qe����H�ï
×¼\�¦\O�X<s�àÔ
�l�0AK�"f��H#Qb�G>�K��� |̈c�� ?Õª|	�éß�í�Hy���r��8K�ÅÒ����)a��.Õª�Q���e��
~���ï×¼ü<s�2£§s�1lx{9�
�����§�̂\�¦K�!Q�2;��.

F:\work\test1>more test.lst
iconst_minus.obj
iconst_multi.obj
iconst_plus.obj
F:\work\test1>lib /out:test.lib iconst_minus.obj test.lib

0Aü<°ú s�K�ÅÒ���l��>r\�[þt#Qe����H obj code\�¦\O�X<s�àÔK�ï�r��.

t��FK��t���H ��s�ÚÔ�Qo�\�¦ ëß�×¼��H ~½ÓZO�\� @/K�"fëß� �7H_�\�¦ Ùþ¡��.Õª!3� s�]j��H s� ��s�ÚÔ
�Qo�\�¦s�6 xô�Ç(����{9�~½ÓZO�\�@/K�"fÒqty���̀¦K��Ð��.���©�çß�éß�ô�Ç~½ÓZO��ÉrÕªzª���s�ÚÔ�Qo�\�¦
(����{9�×�¦M:&h�{©�ô�Ç �̀v���Ü¼�Ð°ú s�(����{9��̀¦K�ÅÒ����)a��.

df test.for /link test.lib

s�XO�>�K�ÅÒ�����=åQs���.��ÅÒçß�éß�y�Õªzª���s�ÚÔ�Qo�_�s�2£§ëß�"î
r�\�¦K�ÅÒ�¦ link ����H

�̀v���ëß�"î
r�\�¦K�ÅÒ����)a��.s�XO�>�z�́'����{9��̀¦ëß�×¼��H�â
Äº\���Héß�í�Hy�Bj���áÔ�ÐÕªÏþ�ëß�
(����{9�
����÷&Ù¼�Ðr�çß�s�]X����÷&�¦ ¢̧ô�Ç�À»�©�\�"f[O�"î
�̀¦ô�Ç�̀�
õ�°ú s�n�!Qç̂	כ¦
���H�â


Äº\��̧éß�í�Hy��&³F����\O��̀¦
��¦e����HBj���áÔ�ÐÕªÏþ�ëß��̀¦�����
��¦��s�ÚÔ�Qo��Ðëß���H"é¶�:r

��{9��̀¦ô�Ç���ëß������K��Ð����)a��.Õªo��¦��s�ÚÔ�Qo�_�0Au�\�@/K�"f·ú����Ð��.��s�ÚÔ�Qo�
��H#Qn�\�e��#Q�̧ ÷&��H�
¦s���m����&³F����\O��̀	כ��¦e����Hn��7��Ðo�\�e��~������m����r�Û¼

%7�\�"f&ñ
K�é�H/BM\�e��#Q���)a��.
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F:\work\test1>echo %LIB%
F:\Program Files\Microsoft Visual Studio\DF98\IMSL\LIB;
F:\Program Files\Microsoft Visual Studio\DF98\LIB;
F:\Program Files\Microsoft Visual Studio\VC98\LIB

�û¶�̧Äºr�Û¼%7�\�"f��Hr�Û¼%7�s�&ñ
K�é�H���Ãº\�@/ô�Ç°ú̀�כ¦·ú�l�0AK�"f��H echo %VarName%̀�¦
K�ÅÒ����)a��.Õª�QÙ¼�Ð�&³F�r�Û¼%7�\�"f&ñ
K�é�H��s�ÚÔ�Qo�n��7��Ðo�\�¦·ú�l�0AK�"f��H0Aü<
°ú �Ér"î
§î
#Q\�¦��6 x
�����)a��.s�/BM��î�rX<ô�Ç/BM\�V,�#Q¿º���#Qn�"f��Ht�?/��"é¶
���H��s�
ÚÔ�Qo�\�¦ ��6 x½+É Ãº e����.ÕªXO�t� ·ú§�Ér �â
Äº\���H ���\O�
���H n��7��Ðo�\� °ú s� [þt#Q e��#Q��ëß�
�)a��.

B.4.5 EXTERNAL %K���£� 
�e�

IMSL�̀¦s�6 x
�l����\� externals�����H:£¤Z>�ô�Ç������ë�H\�@/K�{9�éß�·ú������)a��.ÂÒáÔ�ÐÕªÏþ�
�̀¦ëß�×¼��H�â
Äºy��y��_����Ãº\�@/ô�Ç������s��9¹כ�
�>�÷&�¦Õª���Ãº��H�©�Ãº°úכs� |̈cÃº�̧e���¦

C�\P�°úכs� |̈cÃº�̧e������H���Érs�p�C�î	כr?/6 xs���.Õª���X<ëß�����<ÊÃº\�¦�Å���1>��÷&��H�â
Äº
\���H#Qb�G>�áÔ�ÐÕªÏþ��̀¦���$í
K��� |̈c�� ?s�ÂÒì�r\�@/ô�Çë�H]j\�¦��Ò�¦Ãºe����H��s	כ external
ë�Hs���.s� externalë�H�̀¦ ú̧�3lws�K�
���H�â
Äº\���H��×�æ\��©�{©�y�jËµ[þt#Qt�Ù¼�Ð	���H	���H ú̧�
s�K�\�¦K��Ð��.

program test

real a, b

a=2
b=f(a)

write(*,*) a, b

stop
end

c---------------------------------------------
real function f(x)

f=x**2

return
end
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0A_�\V]j��H]jY�L°ú̀�כ¦ ½̈K�ÅÒ��H�<ÊÃº\�¦���$í
ô�Ç+'s��<ÊÃº\�&h�{©�ô�Ç°ú9}/@¦̀�כ�K�"f°ú̀�כ¦>�

íß�
���HÀÒ�2;s���.s�XO�>�áÔ�ÐÕªÏþ��̀¦���$í

���H�â
Äº\���H0Aü<°ú s�áÔ�ÐÕªÏþ��̀¦���$í
ô�ÇÊê(��
��{9�
���� ë�H]j��H K����s� �)a��.Õª�Q��� 0A_� �<ÊÃº°úכ\� @/ô�Ç �̧�<ÊÃº °ú̀�כ¦ >�íß�
���H "fÚÔÀÒ�2;
�̀¦ÆÒ��K��Ð��.s�"fÚÔÀÒ�2;�Éréß�í�H
�>� �̧�<ÊÃº°ú̀�כ¦>�íß�
��¦��
���H°úכõ�"é¶
���H�<ÊÃºëß�
s�ÅÒ#Qt�����)a��.

program test

real a, b

a=2

b=(f(a+0.0001) - f(a))/0.0001

write(*,*) a, b

stop
end

c---------------------------------------------
real function f(x)

f=x**2

return
end

s�áÔ�ÐÕªÏþ�_�z�́'�����õ���H��6£§õ�°ú ��.

C:\WORK>test
2.000000 3.995895

C:\WORK>

"é¶A���H x2_� �̧�<ÊÃº��H 2xs�Ù¼�Ð x = 2{9�M:_�°úכ�Ér 4����ü<��÷&��>�íß����õ���H 4\���H]X�ô�Ç
°ú%3�%3¦̀�כ�t�&ñ
SX�y� 4���°úכ�Ér��m���.��Õª�Q���s�����â
Äº\�¦Òqty��K��Ð��.�<ÊÃºëß�ÅÒ#Q�����
���Õª�<ÊÃº_�"é¶
���H°úכ\�"f �̧�<ÊÃº°úכ�Ér#Qb�G>�>�íß��̀¦K���|̈c�� ?�����̧0A_�áÔ�ÐÕªÏþ��̀¦
&h�{©�y�Ãº&ñ
�̀¦
����÷&t�·ú§�̀¦�� ?Õª�Q���s�XO�>�
���� |̈c�.���s	כ

real function deriv(f,x)
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real del

del=0.0001

deriv=(f(x+del) - f(x))/del

return
end

s��Qô�Ç �<ÊÃº\�¦ ëß�[þt��� "é¶
���H �<ÊÃºü< °ú̀�כ¦ >�íß�
��¦�� 
���H °úכëß��̀¦ @/{9��̀¦ 
���� >�íß�½+É Ãº

e���̀¦��s���.Õª!3�0A_��<ÊÃº\�¦s�6 xK	כ �̧�<ÊÃº°úכ>�íß�áÔ�ÐÕªÏþ��̀¦ëß�[þt#Q�Ð��.

program test

real a, b

a=2
b=deriv(f,a)

write(*,*) ’derivative value of f at’, a,’is ’, b

stop
end

c---------------------------------------------
real function f(x)

f=x**2

return
end

c---------------------------------------------
real function deriv(f,x)

real del

del=0.0001

deriv=(f(x+del) - f(x))/del

return
end
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��s�áÔ�ÐÕªÏþ�s�s��©�s�e���̀¦t�Òqty��K��Ð��.è�HÜ¼�Ð�Ðl�\���H���)�s��©�s�\O���.ÕªXO������
ô�Ç���(����{9��̀¦
��¦z�́'���̀¦K��Ð��.�����̧��6£§õ�°ú �ÉrBjr�t�\�¦�Ð>� |̈c�.���s	כ

C:\WORK>test
forrtl: severe (157): Program Exception - access violation
Image PC Routine Line Source
test2.exe 0043B4B1 Unknown Unknown Unknown
test2.exe 0040103D Unknown Unknown Unknown
test2.exe 0042CE29 Unknown Unknown Unknown
test2.exe 00424064 Unknown Unknown Unknown
KERNEL32.dll 77E57903 Unknown Unknown Unknown

(����{9��̀¦
���Héß�>���t���Hë�H]j��\O�%3�t�ëß�z�́'��
���Héß�>�\�"fë�H]j��Òqt|����.s��Qô�Ç��s	כ
run-time errors���.�ã¶��ë�H]j��Òqt�����.Õª�Q���#��Qì�r�Ér#Q*�ô�Ç����:r�̀¦%3��̀¦������	כ ?áÔ�Ð
ÕªÏþ� ���$í
s� ú̧�3lw÷&%3����� Õª��� ��Ér	כ ì�r"î
y� ��m���.ÕªÏþ¡Ü¼��� s�p� (����{9� 
���H éß�>�\�"f
ë�H]j��Òqt����̀¦_�m�..Õª!3�ÿ.��� ?Õª|	� deriv�<ÊÃº\� f����H�<ÊÃº_�s�2£§�̀¦���Ãº�Ð��6 xÙþ¡l�M:
ë�H\�Òqt|��ë�H]js���.s� deriv�<ÊÃº��H f����H���Ãº°úכs��<ÊÃº_�°úכ���t� �̧ØÔl�M:ë�H\�{9�éß�(����
{9�éß�>�\�"f��Hë�H]j\�¦µ1ÏÒqt
�t�·ú§��¤t�ëß�z�́]jz�́'���̀¦
���Héß�>�\�"fë�H]j��e������H�:L¦̀�	כ

²ú̈�Ér���Qô�Çë�H]j\�¦K��QÙ¼�Ðs�s���.Õª	כ��
�l�0AK�"f externals�����Hv�0>×¼���9¹כ�ô�Ç�	כ
s���. externals�����Hv�0>×¼��H�&³F�ÂÒáÔ�ÐÕªÏþ�\�"f��6 x
���H���Ãº��î�rX<#Q*�ô�Ç��Ér�<Ê	כ
Ãº����H �¦̀�	כ ·ú��9ÅÒ��H %i�½+É�̀¦ ô�Ç��.Õª�QÙ¼�Ð 0A_� áÔ�ÐÕªÏþ��̀¦ ��6£§õ� °ú s� Ãº&ñ
�̀¦ K����)a
��.

program test

real a, b

external f

a=2
b=deriv(f,a)

write(*,*) ’derivative value of f at’, a,’is ’, b

stop
end

c---------------------------------------------
real function f(x)

f=x**2
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return
end

c---------------------------------------------
real function deriv(f,x)

real del

del=0.0001

deriv=(f(x+del) - f(x))/del

return
end

0Aü<°ú s�Ãº&ñ
�̀¦ô�ÇÊêz�́'���̀¦
������6£§õ�°ú �Ér"é¶
���H���õ�°ú%3��̀¦̀�כ¦Ãºe����.

C:\WORK>test
derivative value of f at 2.000000 is 3.995895

ú̧�l�%3��̀¦K����)a��.ëß�����<ÊÃº\�¦ÂÒáÔ�ÐÕªÏþ�\�"f��6 x
�l�0AK�"f��H=�GÕª��6 x
���
���H�	כ
�̀¦ external�Ð�������̀¦K�"f��6 xK���ëß��)a��.=�Gl�%3�
���.s�ÂÒì�rs��<ÊÃº\�¦[O�"î

���HÂÒì�r\�
e��#Q�� |̈c��°ú �ÉrX<ÕªÂÒì�r\�"f[O�"î
�̀¦
�¹ô�Çtכ��9=����� �̧ØÔl�M:ë�H\�s�XO�>�ÂÒáÔ�ÐÕªÏþ�

�̀¦���$í

��¦��6 x
���HÂÒì�r\�"f[O�"î

�>�÷&%3���.Õª�Q���s��Qô�Ç�ÓÜ¼�Ð½���¦̀�	כ IMSL�̀¦��
6 x
���H~½ÓZO�\�@/K�"f·ú����Ð��.

B.4.6 IMSL ��£� 
�e�

IMSL(International Mathematical and Statistical Library)��H ���ª�ô�Ç �íàÔêøÍ ÂÒáÔ�ÐÕªÏþ�_� �̧6£§
|9�s���.ß¼>�¿ºÂÒì�rÜ¼�Ð��0>�����.

• MATH/LIBRARY general applied mathematics and special functions

• STAT/LIBRARY statistics

s�XO�>�¿ºÂÒì�rÜ¼�Ð��0>���ÂÒáÔ�ÐÕªÏþ�[þt�Ér��6 x
���H&ñ
SX��̧\����� ¢̧ ¿ºÂÒì�rÜ¼�Ð��*$���

��.

• Single precision : function itself or S or A prefix

• Double precision : D prefix
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s�XO�>� ½̈$í
s��)a IMSL�Érz�́]j��6£§õ�°ú s� ½̈ì�rs�÷&#Q"f��s�ÚÔ�Qo��Ð$��©�s�÷&#Qe����.

• SMATHS : Single-precision MATH library, one of the IMSL FORTRAN 77 Numerical Li-
braries.

• SMATHD : Double-precision MATH library, one of the IMSL FORTRAN 77 Numerical Li-
braries.

• SSTATS : Single-precision STAT library, one of the IMSL FORTRAN 77 Numerical Libraries.

• SSTATD : Double-precision STAT library, one of the IMSL FORTRAN 77 Numerical Li-
braries.

• SF90MP : Fortran 90 MP library, a new generation of Fortran 90-based algorithms, optimized
for multiprocessor and other high-performance systems.

0A_�y��y��_���s�ÚÔ�Qo�\�¦�9�������6\¹כ� x
�����)a��.0A_���s�ÚÔ�Qo�[þt��î�rX<MATH ��
s�ÚÔ�Qo�\�e����HÀÒ�2;[þt�Ér��6£§õ�°ú ��.

• Linear Systems

• Eigensystem Analysis

• Interpolation and Approximation

• Integration and Differentiation

• Differential Equations

• Transforms

• Nonlinear Equations

• Optimization

• Basic Matrix/Vector Operations

• Utilities

¢̧ô�Ç0A\�"f Basic Matrix/Vector Operationsü< Utilities[þt�Ér ú́�ÕªA��̧l��:r&h�Ü¼�Ð��6 x
���H 7�
'�'��§>=õ��'aº���)aÀÒ�2;[þtõ�çß�éß�ô�ÇÄ»�9�o�w�[þts�Ù¼�Ðz�́]jÃºu�K�$3�\�"f��6 x½+É���Ér��m	כ

��.Õªü@_��.���[þt�ÉrÃºu�K�$3�\�"ff��]X�&h�Ü¼�Ð��6 x½+ÉÀÒ�2;[þts	כ

s�×�æ\�"f Nonlinear Equations\��'aº���)a��þt�̀¦ô�Ç����Ð��.��6£§õ�°ú s�ß¼>�[j]	כâ
Äº\�@/
K�"f#��Q��t�ÀÒ�2;[þts��>rF�
��¦e����.{9�éß�s�[j�â
Äº\�"f ½̈
��¦��
���H�<ÊÃº_�+þAI�\�
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����"f�<ÊÃº�����½Ód��Ü¼�Ð³ðr���÷&��Ht���m�������½Ód��ü@_����Ér+þAI�_��<ÊÃº�Ð"f³ðr�÷&

��Ht�\� ���� ß¼>� ��*$�����.{9�ìøÍ&h���� �â
Äº\���H ���½Ód�� �Ð����H Õªzª� �<ÊÃº_� +þAI��Ð ³ðr�|̈c
��s���.Õª!3�Õªzª��<ÊÃº�Ð"f³ðr���÷&��H	כâ
Äº\��̧��Hs�)���Hs�e����Ht�\O���Ht�\�����²ú���
|9���s��¦Õª\��������ÉrÀÒ�2;[þts��>rF�ô�Ç��.��t�}��Ü¼�Ðr�Û¼%7�_���H�̀¦¹1Ô��H	כâ
Äº��e����H
s�ÂÒì�r�Ér�§õ�"f 6.5\�"f nonlinear equation_�r�Û¼%7�ÂÒì�r\�"f[O�"î
�̀¦���çß�Ùþ¡%3���.s��Qô�Ç
ë�H]j��H ÅÒ�Ð �¦	�_� p�ì�r~½Ó&ñ
d��\�"f ú́§s� ëß�[þt#Qt���HX< Õª�Qô�Ç ë�H]j\�¦ K����
�l� 0AK�"f��H

r�Û¼%7�Ü¼�Ð ½̈$í
�)ad��_���H�̀¦¹1Ô��HÀÒ�2;�̀¦s�6 xK�"fK�����̀¦K���ëß��)a��.

• Zeros of a Polynomial

– Real coefficients using Laguerre method ZPLRC

– Real coefficients using Jenkins-Traub method ZPORC

– Complex coefficients ZPOCC

• Zero(s) of a Function

– Zeros of a complex analytic function ZANLY

– Zero of a real function with sign changes ZBREN

– Zeros of a real function ZREAL

• Root of a System of Equations

– Finite-difference Jacobian NEQNF

– Analytic Jacobian NEQNJ

– Broyden’s update and Finite-difference Jacobian NEQBF

– Broyden’s update and Analytic Jacobian NEQBJ

0Aü<°ú s�1lx{9�ô�Çë�H]j\�#��Q��t�ÀÒ�2;s�1lxr�\��>rF�½+ÉÃºe��Ü¼Ù¼�Ð#��Qì�r[þt�Ér&h�{©�

ô�ÇÀÒ�2;�̀¦Y�J��"f��6 xK���ëß�ô�Ç��.s��Qô�Ç �̧��H IMSL ÀÒ�2;\�@/ô�Ç[O�"î
�̀¦��½+ÉÃº��H\O��¦

�����¹1Ô��"f��6 x\¹כ��9�����)a��.ÕªÂÒì�r�Ér HELP��{9��̀¦�ÃÐ�̧
�l���êøÍ��.Õª!3�{9�éß�s�
IMSL��s�ÚÔ�Qo�\�¦s�6 xK�"fáÔ�ÐÕªÏþ��̀¦���$í

���H~½ÓZO�\�@/K�"fe��y��̧2�¤
���.\V�Ð"f#�
�Qì�rs����©�%�6£§ëß���>�|̈c ZREALs�����HÀÒ�2;\�@/K�"f·ú����Ð��.

ZREAL/DZREAL (Single/Double precision)

Find the real zeros of a real function using Muller ï s method.

Usage
CALL ZREAL (F, ERRABS, ERRREL, EPS, ETA, NROOT, ITMAX, XGUESS, X, INFO)
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Arguments
F . User-supplied FUNCTION to compute the value of the function of which

a zero will be found. The form is F(X), where
X . The point at which the function is evaluated. (Input)

X should not be changed by F.
F . The computed function value at the point X. (Output)

F must be declared EXTERNAL in the calling program.

ERRABS . First stopping criterion. (Input)
A zero X(I) is accepted if ABS(F(X(I)).LT. ERRABS.

ERRREL . Second stopping criterion is the relative error. (Input)
A zero X(I) is accepted if the relative change of two successive
approximations to X(I) is less than ERRREL.

EPS . See ETA. (Input)

ETA . Spread criteria for multiple zeros. (Input)
If the zero X(I) has been computed and ABS(X(I) - X(J)).LT.EPS, where
X(J) is a previously computed zero, then the computation is restarted
with a guess equal to X(I) + ETA.

NROOT . The number of zeros to be found by ZREAL. (Input)

ITMAX . The maximum allowable number of iterations per zero. (Input)

XGUESS . A vector of length NROOT. (Input)
XGUESS contains the initial guesses for the zeros.

X . A vector of length NROOT. (Output)
X contains the computed zeros.

INFO . An integer vector of length NROOT. (Output)
INFO(J) contains the number of iterations used in finding the J-th zero
when convergence was achieved. If convergence was not obtained in ITMAX
iterations, INFO(J) will be greater than ITMAX.

�����̧ #��Qì�rs��Ð��H+þAd���Ér0A_�+þAI��Ð����H7á§�8�Ðl�a%~�Ér+þAI��Ð÷&#Qe���̀¦�
.���s	כ�
#�çß�×�æ¹כô�Ç���Ð��.{9�éß�s¦̀�	כ ZREALs�����HÂÒáÔ�ÐÕªÏþ��Ér Muller~½Ód��\�_�K��<ÊÃº_���H
�̀¦ ½̈
���HX<��6 x÷&��H ÀÒ�2;Ü¼�Ð UsageÂÒì�r\��Ð��� #Qb�G>� Ô�¦�Q��÷&��Ht���ü<e����.�©�{©�y�
4�¤ú̧�
����¦Ö¼��́��t�ëß�	���H	���H�Ð��.s��Qô�ÇÂÒáÔ�ÐÕªÏþ��̀¦�Ð������©����$�K���|̈c{9��Ér#Q
*�ô�Ç°úכs�{9�§4�u��ÐV,�#Q�� |̈c����s�Ø�¦§4�u��Ðכs� 9#Q*�ô�Ç°ú	כ̀¦t�\�¦���&ñ
K���ëß��)a��.Õª
!3�{9�§4����Ãº��î�rX<���©����$���6 x
���H���Ãº�� F����H�<ÊÃºs���.s��<ÊÃº��H external�Ð������s�
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÷&#Qe��#Q��÷&���¹1Ô�¦��
���H�<ÊÃº\�¦����?/��ëß��)a��.¿º���P:���Ãº��H�<ÊÃº��Õª��H\�"f��H
0\�����0>�����.Õª�QÙ¼�Ðs�XO�>���Hs��)a��������]j×�æéß�K���|̈ct�\�¦���&ñ
K�ÅÒ��HÂÒì�rs���.
[j���P: ���Ãº��H >�5Åq&h�Ü¼�Ð ��HÜ¼�Ð ÆÒ&ñ
÷&��H °úכs� ½̈K�|9�M: ¿º ¹1Ô����� ��H�̀¦ ���]j �̀¦���Ér ��H

Ü¼�Ð"f~ÃÎ��×¼wn=t�\�¦���&ñ

���HÂÒì�rs���.W1���P:ü<��$Á	���P:��H���5Åq&h�Ü¼�Ð¹1Ô�����¿º��Hs�
EPSîß�\�e���������×�æ\�¹1Ô�������H\� ETAëß��pu_�°ú̀�כ¦�8K�"f��r�¹1Ô��H��.��6£§_����Ãº��H¹1Ô
�¦��
���H��H_�Ì�	Ãº\�¦_�p�
� 9 ITMAX��H>�5ÅqK�"f��H�̀¦¹1Ô�̀¦Ãº\O�l�M:ë�H\�\O�����>�íß�
�̀¦ 
��¦Õªëß�Ñütt�\�¦ ���&ñ
K� ï�r��.��t�}�� {9�§4� °úכ�Ér XGUESS�Ð ��H_� ��H��u�\�¦ V,�#QÅÒ��� �)a
��.��z�́s�ÂÒì�r�Ér&ñ
SX�y�·ú�Ãº\O�Ü¼Ù¼�Ð@/y©�&ñ
K�ÅÒ���>�íß��̀¦K�ï�r��.s�]jØ�¦§4����Ãº\�
@/ô�Ç��s�\O	כ��Ð��.Ø�¦§4����Ãº��HZ>����Ér¦̀�	כs�"é¶
���H��Hõ�Õª��H\�"f_��<ÊÃº°ú1כpx�̀¦·ú�����)a
��. F����H���Ãº��H{9�§4�Ü¼�Ð"f�̧��6 xs�÷&%3�t�ëß�Ø�¦§4����Ãº_�°úכÜ¼�Ð�̧��6 xs�÷&%3���.7£¤,{9�
§4�r�\���H��H�̀¦ ½̈
��¦��
���H�<ÊÃº_�°úכs�t�ëß���H�̀¦¹1Ô�¦èß�ÊêØ�¦§4��̀¦½+É�â
Äº\���HØ�¦§4��<ÊÃº

_�°úכs��)a��.Õªo��¦��H\�@/ô�Ç&ñ
�Ð\�¦��t��¦e����H X����H���Ãº��e���¦��t�}��Ü¼�Ð>�íß�s�
]j@/�Ð÷&%3���Ht���m����ë�H]j��\O���Ht�\��'aô�Ç INFO����H���Ãº°úכs�e����.>�íß�s� ú̧�÷&��H�â

Äº\���Hë�H]j��\O�t�ëß� ú̧�÷&t�·ú§��H�â
Äº\���Hs����Ãº_�°ú̀�כ¦ ú̧�¶ú�(Rú<��ëß��)a��.

��Õª!3�s�]j\V]js�6 xK�"f ZREALÀÒ�2;�̀¦��6 xK��Ð��.{9�éß��Érçß�éß�ô�Çs�	�~½Ó&ñ
d��_���H
�̀¦¹1Ô���Ð��."é¶
���Hd���Ér��6£§õ�°ú ��.

f(x) = x2 + 2x− 6 (B.1)

s�ÂÒì�r�̀¦�íàÔêøÍÜ¼�Ð ½̈$í
�̀¦
����

real function f(x)
real x

f = x*x + 2.0*x - 6.0
return
end

Õª��6£§ ZREAL�̀¦s�6 x
���HBj���áÔ�ÐÕªÏþ��̀¦ ½̈$í

���.

program test

parameter (nroot=2)
integer info(nroot)
real x(nroot), xguess(nroot)
external f

data xguess/4.6, -193.3/

eps = 1.0e-5
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errabs = 1.0e-5
errrel = 1.0e-5
eta = 1.0e-2
itmax = 100

call zreal (f, errabs, errrel, eps, eta, nroot, itmax, xguess,
& x, info)

do i=1,nroot
write(*,*) x(i), info(i), f(x(i))

enddo

stop
end

0A_�áÔ�ÐÕªÏþ��̀¦¶ú�(R�Ð��.{9�éß��À»ÂÒì�r\�"f��H��6 x½+ÉC�\P�\�@/ô�Ç������s�e����.Õª��6£§ f��
��H�<ÊÃº\�¦ external�Ð�������̀¦K�"f��6 x
���x���¦������
�%i���.s�ÂÒì�r�Érs�p����!lo���\�"f[O�
"î
ô�Ç ?/6 xs���.Õª ��6£§ �íl�°úכ\� @/ô�Ç �¦̀�	כ DATA\�¦ s�6 xK�"f ������
�%i���.Õª ��6£§ ¹ô�Çכ��9
X<s�'�°ú̀�כ¦[O�&ñ

��¦èß�Êê ZREALÂÒáÔ�ÐÕªÏþ��̀¦Ô�¦!3���.ë�H]jK����\�$í
/BN�̀¦Ùþ¡�����Z>�Áº
o�\O�s����õ������̀¦��s���.Õª��6£§�ÉrØ�¦§4�Ü¼�Ðe��_��Ð	כ��&ñ
�̀¦K�ÅÒ����)a��.Ø�¦§4�°úכÜ¼�Ð��H
��� X C�\P����Ãºü< INFOC�\P����Ãº���Å�#Q�:r���¦Ùþ¡Ü¼m�Õª°úכõ�ÕªM:�<ÊÃº_�°ú̀�כ¦Ø�¦§4�K��Ð
��¤��.s� áÔ�ÐÕªÏþ��̀¦ (����{9�
���H ��\	כ @/K� ·ú����Ð��.0A\�"f ÂÒáÔ�ÐÕªÏþ� (����{9�õ� ��s�ÚÔ
�Qo�\�¦s�6 xô�Ç(����{9�~½ÓZO�\�@/ô�ÇÂÒì�r�̀¦ ú̧�K®o�����#Q�9¹¡§\O�s�½+ÉÃºe����.Õªo��¦��t�}��
Ü¼�Ðs����\���6 x½+É IMSL ��s�ÚÔ�Qo�_�s�2£§�Ér smaths.libs���.0A_�áÔ�ÐÕªÏþ�\�"f��H double
precision\�K�{©�
���HÂÒáÔ�ÐÕªÏþ��̀¦��6 x
�t�·ú§��¤Ü¼Ù¼�Ð smaths.libs����Ø�æì�r
���.

J:\work\numerical\test>df test.for f.for /link smaths.lib

s�XO�>�K�"f%3���Hz�́'����{9��̀¦z�́'��
������6£§õ�°ú �Ér���õ�\�¦%3��̀¦Ãºe����.

J:\work\numerical\test>test
1.645751 4 2.4348299E-07

-3.645751 5 -3.8731326E-07

INFO���Ãº\���H��H�̀¦¹1Ô��HX<$í
/BNÙþ¡�����>�íß�\��9¹כ�Ùþ¡~��>�íß�õ�&ñ
_�½+Ës�$��©�s��)a��.y��
y�� 4���õ� 5���ëß�\�>�íß����õ�\�¦¹1Ô�̀¦Ãºe��%3���.Õªo��¦ÕªM:�<ÊÃº_�°úכ�Ér�Ðs���H���õ�°ú s	כ�
_� 0\�����î�r°úכs���.

��s��Ü¼�Ð	כ IMSL ��s�ÚÔ�Qo�\�¦��6 x
���H~½ÓZO���t� �̧��H[O�"î
s�=åQz�¤��.�����̧ s��¼Ü	כ
�Ð appendix\�¦��Áºo�|9��9�¦
���HX<��z�́#Q*�ô�Ç�Ét���H+½¹כ�8�9��þts]	כ �̧ØÔ��x��.7á§�8#��Q
ì�r[þts�
���H��t�&��Ð�¦ÆÒ��½+É���½Ós�e����H¦̀�	כâ
Äº�8ÆÒ��\�¦K�"fØ�æz�́ô�Çy©�_�2�¤s�÷&�̧

2�¤ �̧§4�
���x��.
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