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Chapter 1

Modeling, Computers, and Error Analysis

1.1 Mathematical Modeling and Engineering Problem-Solving

1.1.1 A Simple Mathematical Model

Mat hemat i cal

Nurreric or
graphic result
I npl enent ati on

Figure 1.1: The engineering problem-solving process.

THECRY



1.2 Computers and Software 3

e Analytical or exact solution

¢ Numerical solution
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1.2 Computers and Software

1.2.1 The Software Development Process

e Programming Style
e Modular Design : Devide into small subprograms
e Top-down Design : Sysmtematic development process

e Structured Programming : How the actual program code is developed

1.2.2 Algorithm Design

e Flowschart : a visual or graphical representation of an algorithm

e Pseudocode : bridges the gap between flowcharts and computer code

1.2.3 Program Composition

¢ High-level and Macro Languages : C, Fortran, Basic

e Structured Programming

only one entrance and one exit

Unconditional transfers should be avoided

spaces

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr

consist of the three funcdamental control structures of sequence, selection, and repetition

identified with comments and visual devices such as indentation, blank lines, and blank



4 Modeling, Computers, and Error Analysis

1.2.4 Quality Control

e Errors or “Bugs”

— Syntax errors
— Link or build errors
— Run-time errors

— Logic errors
e Debugging

e Testing

1.3 Approximations and Round-Off Errors

1.3.1 Significant Figures

Significant figure : The reliability of a numerical value

1.3.2 Accuracy and Precision
e Accuracy : How closely a computed or measured value agrees with the true value

e Precision : How closely individual computed or measured values agree with each other

1.3.3 Error Definitions

e Truncation error : approximations are used to represent exact mathematical prodedures

e Round-off error : numbers having limited significant figures are used to represent exact num-
bers

See Figure 3.10, 3.11 and 3.12 in the textbook.

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



1.4 Truncation Errors and the Taylor Series 5

1.4 Truncation Errors and the Taylor Series

1.4.1 The Taylor Series

If a function f(z) can be represent by a power series on the intérval a), then the function has
derivative of all orders on that interval and the power series is

f(x) = f(0) +f’(0)x+%@w2+ %(!O)x%r... (1.1)

and this power-series expansionfdf:) about the origin is called a Maclaurin series.

If the expansion is about the point= a, we have the Taylor series

f// a f//l O
1@ = @)+ f@e -+ T e B0 ap g
Taylor series specifies the value of function at one painir) terms of the value of the function and
its derivatives at a reference point, It is occasionally useful to express a Taylor series in a notation
that show how the function behaves at a distamé®m a fixed pointz. If we callz = a + h in the

preceding series, so that— a« = h, we get

Flatm) = fla) + fan T00pr g Ty (13)

Or with the substitutiom + h — x;,; anda — x; we have an alternate form

//(:Ei)h2 - f(n)(:l;i)

T n' (:Ei—&—l — ZL’Z‘)n + Rn (14)

f(@ivn) =f (@) + f(z)h +
R, term is a reminder term to account for all terms frem- 1 to infinity:

A9

e Mean-value theorem:
If a function f(z) and its first derivative are continuous over an interval fronand x; 1,
then there exists at least one point on the function that has a slope, designgt&d that is
parallel to the line joiningf (z;) and f (z;41).

See Figure 4.3 in the textbook.

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



Modeling, Computers, and Error Analysis

The approximation of f(x)
1.4

1.2

f(x)

0.6

0.4

0.2

X

Figure 1.2: The approximation ¢f(x) with various order of Taylor series.

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



1.4 Truncation Errors and the Taylor Series 7

1.4.2 Using the Taylor Series to Estimate Truncation Errors

Taylor series expansion of):

U”(ti)

O(tiy1) = v(ti) +v' () (ti — i) + T(ti—i—l — )+ + R, (1.6)
Truncate the series after the first derivative term:
U(ti—i-l) = ’U(tz) -+ U/(ti)(ti+1 — tz) + Rl (17)
And .
’Ul(ti) _ U<ti+1) — U(tl> _ 1 (18)
tiv1 — t; tiv1 — t;
Truncation error is . e
1 v
= tiv1 — b 1.9
or R
— = O(tip1 — i) (1.10)
tiv1 — 1

The error of our derivative approximation should be proportional to the step size. Consequently, if
we halve the step size, we would expect to halve the error of the derivative.
1.4.3 Numerical Differentiation

e Forward Difference Approximation

f(ig1) — f(z;)

fi(@i) = P O(tis1 — ;) (1.11)
or Af.
f'(:) ==+ 0h) (1.12)

whereA f; is the first forward difference.

e Backward Difference Approximation

f/(13z) _ f(xz) _hf(ii—l) + O(tl . ti—l) (113)

or
fla;) = Vhf L+ O(h) (1.14)

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



Modeling, Computers, and Error Analysis

e Central Difference Approximation

f(x) = f(xi“);hf(xi‘l) + O(h?) (1.15)
Notice that the truncation error is of the order/dfin contrast to the forward and backward
approximations that were of the order faf Consequently, the Taylor series analysis yields
the practical information that the centered difference is a more accurate representation of the
derivative.

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



Chapter 2

Roots of Equations

2.1 Backeting Methods

2.1.1 Graphical Methods

A simple method for obtaining an estimate of the root of the equatien = 0 is to make a plot of
the function and observe where it crosses the x axis.

2.1.2 The Bisection Method

In general, if f(z) is real and continuous in the interval from to =, and f(z;) and f(x,) have
opposite signs, that is

flz)f(x,) <0 (2.1)

then there is at least one real root betweeandz,,.

2.1.3 The False-Position Method

A shortcoming of the bisection method

e equally dividing the interval

¢ no account for for the magnitudes 6fx;) and f(z,)



10 Roots of Equations

An alternative method is to joirfi(z;) and f(z,) by a straight line and the intersection of this line
with the x axis represents an improved estimate of the root. This mothod is called as method of false
position, regula falsi, or linear interpolation method.

The false-position formula is

f(xU)(xl - :Bu)
Tl — Flaw) (2:2)

Tp = Ty —

See Figure 5.14 in textbook

2.2 Open Methods

e bracketing method : the root is located within an interval prescribed by a lower and an upper
bound.

e open method : require only a single starting value of x or two starting point that do not
necessarily bracket the root.

2.2.1 Simple Fixed-point Iteration

Open methods employ a formula to predict the root. Such a formula can be develped for simple
fixed-point iteration by rearranging the functigitz) = 0 so that s is on the left-hand side of the
equation:

z = g(z) (2.3)

2.2.2 The Newton-Raphson Method

If the initial guess at the root ig;, a tangent can be extended from the paintz(x;)]. The point
where this tangent crosses the x axis usaually represents an improved estimate of the root.
The Newton-Raphson formula is

f ()
() (2.4)

Tip1 = Ty —

Pitfalls of the Newton-Raphson Method are shown in Figure 6.6

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



2.2 Open Methods 11

>

Figure 2.1: Graphical depiction of simple fixed-point method.

2.2.3 The Secant Method

A potential problem in implementing the Newton-Raphson method is the evaluation of the deriva-
tive. In Secant method the derivative is approximated by a backward finite divided difference

f(an) = LT = (@) 2.5)

Ti—1 — T4

The Secant formula is

f(z) (21 — )
2.6
flzica) — f(@) (29)
The difference between the secant method and the false-position method is how one of the initial
values is replaced by the new estimate.

Lit1 = Li —

Rather than using two arbitrary values to estimate the derivative, an alternative approach involves
a fractional perturbation of the independent variable to estirfigte,

f@»:ﬂ%+%ﬁ_ﬂ%> 2.7)

whered is a small perturbation fraction. This approximation gives the following iterative equation:

5$z‘f($z'>
7o+ 0m2) — Fa) (2.8)

Tiy1 = Ty —

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



12 Roots of Equations

2.2.4 Multiple Roots

Some difficulities in multiple roots problem

e no change in sign at even multiple roots
e f(x)andf’(x) go to zero at the root

e the Newton-Raphson method and secant method show linear, rather than quadratic, conver-
gence for multiple roots.

Another alternative is to define a new functiofx),

_ [(=)
u(z) = ) (2.9)
An alternative form of the Newton-Raphson method:
Tit1 = Tg — u() (2.10)
u'(x)
wherev/'(z) is
: f'(@) f () — flo) " (z)
= 2.11
v P -
And finally

/()] = () f" (1)
2.2.5 Systems of Nonlinear Equations

The Newton-Raphson method can be used to solve a set of nonlinear equations. The Newton-
Raphson method employ the derivative of a function to estimate its intercept with the axis of the
independent variable. This estimate was based on a first-order Taylor series expansion. For example
we consider two variable case,

u(z,y) =0 (2.13)
v(z,y) =0 (2.14)
A first-order Taylor series expasion can be written as
U1 = Ui + (Ti1 — ﬂfi)% + (Yir1 — yi>8_y (2.15)
81)1' 81)@'
Vig1 = Vi + (Tig1 — ﬂfz)% + (Yis1 — vi) oy (2.16)

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



2.3 Roots of Polynomials 13

The above equation can be rearranged to give

ou; ou; ou; ou;

8_wl$i+1 + a_ylyi-&-l = —u; + Tig + yia_y (2.17)
%%’H + %%H = —v; + %% + yzaa—?; (2.18)
Finally

ov; Oou;

Ti = T — gt (2.19)
ox Oy oy Ox

Ou; ov;

Yirt = Ui — g0 (2.20)

oz Oy Oy Ox

2.3 Roots of Polynomials
The roots of polynomials have the following properties

e For an nth-order equation, there are n real and complex roots.
¢ Ifnis odd, there is at least one real root.

e If complex roots exist, they exist in conjugate pairs.

2.3.1 Polynomials in Engineering and Science

Polynomial are used extensively in curve-fitting. However, another most important application is in
characterizing dynamic system and, in particular, linear systems.

For example, we consider the following simple second-order ordinary differential equation:
d*y

d
GQW + ald—i + apy = F(t) (221)

whereF (t) is the forcing function. And the above ODE can be expressed as a system of 2 first-order
ODEs by defining a new variable z,

dy
_ 2.22
= (2.22)

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



14 Roots of Equations

This reduces the problem to solving
dz  F(t) — a1z —apy

-~ = 2.2
dt a9 ( 3)
dy

In a simliar fashion, nth-order linear ODE can always be expressed as a system of n first-order
ODEs.

The general solution of ODE equation deals with the case when the forcing function is set to
zero. » p
Y Y
it iz =0 2.25
i +a 7t + apy ( )
This equation gives something very fundamental about the system being simulated-that is, how the
system reponds in the absence of external stimuli. The general solution to all unforced linear system

is of the formy = e".

agrie™ + a;re™ + ape™ =0 (2.26)
or cancelling the exponential terms,
asr® + arr + ap =0 (2.27)
This polynomial is called as characteristic equation and these r's are referred to as eigenvalues.
™ _ —a + CL% — 4@2(10 (2 28)
T2 Qg '

e overdamped case : all real roots
e critically damped case : only one root

e underdamped case : all complex roots

2.3.2 Computing with Polynomials

For nth-order polynomial calculation, general approach requifes+ 1)/2 multiplications andh
additions. However, if we use a nested formamultiplications anch additions are required.

If you want to find all roots of a polynomial, you have to remove the found root before another
processing. This removal process is referred to as polynomial deflation.

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



2.4 Engineering Applications: Roots of Equations 15

2.3.3 Conventional Methods

e Miller's method : projects a parabola through three points.
e Bairstow’s method:

1. guess a value for the root=t
2. divide the polynomial by the factar— ¢

3. determine whether there is a reminder. If not, the guess is was perfect and the root
is equal to. If there is a reminder, the guess can be systematically adjusted and the
procedure repeated until the reminder disappears.

2.3.4 Root Location with Libraries and Packages

¢ Matlab:

— roots
— poly
— polyval
— residue
— conv
— deconv

e IMSL:
— ZREAL

2.4 Engineering Applications: Roots of Equations

See the textbook
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Chapter 3

Linear Algebraic and Equations

Matrix notation:

sysmmetric matrix

e diagonal matrix

e principal or main diagonal of the matrix
e identity matrix

e upper triangular matrix

e |lower triangular matrix

e banned matrix

o tridiagonal matrix

e transpose

e trace

3.1 Gauss Elimination

3.1.1 Solving Small Numbers of Equations

Problems when solving sets of linear equations

16



3.1 Gauss Elimination 17

e Singular

— no solution
— infinite solution

¢ lll-conditioned : system that are very close to being singular

Cramer’s Rule : each unknown in a system of linear algebraic equations may be expressed as
a fraction of two determinants with denominator D and with the numerator obtained from D by
replacing the column of coefficients of the unknown in question by the constdnt. . ., b,. For
more than three equations, Cramer’s rule becomes impractical because, as the number of equation
increases, the determinants are time-consuming to evaluate.

3.1.2 Naive Gauss Elimination

The elimination of unknowns consists of two steps

1. The equations are manipulated to eliminate one of the unknowns from the equations. The
result of this elimination step is that we have on equation with one unknown.

2. This equation can be solved directly and the result back-substituted into one of the original
equations to solve for the remaining unknown.

But the above method can't avoid division by zero in computer program. Need more elaborated
algorithms !

3.1.3 Pitfalls of Elimination Methods

e Division by zero : partially avoided by the technique of pivoting

e Round-off errors : An error in early steps wiil tend to propagate-that is, it will cause errors in
subsequent steps.

¢ lll-conditioned systems : small changes in coefficients result in large changes in the solution.
An ill-conditioned system is one with a determinant close to zero. This means that there is
no solutions or an infinite number of solutions. However, it is difficult to specify how close
to zero the determinant must be to indicate ill-conditioning. This is complicated by the fact
that the determinant can be changed by multiplying one or more of the equations by a scale
factor without changing the solution. Consequently, the determinant is a relative value that is
influenced by the magnitude of the coefficients. One way to partially prevent a scaling effect
is to scale the equations so that the maximum element in any row is equal to 1.

Numerical Method for Chemical Engineers
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18 Linear Algebraic and Equations

e Singular systems : lose one degree of freedom and we would be dealing with the impossible
case ofn — 1 equations witlm unknowns. Check the determinant whether it is zero or not !

3.1.4 Techniques for Improving Solutions

e Use more significant figures in the computation
e Use pivoting

— partial pivoting : make the largest element in the column to be the pivot element
— avoiding division by zero
— minimizes round-off error

— gives a partial remedy for ill-conditioning

e Use scaling : minimize round-off error for those cases where some of the equations in a system
have much larger coefficients than others.

However, sometime scaling introduces a round-off error. Thus, it is used as a criterion for pivoting
and the original coefficient values are retrained for the actual elimination and substitution computa-
tion.

3.1.5 Complex Systems

Convert a complex system into two real system and employ the algorithm for the real system.

3.1.6 Nonlinear Systems of Equations

Use a multidimensional verstion of Newton-Raphson method for nonlinear system. However, there
are two major shortcoming.

o Difficult to calculate partial derivatives

¢ Need excellent initial guesses

Need optimization techniques !

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



3.2 LU Decomposition and Matrix Inversion 19

3.1.7 Gauss-Jordan

Difference between Gauss and Gauss-Jordan

e An unknown is elminated from all other euqation rather than just the subsequent ones.
e All rows are normalized by dividing them by their pivot elements.

— the elimination step results in an identity matrix rather than a triangular matrix
— No need to employ back substitution to obtain the solution.

3.2 LU Decomposition and Matrix Inversion

LU decomposition provides

¢ well-suited for those situations where many right-hande side védgrmust be evaluated
for a single value ofA].

e an efficient means to compute the matrix inverse.

3.2.1 LU Decomposition

Gauss elimination is designed to solve system of linear algebraic equations
[A{X} = {B} (3.1)

Gauss elimination involves two steps: forward elimination and back substitution. Of these, the

forward elimination step require more computation times. LU decomposition methods separate the
time-consuming elimination of the matrjx| from the manipulations of the right-hand si¢i8}.

Thus, oncéA] has ben decomposed, multiple right-hand side vectors can be evaluated in an efficient
manner.

Equation (3.1) can be rearranged to give
[AfX} —{B} =0 (3.2)
The above equation can be reduced into upper triangular form with Gauss elimination.

UHX} - {D} =0 (3.3)
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20 Linear Algebraic and Equations

And assume a lower triangular matfik| which satisfies the following equation

[L{IU{X} = {D}} = [A{X} - {B} (3.4)

If this equation holds,
[L][U] = [A] (3.5)
[L)[D] = {B} (3.6)

A two-step strategy for obtaining solutions with LU decomposition

1. DecomposéA]into [L] and[U]
2. Find a intermediate vectdD} with equation (3.6) and solve equation (3.3) for }

LU decomposition can be performed in Gauss eliminatjoiis a direct product of the forward
elimination. For example, consider the followiBg 3 system

11 aiz2 Aa13
[A] = [G21 Q22 Q23 (3-7)

asr az2 a33 ]

The forward elimination step reduce the original matrix to the form

a1; Aaiz2 i3
Ul ={0 a ay (3.8)
0 0 as;)

which is in the desired upper triangular format. The maftfixis also produced during the step.

1 0 0
[L] =|fu 1 0 (3.9)
fa1 fa2 1

LU decomposition algorithm:

e The factors generated during the elimination phase are stored in the lower part of the matrix
e Keep track of pivoting
e Scaled values of the elements are used to determine whether pivoting is to be implemented

e The diagonal term is monitored during the pivoting phase to detect near-zero occurrences in
order to flag singular systems.
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3.3 LU Decomposition and Matrix Inversion 21

3.2.2 The Matrix Inverse

The inverse can be computed in a column-by column fashion by generating solutions tieh unit vector
as the right-hand-side constants. The best way to implement such a calculation is with the LU
decomposition algorithm and it is one of the great strengths of LU decomposition.

3.2.3 Error Analysis and System Condition
Determination of ill-conditioned system:

e Scale the matrix and invert the scaled matrix. If there are element]of that are several
orders of magnitude greater than one, then the system is ill-conditioned.

e Mutiply the inverse by the original matrix and assess whether the result is close to the identity
matrix. If not, it indicate ill-conditioning.

e Invert the inversed matrix and assess whether the result is sufficiently close to the original
matrix. If not, it indicate that the system is ill-conditioned.

The indication of ill-conditioning with a single number

e Norm: a real-valued function that provide a measure of the size of multicomponent mathe-
matical entities. For example, consider a vector in three-dimensional Euclidean space

[F] - [a b c] (3.10)
The length of this vector-that is, the distance from the coordinate (0, 0, 0) to (a, b, ¢)
|Fle = Va? + b + 2 (3.11)

where the nomenclatutg||. indicates that this length is referred to as the Euclidean norm of
[F]. For matrix case,

|Alle = (3.12)

which is given a special name-the Frobenius norm. it provide a single value to quantify the
“size” of [A].

e Matrix condition number:
Cond[A] = [|Al| - | A~ (3.13)

Note that for a matrixA], this number will be greater than or equal to 1. However, the above
equation require computation time to obtdid—?||.
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22 Linear Algebraic and Equations

3.3 Special Matrices and Gauss-Seidel

3.3.1 Special Matrices

e Banded matrix : a square matrix that has all elements equal to zero, with exception of a band
centered on the main diagonal. The convensional LU decompostion methods are inefficient to
solve banded systems.

¢ Tridiagonal system : Thomas algorithm

e Symmetric matrix : Cholesky decomposition

3.3.2 Gauss-Seidel
The Gauss-Seidel method:

o An alternative to the elimination method

e lterative or approximate method
Convergence enhancement with relaxation

¢ Relaxation is a weighted average of the result of the previous and the present iteration:

2 = A 4 (1= N (3.14)

(2

e )\ = 1: the result is unmodified.

e 0 < )\ < 1: underrelaxation, make a nonconvergent system converge or hasten convergence
by dampening out oscillation.

e )\ > 1: overrelaxation, accelerate the convergence of an already convergent system. Itis also
called successive or simultaneous overrelaxation, SOR.

3.3.3 Linear Algebraic Equation with Libraries and Packages

¢ Matlab:

— cond : matrix condition number
— norm : matrix or vector norm
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3.4 Engineering Applications: Linear Algebraic Equations

— rank : no. of linearly independent rows or columns
— det : determinant

— trace : sum of diagonal elements

— /: linear equation solution

— chol : cholesky factorization

— lu : factors from gauss elimination

— inv : matrix inverse

e IMSL: various routines are exist to solve linear system

3.4 Engineering Applications: Linear Algebraic Equations

See the textbook
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Chapter 4

Optimization

£(x)=0

f’ 0

)< \ Maximum
f(x)=0 \

\

f(x)=0
£(x)>0

Minimum

Figure 4.1: The illustation of the difference between roots and optima.

An optimization or mathematical programming problem

Findx, which minimizes or maximizeg(x)

24



4.1 One-dimensional Unconstrained Optimization 25

subject to

ei(x)=b; i=1,2,...,p (4.2)

wherex is an n-dimensional design vectof(x) is the objective functiond;(x) are inequality
constraintse;(x) are equality constraints.

Classification of optimization problem

e The form of f(x):

— If f(x) and the constraints are lineéinear programming
— If f(x) is quadratic and the constraints are linegradratic programming

— If f(x) is notlinear or quadratic and/or the constraints are nonlimesljnear program-
ming

e For constrained problem

— Unconstained optimization
— Constrained optimization

e Dimensionality

— One-dimensional problem
— Multi-dimensional problem

4.1 One-dimensional Unconstrained Optimization

4.1.1 Golden-Section Search

Golden-section search method is similar to the bisection method in solving for the root of a single
nonlinear equation. Golden-section search method can be achived by specifying that the following
two conditions hold:

60 = 61 -+ 62 (43)
b, Ay
=== 4.4
N (4.4)
Defining R = {5/,
R =0.61803.... (4.5)
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/

Maximum

>

Figure 4.2: The illustation of the Golden-section search method.

This value is called thgolden ratio

Disadvantages

e Many evaluation

e Time-consuming evaluation

4.1.2 Quadratic Interpolation

Quadratic interpolation takes advantages of the fact that a second-order polynomial often provides a
good approximation to the shape gfr) near an optimum.

An estimate of the optimat

f(wo) (@} — 23) + f () (25 — 25) + f (@) (25 — 27)

= 4.6
" 2 fwo) (w1 — w2) + 2 (1) (w2 — 20) + 2/ (22) (0 — 1) (*:6)
4.1.3 Newton’s Method
At an optimum, the optimal value* satisfy
fi(z")=0 (4.7)
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4.2 Multidimensional Unconstrained Optimization 27

With a second-order Taylor series fz), we can find the following equations for an estimate of
the optimal
f' (i)

B f”(xi>

(4.8)

Tiv1 = T

4.2 Multidimensional Unconstrained Optimization

Classification of unconstrained optimization problems

e Nongradient or direct methods

e Gradient or descent methods

4.2.1 Direct Methods

A

/5

Figure 4.3: Conjugate directions.

These methods vary from simple brute force approaches to more elegant techniques that attempt
to exploit the nature of the function.
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28 Optimization

e random search : repeatedly evaluates the function at randomly selected values of the indepen-
dent variables.

e univariate search : change one variable at a time to improve the approximation while the other
variables are held constant. Since only one variable is changed, the problem reduces to a
sequence of one-dimensional searches.

4.2.2 Gradient Methods

Gradient methods use derivative information to generate efficient algorithms to locate optima.

The gradient is defined as

of. o
Vf= a—iwa—gj (4.9)

Derivative information
e First derivative:

— a steepest trajectory of the function
— whether it is a optima

e Second derivative: called as Hessiah,

— If |H| > 0, itis a local minimum
— If |H| < 0, itis a local maximum
— If |H| = 0, itis a saddle point

The quantity| H| is equal to the determinant of a matrix made up of the second derivatives and,
for example, the Hessian of a two-dimensional system is

#r o
_ | 022  Oxz0y
S KA
dyox 0y

The steepest-descent algorithm is summaried as

e Determine the best direction

e Determine the best value along the search direction.
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4.3 Contrained Optimization 29

1. Calculate the partial derivatives

9f(x) (4.10)
aXi

2. Calculate the search vector

s = —Vf(x") (4.11)
3. Use the relation
xM = xF 4 \kgP (4.12)
to obtain the value o£**!. To get\* use the following equations
1

FE) = F(xP + axh) = F(xM) + VI F(x)AS® + §(Ask)TH(Xk)(AS'“) (4.13)

To get the minimum, differentiate with respectt@nd equate the derivative to zero

W = VIF(M)st + (1) TH ) (As") (4.14)
with the result
o _ VI f(x)st
N RS -

4.3 Contrained Optimization

4.3.1 Linear Programming

Four general outcome from linear programming

e Unigue solution
e Alternate solutions
o No feasible solution

e Unbounded problems
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30 Optimization

4.3.2 Optimization with Packages

¢ Matlab:

— fmin : Minimize function of one variable
— fmins : Minimiza function of several varaibles
— fsolve : Solve nonlinear equations by a least squares method

e IMSL : various routines are exist to solve optimization problems

4.4 Engineering Applications: Optimization

See the textbook
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Chapter 5

Curve Fitting

\4
\4

©
Figure 5.1: Three attempts to fit a best curve.

The simplest method for fitting a curve to data is to plot the points and then sketch a line

e (a) Characterize the general upward trend of the data with a straight line
e (b) Use straight-line segment or linear interpolation

e (c) Use curves to try to captuer the meanderings
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32 Curve Fitting

Simple statistics

Arithmetic mean

Z?/i

n

g:

Standard deviation : the measure of spread of a sample

Sy
n—1

Sy =
wheresS, is the total sum of the squares of the residual between the data points and the mean,

or
St = Z(yz' —5)?

Variance : The square of the standard deviation

2 _ S

n—1

Coefficient of variation (c.v.) : The spread of data

cv. = Sfyl()()%
)

5.1 Least-Squares Regression

Lest-squares regression is drived from a curve that minimized the discrepancy between the data
points and the curve.

5.1.1 Linear Regression

A least-squares approximation is fitting a straight line to a set of paired observation. The mathemat-
ical expression for the straight line is

y:a0+a1$+e (51)

The error, or residual, is the discrepancy between the true valyeanfl the approximate value,
ao + a;x and that is

e=1y—ag+ ax (5.2)
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5.1 Least-Squares Regression 33

The criterion for least-squares regression is

n n

min Sr == Z 6? == Z(yi,measured - yi,model>2 = Z(?/z — ap — CL1ZL’¢)2 (53)

% %

To determine values af, anda,, differentiate (5.3)

S,
Fa. 2 > (i — ao — ar;) (5.4)
05,
8@1 = -2 Z [(yz — Qg — ala:i)xi] (55)

And setting these derivatives equal to zero, we get the so-called normal equations

0:Zyi—ZaO—Za1xi (56)
0= Zyzifz - Zaoﬂfi - Zale (5.7)

The coefficients of a straight line are

N T — DT )Y
R STV S 8)
ag = y - alf (59)

Quantification of error of linear regression

e The sum of the square of the residual

— A sampled data system

Se=Y (=9 (5.10)
— Alinear regressioned system
S, = Z(yZ —ap — ayz;)* (5.11)
e Standard deviation
— A sampled data system
5, = n% - (5.12)

s, quantifies the spread around mean.
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34 Curve Fitting

— Alinear regressioned system
Sy

.= 5.13
Sy/ n—2 ( )
s,/2 quantifies the spread around the regression line.
e The goodness of a fit
o B S (5.14)
=3 _
wherer? is called the coefficient of determination anis the correlation coefficient.
See the figure 17.4 in the textbook
A Measurement
@
Error
>
Figure 5.2: The residual in linear regression
5.1.2 General Linear Least-Squares
The general linear least-square model:
Yy=apzo+arz1+ -+ anzm t+e (5.15)
In matrix notation
Y =ZA+E (5.16)
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5.2 Interpolation 35

Note that Z is not a square matrix but we want to know abbut
Z2'7A =71y (5.17)
Now A is
A= (Z"2) 7%y (5.18)
5.1.3 Nonlinear Regression
Gauss-Newton method

1. Use a Taylor series to linearize a nonlinear function

2. Apply least-square theorie to obtain new estimate of the parameters that move in the direction
of minimizing the residual.

5.2 Interpolation

5.2.1 Newton’s Divided-Difference Interpolating Polynomials

Linear interpolation : connect two data points with a straight line

Jlo) = Fwo) oy (5.19)

T1 — Zo

fi(z) = f(xo) +

Quadratic interpolation : connect three data points with a second-order polynomial

fQ(ZL‘) = b() + bl(ZE — (L’()) + bg(l’ — Io)(l’ — Il) (520)
where
bo = f(x0)
b — f(z1) = f(wo)
L 1 — o
fx2) — f(z1) _ f(z1) = f(zo)
by = T — 21 L1 — Zo
o — T
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36 Curve Fitting

Newton’s interpolating polynomial : connect: + 1 data withnth-order polynomial
falz) =0y +bi(x —x0) + -+ bp(x —x0) -+ (T — Tp1) (5.21)

where the coefficients are

bn = f[xnvxn—b cee ,.’13‘0]
where the bracket function evaluations are finite divided differences.
nth finite divided difference is

f[xn> cee 7371] B f[‘rn—l’ o ’SEO] (522)

Tn — Zo

f[xna Tn—1y--- ,.’13'0] =
Newton’s divided-difference interpolating polynomial is

fal) = f(20) + (x — 20) fl21,20] + -+ - (T — w0) (2 — 21) -+ - (T — 1) flHny .. 0] (5.23)

5.2.2 Lagrange Interpolating Polynomial

The Lagrange interpolating polynomial is simply a reformulation of the Newton polynomial that
avoids the computation of divided differences.

Falz) = Li(x) f () (5.24)

=0

where n
Li(zx) = [T —4 (5.25)

where] [ designates the “product of.”

5.2.3 Spline Interpolation

Spline interpolation is an alternative approach that lower-order polynomial is applied to subsets of
data point. Especially, when third-order curves are employed to connect each pair of data points, it
is called cubic spline.
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5.3 Fourier Approximation 37

Linear splines : the simplest connection between two points is a straight line.

f(z) = f(zo) +mo(z — 20) ro<x <1
f(x) = f(z1) +mi(z —21) 1 <x < I
f(@) = f(zn_1) +mi(z —x,1) Tpy <x <y

wherem; is the slope of the straight line

m; = f(ig1) — f(w3) (5.26)

Tit1 — T4

Quadratic splines : connect three points with second-order polynomials.

The function values of adjacent polynomials must be equal at the interior knots.

The first and last functions must pass through the end points.

The first derivatives at the interior knots must be equal.

Assume that the second derivative is zero at the first point.

Cubic splines : derive a third-order polynomial for each interval between knots

fi(z) = a;z® + bix® + ¢z + d; (5.27)

5.3 Fourier Approximation

In early 1800s, the French mathematician Fourier proposed that “any function can be represented by
an infinite sum of sine and cosine terms.” There are functions that do not have a representation as
a Fourier series, however, most functions can be so represented. Fourier approximation is another
representation of a function with trigonometric series.

Trigonometric identities

e sin Asin

B = $[cos(A — B) — cos(A + B)]
e sin Acos B =1 [sin(A — B) + sin(A + B)]
e cosAcosB =1

[cos(A — B) + cos(A + B)]
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38 Curve Fitting

Fourier series

Assume thaff(x) is a periodic function of perio@r and is integrable over a period.

f(z) =~ Ay + Z [A,, cos(nz) + B, sin(nx)]

n=1

e Ay : integrating on both sides of (5.28) fromr to .

™

/f d:p—/ Aodx+ZA / cosnxdx+ZB / sin(nx)dz

The last two integrations of trigonometric terms are equal to zero. Hence

1

Ao=5- [ fa)ds

e A, : multiply both sides of (5.28) byos(mx) and integrate
/ cos(mx) f(x)dx = / Ap cos(mz)dx
+Z/ A,, cos(nx) cos(mx d:):+Z/ B, sin(nx) cos(mzx)dz

The only nonzero term on the right is when= n in the first summation
1 ™
= —/ f(z) cos(nz)dx
™ —Tr
e B, : multiply both sides of (5.28) byin(mz) and integrate
/ sin(ma) f(z)dx = / Ap sin(mz)dx
+ Z/ A,, cos(nx) sin(mx)dz + Z/ , sin(nz) sin(ma)dx

The only nonzero term on the right is when= n in the second summation

= %/_: f(z) sin(nz)dz

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)
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5.3 Fourier Approximation

39

Fourier series for any period p = 2L

Consider the function whose periodyis= 2L.

flz) = Ao+ g (An cos %x + B, sin %x)

where the Fourier coefficients ¢fx) are given by the Euler formulas

L
AO:%/_LJ%I')CZI

1 L

A, = E/L f(z) cos n%xdx
1 L

B, = Z/—L f(x) sinn%xdx

Fourier series for even and odd functions

e Even function:
g(—x) = g(x)
And integral value of a even function is

/LLg(x)dx iy /OLg(x)dx

e Odd function:

h(—z) = —h(x)
And integral value of a even function is
L

/ h(z)dz =0
—L

e Fourier cosine series: the Fourier series of an even function of p&fiod

nm

flz)=Ao+ ;An CO8 7~
e Fourier sine series: the Fourier series of an odd function of peiiod

fz) = AO—F;BnSiI}n—;I

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)
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40 Curve Fitting

Complex form of Fourier series : Real sines and cosines can be expressed in terms of complex
exponentials by the formulas

) ein:c - efinz
sinnx = ,
2 (5.43)
eznm + e mx
cosny = ————
2
From this
. o 1
A, cosnx + By, sinnz = §An(emx + e + ?Bn(em’” —e ') (5.44)
i
1 , 1 .
= 5(An —iB,)e"™" + §(An +iB,)e " (5.45)
= @™ e (5.46)
With the above equation
fx) = Z ™ (5.47)

— 00

where
. [ . [ i
cn=A, — 1B, = —/ f(x)(cos(nzx) — isin(nz))dr = 2—/ f(x)e "™ dx
T J_x ™ J)_x
This is the so-called complex form of the Fourier series, or complex Fourier serjgs Jof
Sinusoidal function : represent any waveform with a sine or cosine
f(t) = Ap + Cy cos(wot + 6) (5.48)

where A, is the mean value(; is the amplitudew, is the angular frequency, ardis the phase
angle or phase shift.

The angular frequency is related to frequerfayn cycles/time)

wo = 27 f (5.49)
and frequency is X
f= T (5.50)
The trigonometric identity gives
f(t) = Ag + Ay cos(wpt) + By sin(wyt) (5.51)

whereA;, = C) cos(d), By = —C sin(0)
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5.3 Fourier Approximation 41

5.3.1 Curve Fitting with Sinusoidal Functions

Least-squares fit of a sinusoidal function is to determine coefficient values that minimize

N
S, = Z {y; — [Ag + A cos(wol;) + By sin(wot;)]}” (5.52)
i=1
N > cos(wot) > sin(wyot) Ay >y
> cos(wot) >~ cos? (wot) > cos(wot) sin(wet) | § A1 p = D ycos(wot) o (5.53)
> sin(wot) > cos(wot) sin(wot) 3 sin?(wot) By >y sin(wot)
For equispaced system
T 1 T
/ cos(wot)dt = ——sin(wpt)| =0 (5.54)
0 Wo 0

2 . . .
wherew,T" = %T = 27. These relationhips give

0 N/2 0 Ay p = {4 > ycos(wpt) (5.55)
0 0 N/2 Bl Z Yy sin(wot)
or
Ay = % (5.56)
2
A= N Z y cos(wot) (5.57)
2 :
Ay = N Z y sin(wot) (5.58)

The above equations are similar with the determination of Fourier series.

5.3.2 Fourier Integral and Transform

Some of phenomenon does not occured repeatedly or it will be a long time until it occurs again. In
this case we use Fourier integral that can be used to represent nonperiodic functions, for example a
single voltage pulse not repeated, or a flash of light, or a sound which is not repeated. The transition
from a periodic to a nonperiodic function can be effected by allowing the period to approach infinity.

In other words, a§" becomes infinite, the function never repeats itself and thus becomes aperiodic.

From Fourier series to the Fourier intergral
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Figure 5.3: The Fourier series approximation of the square wave.

Consider any periodic functiofy,(x) of period2L

fr(z) = Ao+ Z(An coswnx + By, sinw,x) (5.59)

n=1

wherew,, = n7/L. InsertA,, andB,, which are given by the Euler formulas.
1 L
fule) =57 [ fufydo

1 L L
+ T Z [cos wnx/ fr(v) coswy,vdv 4 sin wn:c/ fr(v)sinw,vdv| (5.60)
—L —L

n=1

Now set

1
Aw = wpy —, = EDT o

n
; =7 (5.61)

Thenl/L = Aw/w, and
1 L
fle) =57 [ fufwydo
1 o0 L L
+ — Z {cos wnwa/ fr(v) cosw,vdv + sinwnwa/ fr(w)sinw,vdv| (5.62)
m L L
n=1
Let L — oo and assume a periodic functigi(z) to be a aperiodic function.

f(@) = lim fi(x) (5.63)

L—o0
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5.3 Fourier Approximation 43
Thenl/L — 0 and the first term of function approaches zero.
1 o0 L L
fr(z) =— Z [cos wnwa/ fr(v) coswy,vdv 4 sin wnwa/ fr(v)sin wnvdv] (5.64)
m L —L
n=1
L — 0O results inAw — 0 and the sum of infinite series become an integral ffioim oc.
1 oo o0 o0
f(z) = —/ [cos wx/ f(v) coswvdv + sin wx/ f(v)sin wvdv} dw (5.65)
™ Jo —0o0 —0o0
IntroduceA(w) and B(w) as
Alw) = / f(v) coswvdv, B(w)= / f(v) sinwvdv (5.66)
Finally Fourier series for an aperiodic equation become
f(z) = / [A(w) coswz + B(w) sinwx] dw (5.67)
0
This is called a representation ffx) by a Fourier integral.
Alternatively, the Fourier integral can be written as complex Fourier series.
f(z) = Z cpen®
‘1 : | (5.68)
cn:ﬁ/_Lf(u)e du
~[1 [F . ,
f(z) = Zo; {ﬂ /_L f(u)e du] e (5.69)
Usel/L = Aw/7
- AU) g —lWnU inx
flz) = Z.; [g /L flu)e du} e (5.70)
2 Aw [ , 1 —
_ =% iwn (z—u) _
- Z.O - /_L flu)e du= Z.OF(WTL)AW (5.71)
where ;
Flwy,) = / f(u)e =Wy, (5.72)
—L
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44 Curve Fitting

If Aw goes to zero, a limit of a sum becomes an integral

f(x) = % /OO F(w)dw = % /OO /00 f(w)e™ = dudw (5.73)
= % Z e dw /Z fu)e ™ du (5.74)
Defineg(w) by
g(w) = % /Oo flu)e ™" du (5.75)
Then -
f(z) = / g(w)e™*dw (5.76)

Fourier Transform

fla) = [ gwreras
o (5.77)

R

f(x) andg(w) are called a pair of Fourier transforms. Usualdly) is called the Fourier transform
of f(x), andf(x) is called the inverse Fourier transformgifv).

5.3.3 Discrete Fourier Transform (DFT)
In engineering, functions are often represented by finite sets of discrete values and data is often

collected in or converted to such a discrete format. For the discrete time system, a discrete Fourier
transform can be written as

Fe=) fae™™on (5.78)

1 .
fo= ) Fre (5.79)

wherew, = 27/N.

5.3.4 Fast Fourier Transform (FFT)

The fast Fourier transform (FFT) is an algorithm that has been developed to compute the DFT in an
extremely economical fashion.
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5.4 Engineering Applications: Curve Fitting 45

5.3.5 The Power Spectrum

A power spectrum is developed from the Fourier transform and it is derived from the analysis of the
power output of electrical systems. The power of a periodic signal can be defined as
1 T/2
P== fA(t)dt (5.80)
T J 1)

A power spectrum can be calculated by the power associated with each frequency component.

5.3.6 Curve Fitting with Libraries and Packagies

e Matlab:
— polyfit
— polyval
— poly2sym
— interpl
— spline

— fit

e IMSL: various routines are exist to solve curve fitting and fft problems

5.4 Engineering Applications: Curve Fitting

See the textbook
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Chapter 6

Numerical Differentiation and Integration

The derivative represents the rate of cchange of a dependent variable with respect to an independen

variable. ; i Ae) - o)
y_ o T +Aar) — (T
dr Algilo Ax (6.1)

The integration means the total value, or summatiory,(@fdx over the range = a to b.

[ /b f(z)dz (6.2)

6.1 Newton-Cotes Integration of Equations

Newton-Gregory forward polynomial : If the z-values are evenly spaced, instead of using divided
difference, “ordinary differences” are more useful; the differencegswalues are not divided by the
differences inz-values.

Po(ay) =fo + sAfo + 8(8—2_1)A2f0 MG

+s(s—1)---(s—n+1)

_1)(8_2)A3f0—1—---
3 (6.3)

A" fo

wheres = (x — z)/h, with h = Az, the uniform spacing in-values.

The Newton-Cotes formulas are based on the strategy of replacing a complicated function or
tabulated data with an approximating function that is easy to integrate:

[= /b " f()da ~ /b " Pu(x)da (6.4)
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6.1 Newton-Cotes Integration of Equations 47

whereP, (x) is the Newton-Gregory interpolating polynomial. Foe= 1

a a a 1
dx ~ P dr = Afg)dx = h Afo)d
/b f(z)dz /b 1 (z)dx /b (fo + sAfo)dx /0 (fo+sAfo)ds

) L (6.5)
—h (fo+ 580) =50+ )
Forn =2
@ @ s(s—1)
/ f(x)dx:/ f0+sAf0+TA fo ) dx
b b
1
:h/ﬁ(h+sAm+S@;129ﬁ)@ (6.6)
0
h
= g(fo +4fi+ f2)
See the figure 21.1 in the textbook.
6.1.1 The Trapezoidal rule
The trapezoidal rule is the first of the Newton-Cotes closed integration formulas
I= /a f(z)dx ~ /a fi(z)dz (6.7)
b b
where b
fie) = fla) + OO g 68)
The result of integration is
sz—aﬂﬁi%ﬂ@ (6.9)

which is called as trapezoidal rule.

One way to improve the accuracy of the trapezoidal rule is to divide the integration interval from
a to b into a number of segments and apply the method to each segment. The width of segments

po b (6.10)
n
The integration is
h n—1
I=5 |f(zo) + 22 @) + fan) (6.11)
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48 Numerical Differentiation and Integration

6.1.2 Simpson’s rule

Another way to obtain a more accurate estimate of an integral is to use higher-order polynomial to
connect the points.

Simpson’s 1/3 rule : use a second-order polynomial

I = /b f(x)dx ~ /b fo(z)dx (6.12)

Simpson’s 1/3 rule is
h
I o [f(xo) +4f (1) + f(22)] (6.13)
The label “1/3” stems from the fact thatis divided by 3.

Simpson’s 3/8 rule : use a third-order Lagrange polynomial

I = /b f(z)dx ~ /b fs(z)dx (6.14)

Simpson’s 3/8 rule is
3h
I~ 3 [f(@o) + 3f(x1) + 3f(x2) + f(x3)] (6.15)
See the figure 21.11 in the textbook.

6.2 Intergrations of Equations

6.2.1 Romberg integration

Richardson’s extrapolation : use two estimates of an integral to compute a third. It improves the
results of numerical integration on the basis of the integral estimate themselves.

Two separate estimate using step sizes,adndh;

I(hy) + E(hy) = I(hy) + E(hy) (6.16)
The error of the multiple-application trapezoidal rule is
b—a., -
E~———h2f" 6.17
=] (6.17)
Assume thaff” is constant regardless of step size
E(hi) I
~ — 6.18
Elha) = 13 (©19)
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6.2 Intergrations of Equations 49

Rearranage the above equation

h 2
EwggEmg(#) (6.19)
2
which can be substituted into eq. (6.16)
hi\’
2

which can be solved for Hh Hh

E(hy) ~ () = 1(ho) (6.21)

1= (h1/h2)?
Thus, we have developed an estimate of the truncation error in terms of the integral estimates and
their step sizes. This estimate can then be substituted into

I = I(hy) + E(hy) (6.22)

to yield an improved estimate of the integral:

1
(h1/hg)* — 1

For the special case where the interval is hali(fed= h,/2)

I~ I(hy) + [L(h2) — 1(h1)] (6.23)

or
4 1
I~ —I(hy) — =I(hy) (6.25)
3 3
The Romberg integration algorithm
4R — L
L = —— = (6.26)

wherel;, ;11 andl; ;_, are the more and less accurate integral Aiyé is the improved integral.

6.2.2 Gauss Quadrature

e Trapezoidal rule : two parameters model
I ~cof(a)+cf(D) (6.27)

where the’’s are the unknown parameters.
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50 Numerical Differentiation and Integration

e Gauss Quadrature : four parameters model
I ~cof(a)+ cif(b) (6.28)
where the'’s, f(a), f(b) are the unknown parameters.
The trapezoidal rule’s formula can be derived from another point of view, the method of un-

determined coefficients. Because the trapezoidal rule is a two parameters model, we need two
relationships that connect two parameters.

(b—a)/2
co+cp = / ldx (629)
—(b—a)/2
and a2
—cob_a +clb_a = / xdx (6.30)
2 2 ~(b—a)/2
b
I~(b- @M (6.31)

The trapezoidal rule must pass through the end point and results in a large error. But suppose that the
constraints of fixed base points was removed and we were freely evaluate the area under a straight
line joining any two points on the curve. See the figure 22.5 to figure out the differences.

The object of Gauss quadrature is to determine the coefficients of an equation of the form
I ~cof(a)+cif(D) (6.32)

with assuming that eq. (6.32) fit the integral of a constant, a linear, a parabolic, and a cubic function

cof(wo) + c1f(x1) = / dr = 2 (6.33)
-1
1

cof(ao) +exfer) = [ ado =0 (6.34)
-1
1

cof(xo) +crf(z1) = /_1 w?de = g (6.35)
1

cof(xo) +crf(z1) = / dr =0 (6.36)
-1

These relationships yield the two-point Gauss-Legendre formula
1 1
I~ f(—%) + f(%) (6.37)

Because Gauss quadrature requires function evalutions at nonuniformly spaced points within the
integration interval, it is not appropriate for cases where the function is unknown.
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6.3 Numerical Differentiation 51

6.2.3 Improper integrals

Improper intergral that is one with a lower limit efoo or an upper limit of4+-oo, usually can be
evaluated by makeing a change of variable that transforms the infinite range to one that is finite.

6.3 Numerical Differentiation

Improve derivative estimates

e Decrease the step size
e Use a higher-order formula

o Combine two derivative estimates to compute more accurate approximation

6.3.1 High-accuracy differentiation formulas

The forward Taylor series expansion can be written as

f(xiv1) = f(x) + f(z)h + f" (i)

ThQ AR (6.38)
which can be solved for

ey = L ZI@) Ty (6.39)

If we truncate the second- and higher-derivative terms

f(xi—O—l - f(xz)

f(z) = . (6.40)
The accuracy of the above equation depend on the step size
In contrast to this approach, substitue the second-derivative term

f”(Ii) _ f(ig2) — 2f}521'i+1> + f(@:) +O(h) (6.41)

into eq. (6.39) to yield
Pl =2 (x”l)h_ flo) _ Tone) - 2‘22?“) I L o) (6.42)

or, by collecting terms,
i) = —f(@ive) +4f (@i1) = 3f(wi) | o(h?) (6.43)

2h
Notice that inclusion of the second-derivative term has improved the accuraty: ).
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52 Numerical Differentiation and Integration

6.3.2 Richardson extrapolation

In similar with Richardson extrapolation for integral, an estimate for derivatives can be written as

4 1
D o D(hy) = 5 D(In) (6.44)

For centered difference approximations with?), the application of this formula will yield a new
derivative estimate o (h*).

6.3.3 Derivatives of unequally spaced data

One way to handle nonequispaceddata is to fit a second-order Lagrange interpolating polynomial to
each set of three adjacent points.

6.3.4 Numerical integration/differentiation formulas with libraties and pack-
ages

Various subroutines and functions are exist to solve integral and derivative problems in Matlab and
IMSL.

6.4 Engineering Applications: Numerical Integration and Dif-
ferentiation
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Chapter 7

Ordinary Differential Equations

Differential equation is

o differential equations : composed of an unknown function and its derivatives.

e rate equations : it expresses the rate of change of a variable as a function of variables and
parameters.

Variables are divied by

e dependent variables

e independent variables
Differential equation is classified as

¢ ordinary differential equation : one independent variable

e partial differential equation : more than one independent variables

A differential equation is usually accompanied by auxiliary conditions to specify the solution
completely. For first-order ODEs an initial value is required to determine the constant and obtain a
unique solution.

e initial-value problem : all conditions are specified at the same value of the independent vari-
able.

e boundary-value problem : specification of conditions occurs at different values of the inde-
pendent variable.
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54 Ordinary Differential Equations

7.1 Runge-Kutta Methods

Ordinary differential equation is

dy

The solution is
New value= old value+ slopex step size

or, in mathmatical terms,
Yit1 =Yi+ ¢ X h (7.1)

The slope estimate afis used to extrapolate from an old valydo a new valuey; . ; over a distance
h.

y {i+1}=y i+ \phih

>

Figure 7.1: Graphical depiction of a one-step method.

7.1.1 Euler's Method
Euler's method is
Yisr = Yi + f(zi, )0 (7.2)

More smaller step-size gives more accurate solution but further step-size reduction requires much
computation times.
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7.1 Runge-Kutta Methods 55

7.1.2 Improvement of Euler's Method
A funcdermental source of error in Euler's method is that the derivative at the beginning of the
interval is assumed to apply across the entire interval.

Heun’s Method : average two derivatives which are obtained at the initial point and the end point.
The slope at the beginning of an interval

Yi = f(@ivs) (7.3)
is used to extrapolate linearly 19, ;
Yo = i + [ (@i, y:)h (7.4)
This equation is called a predictor equation. The slope at the end of the interval
Yir1 = f(@is1, Yirr) (7.5)

Thus, the two slopes can be combined to obtain an average slope for the interval

g, _ Y + ?J§+1 f(fm yi) + f($i+17 y?+1)

_ 7.6
5 5 (7.6)
This average slope is then used to extrapolate linearly fromy; ,
T, Yi) + f(@ig, v
yi+1:yi+f( vo) £ 1o, v (7.7)

2
which is called a correct equation. See the figure 25.9 at p 688.

The Heun method is a predictor-corrector approach.

The Midpoint Method : use Euler's method to predict a valueyoat the midpoint of the interval.

h
Yiy1/2 = ¥i + f(2, yi)i (7.8)
This slope is then used to extrapolate linear form frono x;
h
Yirr = Yi + f(@ig12, yi+1/2)§ (7.9)

7.1.3 Runge-Kutta Method

Runge-Kutta methods achieve the accuracy of a Taylor series approach without requiring the calcu-
lation of higher derivatives.

Yis1 = Yi + O(zi,yi, h)h (7.10)
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56 Ordinary Differential Equations

where¢(z;, y;, h) is called an increment function, which can be interpreted as a representative slope
over the interval. The increment function is

¢ = arky + agks + - - - + ayk, (7.11)

where the:'s are constants and thés are

ki = f(i,yi) (7.12a)
ky = f(xi + pih, yi + quikih) (7.12b)
ks = f(zi + pah, yi + guik1h + gazkah) (7.12c)

: (7.12d)
kn = f(xl +pn—lha Yi + Qn—l,lklh + -+ qn_lm_lkfn_lh) (7126)

Notice that the:’s are recurrence relationship. Because daisha functional evaluation, this recur-
rence makes RK methods efficient for computer calculations.

Second-order Runge-Kutta Methods

The second-order version of RK method:

Yir1 = Yi + (ark1 + azko)h (7.13)

where
ki = f(xi, i) (7.14a)
ky = f(x; + prh, yi + quik1h) (7.14b)

To determine values for the constant as, p;, andq;1, use a Taylor’s series faf,; in terms ofy;
andf('riv yl)

Yir1 = Yi + f(@i,y:)h + le (7.15)
wheref’(x;, y;) is
v Of(zy) | Of(z,y)dy
f(isyi) = 5 T oy de (7.16)
Then, ,
o o of Ofdyh
Yir1 = Yi + f(wi,y:)h + 55 T 9y dz 2] (7.17)

The basic strategy underlying Runge-Kutta methods is to use algebraic manipulations to solve for
values ofaq, as, p1, andq;; that make eq (7.13) and eq (7.17) equivalent.

The Taylor’s series for a two-variable function is

0 0
f(:BZ —I—plh,yi + qllkrlh) = f($i7yi) +p1ha—£ + qllklhﬁ_i + O(hz) (718)
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7.1 Runge-Kutta Methods 57

This gives

0 0
Yier = Yi + arhf(zi, yi) + ash f(xi, ;) + G2p1h28—£ + asqui b f (24, yz)a—i +O(h*) (7.19)

By correcting terms

Yie1 = Yi + (a1 f (i, i) + aof (zi,93)] b+ azplg + azqu1 f (2, yz)g h*+O(h*)  (7.20)

ox oy
Comparing this equation with eq (7.17)
ay+ax =1 (7.21)
a1pp = % (7.22)
asq11 = % (7.23)

Because these three equations contain the four unknown constants, we must assume a value of on
of the unknowns to determine the other three. Suppose that we specify a valye for

ap = 1-— a9 (724)

1
P1=aqu=g5- (7.25)
a2
Also we can choose an infinite number of valuesdgrthere are an infinite number of second-order
RK methods.
Heun Method with a Single Corrector(a; = 1/2)

Assumea, = 1/2

ap = 1/27 P=q1=1 (7.26)
These parameters yield
1 1
Yir1 = Yi t (§/ﬁ + §k2> h (7.27)
where
k= f(l’z, yz) (7.28)
ko = f(xsi + h,y; + kih) (7.29)
Midpoint Method(a; = 1)
Yir1 = Yi + kah (7.30)
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where
kv = f(zs,y:) (7.31)
1 1
Ralston’s Method (as = 2/3)
1 2
Yier = Yi + (gk‘l + §k2> h (7.33)
where
kv = f(ws,u:) (7.34)
3 3
ko = f <$z + Zh’ Yi + Zklh) (7.35)

See the figure 25.14 at p 699.
Fourth-order Runge-Kutta Methods

The classical fourth-order RK method

1
Yie1 = Yi + é(kl + 2ko + 2k3 + kq)h (7.36)
where

kv = f(xivi) (7.37a)

1 1

1 1
ks = f (2 + h,y; + ksh) (7.37d)
(7.37e)

See the figure 25.16 at p 704.

7.1.4 Systems of Equations

The procedure for solving a system of equations simply involves applying the one-step technique
for every equation at each step before proceeding to the next step.
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7.2 Stiffness and Multistep Methods 59

7.1.5 Adaptive Runge-Kutta Method

e Automatically adjust the step size to avoid overkills

e Need an estimate of the local truncation error be obtained at each step

Strategies for adaptive RK

e Use different step sizes to calculate local error

o Use different order of RK method to calculate local error

7.2 Stiffness and Multistep Methods

7.2.1 Stiffness

A stiffness system is one involving repidly changing components together with slowly changing
ones. In many cases, the rapidly varying components die away quickly, after which the solution
becomes dominated by the slowly varying components.

An example of a single stiff ODE is

d

d—i = —1000y + 3000 — 2000¢ " (7.38)
If y(0) =0,

y =3 —0.998¢ 19 _ 2002 (7.39)

The solution is initially dominated by the fast exponential teem{"%!). After a very short period
t < 0.005, this transient dies out and the solution becomes dictated by the slow exponerijial (

Step size consideration: Insight into the step size required for stability for a solution.

dy

A 7.4

o ay (7.40)
lf y<0) = Yo,

Yy = yoe_at (7.41)

Thus, the solution starts g and asymptotically approaches zero.

Use Euler’'s method

Wiy, (7.42)

Yie1 = Yi + o
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60 Ordinary Differential Equations

Substitutingdy /dt

Yir1 = Yi — ayih (7.43)
or

Yir1 = (1 — ah)y; (7.44)
The stability of this formula clearly depend on the step giz&hat is,|1 — ah| must be less than 1.

For the fast transient part, the step size to maintain stability must be very small. In addition, an
even smaller step size is required to obtain an accurate solution.

Implicit method: developed by evaluating the derivative at the future time

dy;
Yir1 = Yi + ZH h (7.45)
t
Substituting the derivative term
Yir1 = Yi + ayir1h (7.46)
which can be solved for ”
i1 = : 7.47
Yit+1 11 ah ( )

For this case, regardless of the size of the tgp;— 0 asi — co. See the figure 26.2 at p 722.

7.2.2 Multistep Methods

The one-step methods utilize information at a single pojntio predict a value of the dependent
variabley; ., at a future pointz;, ;. Alternative approaches, called multistep methods, are base on
information of the previous points. The curvature of the lines connecting these previous values
provides information regarding the trajectory of the solution. The multistep methods exploit this
information to solve ODEs.

The non-self-starting Huen method

The Heun method use Euler's method as predictor
3/?+1 =yi + f(@i,y:)h (7.48)
and the trapezoidal rule as a corrector

f(@i,yi) + f(2iga, y?+1)
2

Yiv1 = Yi + h (7.49)

Thus, the predictor and the corrector have local truncation errofg f) andO(h?), repectively.
Consequently, one way to improve Heun’s method is to develop a predictor that has a local error of
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7.2 Stiffness and Multistep Methods 61

O(h?). This can be accomplished by using Euler's method and the slgpesatd extra information
from a previous point;_;, as in

Yoy = i1+ f@iyi)2h (7.50)

Notice that eq. (7.50) attair@(%?) at the expense of employing a larger step sk2e,In addition,
eg. (7.50) is not self-starting because it involves a previous value of the dependent variable
Because of the fact it is called the non-self-starting Heun method.

Derivation of non-self-starting Heun method

Consider the general ODE
dy

A 7.51
A CY) (7.51)
Integrating between limits atand: + 1
Yi+1 Ti+1
[ a= [ e (7.52)
Yi Tq
Integrated value is
Ti+1
R (7.53)
Use trapezoidal rule to integrate the second term at right hand side
s Yi) T i+1, Yi
yior = i 4 LT ) £ S @ern vin) (7.54)

2

which is the corrector equation for the Heun method and the trapezoidal rule gives the local trunca-
tion error ofO(h?).

A similar approach can be used to derive the predictor. For this case, the integration limits are

fromi —1toq+ 1.
Yi+1 Ti41
[ a= [ pes (7.55)

Yi—1 Ti—1

which can be integrated and rearranged to yield

Tit1
Yies = B + / f(z,y)dz (7.56)

Use the first Newton-Cote open integration formula

/ " ) = 20 f (21, g2) (7.57)

Ti—1
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62 Ordinary Differential Equations

which is called the midpoint method.
Yirr = Yio1 + 2hf (i, yi) (7.58)
which is the predictor for the non-self-starting Heun.

Integration formulas

The non-self-starting Heun method employs an open integration formula (the midpoint method)
to make an initial estimate. This predictor step requires a previous data point. Then, a closed
integration formula (the trapezoidal rule) is applied iteratively to improve the solution.

Newton-Cotes formulas estimate the integral over an interval spanning several points. In con-
strast, the Adam formulas use a set of points from an interval to estimate the integral solely for the
last segment in the interval. See the figure 26.7 p 734.

¢ Newton-Cotes Formulas

— Open formulas
Tit1
Yie1 = Yion + / fu(w)d (7.59)

ifn=1
Yir1 = Yi—1 + 2R f; (7.60)

which is referred to as the midpoint method and was used previously as the predictor in
the non-self-starting Heun method.

— Closed formulas

Tit1
Yir1l = Yi—nt1 + / fu(w)dx (7.61)
Tj—n+1
ifn=1 )
Yir1 = Yi + §(fz + fit1) (7.62)

which is equivalent to the trapezoidal rule.

e Adams Formulas : Many popular computer algorithms for multistep solution of ODEs are
based on these methods.

— Open formulas(Adams-Bashforth) : start with a forward Taylor series expansign at

!/ "
Yir1 = Yi + fih + 5’]12 + tha +-e (7.63)

which can also be written as

h h?
Yit1 =Yi+ h (f¢+§f{+§f{/+"') (7.64)
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Use a backward difference

f _ fz hfz 1 7 h+0(h2) (765)
Then
3 1 5 3 e 4
Yirr =i +h| sfi—sfioa ] + 50 f +O(h7) (7.66)
2 2 12
— Closed formulas(Adams-Moulton) : start with a backward Taylor series areynd
!/
Yi = Yit1 — Jirrh + %hQ + .- (7.67)
Solving fory;,, yields
h
Yir1 =Yith <f2+1 fz+1 + > (7.68)

Use a difference to approximate the first derivative

fiv1 — fi ;;1 2
T+ HLh o+ h(0%) (7.69)

fi/-i-l =

Then

1

Yirr=Yi T+ h ( fir1 + fz) hgleﬁﬂ O(h*) (7.70)

7.3 Boundary-Value and Engenvalue Problems

Boundary-value : which is specified at the extreme points or boundaries of a system.

Classification of boundary condition

¢ Dirichlet condition : the value of independent variable is specified at a boundary

e Neumann condition : the value of the derivative of independent variable is specified at a
boundary

7.3.1 General Methods of Boundary-Value Problems

The shooting method: based on converting the boundary-value problem into an equivalent initial-
value problem. A trial-and-error approach is then implemented to solve the initial-value version.

Finite-difference methods: finite divided differences are substituted for the derivatives in the orig-
inal equation. Thus, a linear differential equation is transformed into a set of simultaneous algebraic
equations.
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64 Ordinary Differential Equations

7.3.2 ODEs and Eigenvalues with Libraries and Packages

¢ Matlab

— o0de23
— ode45

e IMSL

— IVPRK
— IVPAG
— BVPFD
— BVPMS

7.4 Engineering Applications: Ordinary Differential Equations

See the textbook
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Chapter 8

Partial Differential Equations

An equation involving partial derivatives of an unknown function of two or more independent vari-
ables is called a partial differential equation, PDE. The order of a PDE is that of the highest-order
partial derivative appearing in the equation.

A general linear second-order differential equation is

0*u 0*u 0*u
A B D = A
0x? + 0x 0y * C@gﬂ + 0 8.1)

Depending on the values of the coefficients of the second-derivative terms eq. (8.1) can be classified
int one of three categories.

e B2 - 4AC < 0: Elliptic
o*T  0*T
- _l_ - =
ox?  Oy?

Laplace equation(steady state with two spatial dimensions)

0 (8.2)

e B2 —4AC = 0 : Parabolic

orT 0T
— =k— 8.3
ot 0x? 83)
Heat conduction equation(time variable with one spatial dimension)
e B2 —4AC > 0: Hyperbolic
Py 1 0%
o~ 2o (8.4)

Wave equation(time variable with one spatial dimension)

65
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8.1 Finite Difference: Elliptic Equations

Elliptic equations in engineering are typically used to characterize steady-state, boundary-value
problems.

8.1.1 The Laplace Equations

e The Laplace equation

o*r  o0*T
el + a7 =0 (8.5)
e The Poisson equation
0T 0*T
Ee) + 8_3/2 = f(z,y) (8.6)

8.1.2 Solution Techniques

e The Laplacian Difference Equation : use central difference based on the grid scheme
O*T Ty — 2T+ Ty

8.7
0x? Ax? 8.7)
and ,
o°T _ Tiv1;— 20 + T (8.8)
Oy? Ay?
Substituting these equations into the Laplace equation gives
Tivi;—2Ti;+Tia; | Tiy; — 2T+ Tiay
: : : ’ ’ = =0 8.9
Ax? * Ay? (8.9)
For the square gridyz = Ay, and by collecting terms
Tivij+Tio1j+Tijp1 + 10— 4T, =0 (8.10)

This relationship, which holds for all interior point on the plate, is referred to as the Laplacian
difference equation.

This approach gives a large size of linear algebraic equations.

e The Liebmann Method : For larger-sized grids, a significant number of the terms will be zero.
When applied to such sparse system, full-matrix elimination methods waste great amounts
of computer memory storing these zeros. For this reason, approximate methods provide a
viable approach for obtaining solutions for elliptical equation. The most commonly employed
approach is Guass-Seidel, which when applied to PDEs is also referred to as Liebmann’s
method.
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8.2 Finite Difference: Parabolic Equations 67

8.1.3 Boundary Conditions

e Derivative boundary conditions : including the derivative boundary conditions into the prob-
lem.

¢ Irregular boundaries : use contstants to depict the curvature.

8.1.4 The Control Volume Approach

® 4 ® O C O
[ L4 ®
® L @ O O

Figure 8.1: Two different perspectives for developing approximate solutions of PDEs.

Two different developing approximate solutions of PDEs

¢ Finite-difference : divides the continuum into nodes and convert the equations to an algebraic
form.

e Control volume : approximates the PDEs with a volume surrounding the point.

8.2 Finite Difference: Parabolic Equations

8.2.1 The Heat Conduction Equation

Fourier’s law of heat conduction o7 927
e A A1
ot K ox? (8.11)

which is the heat-conduction equation.

Problems of parabolic equation

e consider changes in time as well as in space
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68 Partial Differential Equations

e temporally open-ended

e consider the stability problem

8.2.2 Explicit Methods

With finite divided differences

oT T-H_l _ Tl
o _ 4 i 8.12
ot At ¢12
and 9 1 l l
0T - fij‘4r1_2fri +CZ—IL'*1
o~ (Ba) o
which give
EI—H — irz‘l + )\(Tvil+1 o Qﬂl + T;l—l) (814)
where\ = kAt/(Ax)2.
N an '
\/ A 4 \./

Figure 8.2: A computational modelcule for the explicit form.

Convergence and Stability

e Convergence : adz and At approach zero, the results of the finite-difference technique
approach the true solution.
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8.2 Finite Difference: Parabolic Equations 69

e Stability : errors at any stage of the computation are not amplified but are attenuated as the
computation progresses.

Convergence: consider the following unsteady-state heat-flow equation in one dimension.

oUu  k 0*U

Let the symbolU to represent the exact solution ando represent the numerical solution. Let
el = U} —u], atthe pointr = z;, t = t;. By the explicit method,
wl ™ =r(ul, )+ (1 -2l (8.16)

7

wherer = kAt/cp(Az)?. Substitutingu = U — ¢ into the above equation,

et = r<€g+1 + eg—1) +(1- 27”)‘3{ - T(Uz'jﬂ + Ui‘j—1) —(1- QT)UZJ + Uz‘jH (8.17)

(2

By using Taylor series expansion,

| (U (A2)2 82U (61, 1)

Uz’]—&-l = Uzj + (a)i’j Az + 5 922 J , I < fl < Ti41 (818)
g _ 22 7 ) )

Uittt = Ul + a2 m) t<m<tjn (8.20)

ot
Substituting these into (8.17) and simplifying
OU(zi,m)  k OPU(E. 1)

ot cp  Ox? ’
tp<n<tjp1, i1 <§ < T (8.21)

e‘ZH = T(ngrl + egfl) +(1- 27")65 +A

Let £/ be the magnitude of the maximum error in the row of calculatiort fert;, and letd/ > 0
be an upper bound for the magnitude of the expression.<f1, all the coefficients in the above
equation are positive (or zero) and we may write the inequality

e/ < 2rE7 + (1 — 2r)E? + MAt = E7 + MAt (8.22)
This is true for all the:) ™' att =t,,,, so
BT < I+ MAt (8.23)
This is true at each time step,

BN < BT+ MAt < E77V 4 2MAt < - < E° + Mty = Mty (8.24)
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70 Partial Differential Equations

becausé’, the errors at = 0, are zero, a#/ is given by the initial conditions.

As Az — 0, At — 0if kAt/cp(Az)* < 1, andM — 0, because, as bothz and At get

smaller
OU(zim) _ k PUEL)] _ (0U kU
ot cp  Ox? ot cpox®),;

=0 (8.25)

Consequently, the explicit method is convergent/fot % because the errors approach zera\as
andAzx are made smaller.

8.2.3 A Simple Implicit Method

The problems of explicit finite-difference formulation

o stability

e exclusion of information that has a bearing on the solution

See figure 30.6 at p838.

[mml N jan! N
L % | V
D fan N M
J 0 L [m]

(@) (b)

Figure 8.3: Computational molecules demonstrating the funcdamental differences.

In implicit methods, the spatial derivative is approximated at an advanced timée level

T _THI—2mt 4T

Ox? (Az)?

(8.26)

When this relationship is substituted into the original PDE, the resulting difference equation contains
several unknowns. Thus, it cannot be solved explicitly by simple algebraic rearrangement. Instead,
the entire system of equations must be solved simultaneously. This is possible because, along with
the boundary conditions, the implicit formulations result in a set of linear algebraic equations with
the same number of unknowns.

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



8.3 Finite Element Method 71

8.2.4 The Crank-Nicholson Method

The Crank-Nicolson method provides an alternative implicit scheme that is second-order accurate
in both space and time. To do this, develops difference approximations at the midpoint of the time
increment.

PT 1 (T4, —2Ti+ 1L, T —2m + 1

= 8.27
0r? 2 (Ax)? (Az)? 8.27)

Substituting and collecting terms gives
SANTEL 201+ N = AT = AT, + 201 — T+ 2T, (8.28)

8.3 Finite Element Method

e Finite-difference method

— divide the solution domain into a grid of discrete points or nodes

— write the PDE for each node and replace the derivative with finite divided differences

— itis hard to apply for system with irregular geometry, unusual boundary conditions, or
heterogeuous composition

e Finite-element method

— divide the solution domain into simply shaped regions or “elements”.
— develop an approximate solution for the PDE for each of these elements.

— link together the individiual solutions

8.3.1 Calculus of variation

The calculus of variations involves problems in which the quantity to be minimized appears as an
integral. As the simplest case,

J = /12 f (Y, Yo, x)dz (8.29)

Let J is the quantity that takes on an extreme value. Under the integral Sigrg known function

of the indicated variableg(z), y.(x), andz but the dependence gfon z is not fixed: that isy(x)

is unknown. Thus, the calculus of variation seeks to optimize a special class of functions called
functionals. A functional can be thought of as a “function of function.”
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Figure 8.4: A varied path.

In figure 8.3.1 two possible paths are shown. The difference between these two for a ggven
called the variation of;, 4y, and introduce,;(z) to define the arbitrary deformation of the path and
a scale factow to give the magnitude of the variation. The functigx) is arbitrary except for two
restrictions. First

n(x1) = n(ze) =0 (8.30)
which means that all varied paths must pass through the fixed end points. Second,

nx)=1, z=ux

0 stz (8.31)
With the path described with andn(x),
y(z, ) = y(z,0) + an(z) (8.32)
and
oy = y(z, o) — y(z,0) = an(z) (8.33)

Let y(z,a« = 0) be the unknown path that will minimizé. Theny(z, «) describes a neighboring
path. Then/ is now a function of new parameter

J(a) = /m fly(z, @), yo(z, @), x|dx (8.34)
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8.3 Finite Element Method 73

and the extreme value is

{M(O‘)} —0 (8.35)
83: a=0
The partial derivative of is
oJ(a) [ [0f 0y  Of Oy
da /x1 {ay O + Oy, O dr (8.36)
From eq. (8.32)
oy(z, a
y(ﬁa ) =n(x) (8.37)
Oyz(z, )  dn(x)
dae dx (8.38)
Equation (8.36) becomes
dJ(a) (™ (Of Of dn(x)
G —/:C1 <ayn(:r)—|— yn dr dx (8.39)
Integrating the second term by parts
dn(x) Of , of | /””2 d of
/xl In 8yxdm =n(x) 0. . 8 n(x)dx 8yxdx (8.40)
The integrated part is zero and
21of d of B
/xl la—y — %3%] n(x)dx =0 (8.41)
Multiply «
aJ [ ]of d Of e
« [%} . = /m [ay . 8yJ oyder =0J =0 (8.42)
The condition for stationary is
of d aof
3 oy 0 (8.43)

which is known as the Euler(or Euler-Lagrange) equation.

8.3.2 Example: The shortest distance between two points

We have to determine the path that minimize the distance between two points which are given as
(z1,y1) and(z2, ya).

[ Ve [ vaErar - [ () e e
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Equation (8.44) is a funtional that is a function of patlr) and our problem is to fing = y(z)
which will make

J=+1+y?dx (8.45)
as small as possible. Andx) is called an extremal. Assuming a neighboring line
Y(z) =y(x) + an(x) (8.46)
Select & (z) make
J=V1+Y"2dx (8.47)

a minimum. Now/ is a function of the parameter, whena = 0, Y = y. Our problem then is to
make! («) take its minimum value whea = 0.

dJ =0 when a=0 (8.48)
da
Differentiating gives
dJ 21 1 ay’
- = - 2Y" 4
o / T (da>dl~ (8.49)
Y'is
Y'(z) =y (x) + an(z) (8.50)
Then 4
- 8.51
oo = (@) (8.51)
Puta =0 (o) (@)
dl 29/ (z)n'(x
— = L —Zdx =0 8.52
(dO[) a=0 Z1 V 1 + ylz ( )
Integrate by part
dJ y/ T2 /xz d y/
- = —F—N\T — r)— | ——— | dx 8.53
(da)azo e - [ >dx< q@) (8.53)
The first term is zero and becauge:) is arbitarary function,
d y
— | ——=|=0 8.54
dz (« /1+ y’2> ( )
In the Euler equation case,
F=+1+y"? (8.55)
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Then
— =0 (8.56)

and the Euler equation gives

d Y B
- <—1 ~ y/2> =0 (8.57)

From this
y/
—_— = (8.58)
V1+y?
Solving fory’
/ G 8.59
y=\V1-—2"~ (8.59)
and
y=br+a (8.60)

8.3.3 The Rayleigh-Ritz Method

It is based on an elegant branch of methematics, the calculus of variations. With this method we
solve a boundary-value problem by approximating the solution with a finite linear combination of
simple basis functions that are chosen to fulfill certain ceiteria, including meeting the boundary
conditions.

For example, consider the second-order linear boundary-value problerfuohjer

y'+Qx)y = F(x), y(a)=1yo, ¥y(b)=uyn (8.61)

The functional that corresponds to the above equation is

J[u] = /ab [(%)2 — Qu* +2Fu

We can transform eq. (8.62) to eq. (8.61) through the Euler-Lagrange conditions, so optimizing
(8.62) give the solution to eq. (8.61).

dx (8.62)

The benifits of operating with the functional rather than the original equation:

e only the first-order instead of second-order derivative

o simplify the mathematics and permits to find solutions even when there are discontinuities that
causey not to have sufficiently high derivatives.
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If we know the solution to our differential equation, substituting it for the solution will make
a minimum. Letu(z), which is the approximation tg(z), be a sum:

u(r) = covp(x) + crvi(z) + -+ - + cpvp(x) = Z civi(x) (8.63)
1=0
Two conditions on the’s which is called as trial function.

e chosen such that(x) meets the boundary conditions

e v’s are linearly independent.

Now fina a way of getting values fro thés to forceu(x) to be close tg/(x) using the functional.

b 2
J(co,c1y.0ny0p) = / [(dim Z CZ'I/Z'> — Q(Z cvi)? + 2F Z CiVi] dx (8.64)

To minimize J, take its partial derivatives with respect to each unknownd set to zero.
oJ b fdu\ O [du b ou b ou
o _/a 2 (%> 9, <%) dx —/a 2Qu <8Ci> dx—l—Q/a Ff)cidx (8.65)

8.3.4 The Collocation and Galerkin Method

The collocation method is another way to approximate) which is called a “residual method.”
R(x)=y"-Qy—-F (8.66)
Algorithm of the collocation method:

e approximatey(z) with u(z) equal to a sum of trial function, usually chosen as linearly inde-
pendent polynomials.

e substituteu(z) int R(z) and attempt to mak&(z) = 0 by a suitable choice of the coefficients
inu(x).

Like collocation, Galerkin method is a “residual method” that use/the), except that now we
multiply R(z) by weighting function}V;(z).

b
/ Wi(x)R(z)dx =0, i=0,1,...,n (8.67)
The advantages of collocation and Galerkin method

e amount of arithmetic is cetainly less

e much easier and never have to find the variational form.
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8.3.5 Finite elements for ordinary-differential equations

The disadvantages of the previous methods

e Find a good trial function(it it not so easy)

e polynomial may interpolate poorly.

The remedy to the above problems is based on the observation that even low-degree polynomials
can reflect the behavior of a function if based on values that are closely spaced.

1. subdivide[a, b] into n subintervals, called elements, that joinaat z,, ..., x,_; which are
called the nodes of the interval.

2. apply the Galerkin method to each element separately to interpolate between the end nodal
valuesu(x;_1) andu(z;), where these’s are approximations to thgx;)’s.

3. use alow-degree polynomial fafz).
4. combine the separate element equations

5. adjust for the boundary conditions and solve equations to get approximatigfis)tat the
nodes.

8.4 Engineering Applications: Partial Differential Equations
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Appendix A

Using Matlab
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e Optimization Toolbox
e Spline Toolbox

e Statistics Toolbox

A.2 Matlab 7] %
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T},
npR et o 2 AR Y7 AL = WS &G A2 2ol = who HE o] & AFS-3}
W 7 Ao tsk A YRS 4 AS Ffoll= whosElE W o] S AL_5Hd Ht
Matlabs A3 S st T U7l dEst= g ofuist 7|52 Q3 A2 F 2o+ diaryzh= ¥ 5
AE ALE3H o Eo] A dH Yol Aagrol Y s|AaE g7 2+ AR Y
of 7]Z o] At} AAM 3 A2 help diary E Z=x3517] vpgct
oA HlAE 3dF of o] £33 Yol tdt 7] = o o EE o] AAtst 2
I e AFT u= oA sordr ? S, A9 AAAYE AHEL agt= WEe bl W
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A.2 Matlab 7] % 81

TE AHS3A T o] RS E A3 S8 A= save Bl H B o] E ARS- Skt o] W E o
g o] g8t Yok WSS AZE 5 ek o] A% A% = 5 9] FA4AE mat o] 5
do] Fej= vroielolt). o2& Aol o] gL Aul A TiE ML B 5 Aot
save oo 3t =TS B AT G ofay| o2 AFTE 5 vk AAM T W
8- # 4 grobi 7] uhehr}. A s of 9l W4 & ThA] matlake] workspacez 2] ¢ 7] 9]
A= load WEHAE o] &3t} o] MR o= mat3 g Buk ol gt oA SYE E
HE 4 )
>>a=1
a =
1
>>ph=2
b =
2
>>c=3
c =
3

>>save test

>>save ab a b

>>clear

>>|oad test

>>who

Your variables are:

a b c
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Ao AANAM = ast b, cete HEol| 421,238 st ¢ & It teset= o5 o E
workspace] 752 #] &3t} save test = o] o3 testmat o] A o] F
3 o] o= a, b, cHF Y FrEol 50 Ath &, savettoll 3t H S A1 w4
= AellFA Fod dA S RE S ge AstA Aok FHA save ab a b 2ol 2] s)
A+ ab.mat 3t a9l b Fho] Aol Atk 2B 2 Wot= Hp kS A st= Aol
= 15 HE Aokt I th clear k= W EH o E AFS-3l=dl ©] 1 & o] = workspace
e BE Ao thst ARE A= W oot o] oo Y& o] gy Hee 24
S}2] ¢keth O Ty thA] load test 2}l 5pW testmat  SHYEE gloj A A FH W4

F|HEE o] &3 A o] Ao AFESt HE ol & 7R & 5 Qth o] 7|5 YR ES g5
2 Ao L £ A0 7% doskey.exe TEO]E AT T ARSI S| AER 752 v
Sttt o] 752 WETE o] &S A APT = ot ] ol E S ol & WEIE dEs B
W ol Ao ALY WEo]S B 4 9tk EIESCHE JHstA dggo] 9= "ot
A9 Rt} o] 28 7| HES o] &3 o] TES o] &3t 43 W o] S vt AP}
I UH ASHOR o] 8T 5t

g 223 A matlab = 9 =701 A
Fe& 4 gle Mo YAk 197 o
o= o5 B Ao A8 T 5 glrk wreb

=dir olgf=HYHoE T~

1. O O 2 1-—

o A AHgahE] GUxL sacl At s e Bl S Agath 1w
o] % BEJo] 7} A= PG| A= Zo] AT 4 Uk ATHh pwdehe fu o
=0} 7} gl o] Welol AA) AH4le] g T H e

g T3 o Yot Eholt GAT T E AE§ matlab o A AHS
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A.2 Matlab 7] % 83

919 2L AAE o8N HAL B WSojuA. JHRSo] & ARF L HAE of
UEE o g4 The} 2L samplem olebe 3HAS e} ol wEole). of shUe
ctemplsamplem o] 2} Aol BTt 51Ah, 1) L HAE ot E 23 s AL "MS
=1} oW 32 of 7|8 Aol ohUm Mg 2 AL oA/ shE Aolth

clear all

© sample.m 39S WHE t}-2 matlabS A3 Al A cd
EHE 274?/} a1 o %—Zdoﬂ wE sample - /‘Et‘fg—s}ﬂ 9

oE
o

>>cd \temp
>>sample

ans =

A2.1 njg

matlael] A W Ej L Y E 2 e = Y2 o5 Zhesitt. 1Al o] =2 139 o] F o] mat-
labgl 212 MATrix LABoratory 2h= o] S0l A ko] 43| sid} ardd A2 ok 47
o] &% 4 Ut tha 9] A E E AL

i=1:1:10;
j=0:2:12;

k=1:10;

a=[1 2];
b=[1 2;3 4];
c=[1 2 3;4 5 6];

Aol v igks Hee

= 1R E) 10744 127) 2 5748 3he W o]
Aol ALH 12 A FHES

oulste Sl 1S Zo4R, AWA 108 %

51
i
|=FU_WL
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2

:LE%UEF[l 2 3
OOﬂ—|(3 olgtal 3
717012 5ol
o] XJOHX]X] ok =

qha%waqfi
EhiloRE 7 18 2

>
=
o o
ofr
e
kJ
>

g
£

M2 of, =2 O off

=

(@)
\]
o
Ne)
—_
o
o
B
o
o
0
3 =
rXL o
4y Lo
w
~

t%lﬂ%%%%#ﬂ%
A R A ¢k 15 107} #] 147
off thgt o 71 & o= o+ & A Zsh
ARE SHA] Q A7A 9] FHeS AFR
= Aol of 78k o] F°] 7801121 A
319 [i(2) i(3) i(4) i(5)]e

1zmﬂwf & o 83 2 el 0% st 12714 24 37140

off
-
ol
(@)
S

e K

o,
==
O O N ol it ox

~
Rl e, g <
(L ko

g R 2
a

HI OIN
Y

o:ﬁﬂulmrﬂ .

4

I3

yo O 3
d
o

2oy 12

A N
1o —lO U}‘N

&3 )
r

My rlr ¢
Lo

rﬂ
=
!
° N
a e
©
K
e
N
o f

w19
-z
e
=
)
it
o=
il
w
z 30 Mo X o o X rlo

T L

3 >
£ rd
R o
)

T N PRI
LE ME ol e 718 g A of ] whm
o] g3 MEj - Mg A7} A5 W=
o). JelmE W4 at 18 24 WE 7} 9

%%%%?ﬂ%ﬂﬂ%?ﬂ&%ﬁd%#b%
23 29 & Yo| W} w3k ot 29 39 PP ol
o] A o] H gt vl F= o] SFAMA Thdst AL S EAL A A F AT WE e} Y E S vl
=
>>a=1:5;

>>p=pascal(3);
>>c=magic(3);

ADA T 17 E 5702 £2p4 07 7k JE| o] WEf o]l betc
o] & o] gelA T Fh otk FE ol WH Y Aol

o)A A5 E ol 45H YY) G RE RS A A+ Uk Z,b(.1)
3 9J¥2 5¥ beks F ) A @ RFE vl shA Bk TRk o 212 o g5 A
Do YREL do|u} o] YRES ALF T W o @ Hokh 7} ?
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Fooh s
Aolt}.

o

>>p(1:2,1:2)+c(1:2,1:2)

>>h*c
>>pb*h
>>p"2
>>ph"5

A.2 Matlab 7] %

ey =%
ol B ==
SET T
BTG
& B o n
BT o K
R Rcciny

(A.1)
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(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr

>>b/c
>>b\c
>>b*c"-1
>>p*inv(c)
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I FHAE bebe gholl ad] J 82 Folehe ol7lolth Tl AFEE 7| e7F SRl ER

Z E7 vtd ok a2 AR e A= Aot T4 23S denh dd bk 3E

o -15<= AN thF wotes ol 2| vAA = bek= FE Y dFL S Albst=
o]-&3l A ARt Aot

A i ol 9 A o of 27}
SEREERRE P

s
2
=2
rlr

>>3.72

ol ol aztt WEle] 2} 2 20 ghe) AFE Fohett BYololch Az e[l 4 9 16 2|7

o] Atk &t} o Al 24 wlE| 9] 2t 2 49) 20]9) gk A Abal okE & A ol LA o}
=7} ?

>>2*g
o2 A st Aok TE X vk vk thZ 3 22 HE A AE BAb
>>aa=1:2:9;
>>aa * a;
>>aa .* a;

A.2.2 Customization

Matlabe AHg-steh7E B R7HA] nhgof] b= RE o] =7t 4dd
3 B 2p AR of 2] -2 autoexec.batt config.sysT 1k of] off 3 A]

222 A wol = o} % 5 8.8 5t o] o FhA o)tk o) F L3 Lkd AHEHE AHE 5
NEAQ B4L BEfFE o] 7] ot TAH A2 2L AFEH ASHA A
£ A AEH A AN LUNE LED ZL Ao B AL I A9 B AR o
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A.2 Matlab 7] % 87

Abe] Q171+ stk 28 ES AR o]t 27] A4 3ol E
ATHH ojfof oW LS A o Yke] A4 std S e &
oo HESY WA A T KA B} Aol = 5.3 AHE-F

A fHE 2= C\MATLABR11 o]t} of 29| 48] mpe 2 F4 th= ﬂzl s OPU}E
FE Al AA =] & Aojth 2 d v Es o] AXH ¢

712 matlabrc.m o] 2t= 3 Y & ZrolH 7] vttt o] 3t o] %) 3349_110]1;} -’JZ]»_/] 72 0
+ C:\MATLABR11\toolbox\local olgt= g HE gl th3 e 2 5o ‘D}

%MATLABRC Master startup M-file.

% MATLABRC is automatically executed by MATLAB during startup.

% It establishes the MATLAB path, sets the default figure size,

%  and sets a few uicontrol defaults.

%

% On multi-user or networked systems, the system manager can put
% any messages, definitions, etc. that apply to all users here.

%

%  MATLABRC also invokes a STARTUP command if the file 'startup.m’
%  exists on the MATLAB path.

% Copyright (c) 1984-98 by The MathWorks, Inc.
%  $Revision: 1.94 $ $Date: 1998/08/24 19:53:59 $

% Set up path.

if exist('pathdef’,file’)
matlabpath(pathdef);

end

ofgl o] A ofd FE2 tha 2},

%% For European countries using A4 paper the following line should
%% be uncommented
%set(0, DefaultFigurePaperType’,’a4’)

o] FE2 dRtH o g wFolME AdGAE AHESHA 9Fal Letter 27] 9] A& A
T o HREL o] QT EIAAR A S ALRFERE 9o HES 183} o
=1

— =
> ok
o, 1%

o},
)

%% For European countries using A4 paper the following line should
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88 Using Matlab

%% be uncommented
set(0,'DefaultFigurePaperType’,’a4’)

ou] of 7| WA MEPe]H FAL % o7 EASH B U go] NALEL FHow
Held R8-S A AR Th LTS £ AL REL AL e Aol H vhok 7] A ol
AE = N ERL G Ao ERL AT ¢ F pwdebs Yol 2 o] g4

To get started, type one of these: helpwin, helpdesk, or demo.
For product information, visit www.mathworks.com.

>>pwd
ans =

C:\MATLABR11\work

=]
=
rmlbnwmqmmﬂa$51q 7} 2o e Z7ed =,

% Execute startup M-file, if it exists.
if exist('startup’,’file’)

startup
end

% Execute startup M-file, if it exists.
if exist('startup’,’file’)

startup
end

cd \tclee\matlab\lecture

W ooz RES g E 7| BAHQ Zlo] th Aol H F YAESE HGS NXOo2 FU| =
Aolt}. Lo A Lo = C:\tclee\matlab\lecture gt= gaEgo yrr 28 = 3}
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A.2.3 Summary
olw el vl g2 2 oFatH the ) 2k
e help ¢}lookfor ™ & o]

o W5 W Fo}7l 3ol o5 AR DT

o W5 kel A Y W BelEol 7], Al A By

°
--:é
IS
S
>
ofo
¥
2
< g
o
19
o
v

e who<2} whos % &

o diary ™WE o]

A3 A&

A740] 4 Matlabg o 74 AH-§3h 7] obF 7|22 91 ol thsh A= w9 th Matlabe AH
2RA WS ok ¥ Zo] BE dlojt ol ng WA § 3172 frh
S

=< ol o] AR Al o] 2 23,
S AAS S5 ok vk A Aol A o]

A.3.1 |if, else, and elseif

if 22 71 7129 Ao} 2] Fejolt}
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90 Using Matlab

if logical_expression
statements
end

o] 7] A logical.expressioni| A]

=i Z70] S0t} o 2ALu] Uof 9=
statements A 3§ &%) o] tf 5] XA F oFul 3}, o

AE H A}
if a==
b=0.2;
end
A9 A A= S oA agt= W9 grol 30] 5= Aol betes gl 0.28H= @S Y=
3= oAl o]t} o] A& = & = =T

if a==3, b=0.2; end

comma(,) 7] & 1} ouput suppression(J1 & AFE3tE A FolE =l o7t g E
AHEE o Ut elsgbA] £ st= 479 712 FE= o 2o

if logical_expression
statements 1

else
statements 2
end
o] 7%= logicalexpressionl] B 7ol & 1 £4o] £ 1 obd Aol 2 %
o] 4~3j o] HAr}. upx] o 2 elseifs AF&-3F= 7ol thsl] A YAt o] A+ sl
_Q

switch &3} - A}3}c}.

if logical_expression 1
statements 1

elseif logical _expression 2
statements 2

elseif logical_expression 3
statements 3

end

Z 7o vl else %ol = logicalLexpressior]| o] 71 2] &k A] vt elseife] 73 -$-ol &= o] 2 7]
9] logical.expressior] o] Z <= Ut} T} A A& H A}
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A3 Ao &

91
ifn<O
disp('Negative’);
elseif n ==
disp('Zero’);
else
disp('Positive’);
end
o] of| Al of] A dISDE}— BHEE AT o] v e Yote B Yt
o]t} noj a2 %Ml EE}F/} ST A A ob W 00] ALy F A A E 3ol Bre = o Al
olth A& U}ZH W82 if o] AR ol el A A= JE‘n Th= ol = switchiZof o 3}
A o HA}
A.3.2 switch

switchiZ-& o] 2 71 9] if-elseifE A-&-3t= 4 -7+<}F vl
T},

switch expression
case valuel
statements 1
case value2
statements 2

otherwise

statements n
end

9] 72 epol
o @t} 291
R

ME

EE

[o

4] expressios] zko] z+z+e] valuest o x| 6}{— Z o] u}z} statements A 3
7122 o & L otherwiset}-2 2] Mg o] 58 483 3t

s}tt. if-elseifg AH&-3}

73

lM

2L ZAT 4 Q) A A E H A}

switch a
case 1
disp(a is 1');
case -1
disp(a is -17;
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92 Using Matlab

case O
disp(a is 0");
otherwise
disp('something else ),
end
a®] gl wet o 45 YA AET
A.3.3 while
while-& & Fof o] & fors} FALRE Al ool nt. 2 Aol Brguj A ALH o A

Aoz FYPEL +AUNTE A PEE T 2R,

while expression
statement
end
ol Al 272 expressionl| W11 535 of o 7742 statemertt] @ o] A AL-S- ST ol & &
o] 100 Fot+=

e
AR FL A

n=0;

sum=0;

while n < 100
n=n+1,
sum=sum-+n;

end

disp([n sum]);

99 A= A2 n sumHSE 2+ 0
A sume] 2H= Wl g Eﬂ’ﬂ to}. o] 2 gt L%Z—io
slopsitt, AR Aolle 9= 23E
RIS 78‘—‘%3 A 213l 1 2}

[o
T,
=)
kJ
E
CD
0
i
4
é
L

n=1,

sum=0;

while n < 100
n=n+1;
sum=sum+n;

end

disp([n sumy));

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



A3 A o] & 093

N
g,
Y,
:44
rlg
il
ALY
X
_;
rfo
;@

9 9] A= ZA-o| o 7|3 o A 2} o} G AVE| Kol 2@ A w
Shub2 F A S 8l JAE n=10] 2}l 3 7| a7 of] whileZ <l & o]_?_gh]i ne
A Dk 289 sumel] B8 A= ZFS nol 121 o] Bl A=

A A Aot 28 td L3= 73‘14- AL 2 S Aot 18
whileZo A A7 vl = A& B2}

2o 2015 g8 71
2= G5E o9
n=0°] e}1 3}

n=0;

sum=0;

while n < 100
sum=sum-+n;
n=n+1,

end

disp([n sum]);

—1—‘

O

| 74 sumel A& Es) 7 & ghel 00] A3 2 ke el A e A3k u%

A ‘/}—%77%1} of ol At 2¥ A9 1 A7k d H A no] 9991 gkZ 7HA] AL whileo] X1
o] i AL 1008 th= 27] wjE o) whileR-S Ho] B A 213 o] QE‘r 22 suni] 9=
551 nol O}L‘rtﬂ Qo] H == 1002 %ké 7}A) 3 while#2] 2 AL vl w3eh. 287

100 t} 2HA] 9k7) uf &of] while®-& Tl ol 4 A 34 9k Y-t} =, no] 1002 7% «] %k
= H3kA %A QD} A= 17E 997HA] 9] 3= 1‘5& A3}7F ol At ZHEE whilet
]qfor‘i‘a A&otE Afolle 2300 tial] & A ZE &) HpopRth

A.3.4 for

A S0l A off 7] 3 while® B Th= for#< T Wol AbEsh=A Z2th 2 o] f+= forke] &
o] A AH o7 WEA S & 5 7w oltt. 7] A FE = vk 2o

for index=start:increment:end

statements
end
forst o] A= 7] YA = *a%*ﬂ% o i gtindexs Wtso]F =t 7HA 9 tist AR E
dolFofHt} o] R oju] v & W AYE LolH AL B HH“EH /\H’%‘V]
A

918 A= var _name=start: mcrement nd 3 4]
0}74] OlEl AE WS o] AFR 5 H} oA o] E S o] K A} 1HE 1077}Z]94 7\‘]]': ] 717}-4
P St 22 IS A HA)

for i=1:10
=2
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disp([i j]);
end

>>sample
1 1
2 4
3 9
99} 2o ATE AL Ao|th kAl while Bt 20 ABA e FPow ukE AR
e
A.3.5 break
P2 A o] B2 wkA 1}7] 7] 95 A= breaks AM-&3Hch o & So] 17 E 1071%] 9] <=2}
of t) 3t z+zte] Ap&S A4S whek 7ol gl gro] U= AL blE A RS wA I}

£ oE wEo] A
for i=1:10

j=i"2;

if(i==7), break, end
end

A.3.6 Summary
A F7HA] o 2] 7FA] Al o] 2] FEfoll sl B 2ot

e if, else, and elseif

e switch

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



95

jud)

2 A o] ol Thal vl 2
QIR AR

outputname =7} J 2 W4 90] o] 2 0] 1 functionname & A} AL-&3F1 A} BH= T2
o] &°]H inputname YO0 E Fo]& W9 o]Fo|th AAE Fo]HA}L T A A= =
o} X1 AH o] P Aste roltt

function mean_value=average(x)

[m,n]=size(x);

ifC((m==1) | (n==1)) | (m==1 & n==1))
error(Input must be a vector’)

end

mean_value=sum(x)/length(x);
o] g A /g3 & meanvalue.ne] 2t 1l A g 3 F th 9 oA E g s H AL

>>7=1:99;
>>mean_value(z)

ans =

50

A 2w 7)) Blag st A meanvaluest= oF S S B gheo] S gL

meanvalueglt= H45ZEe 2 Yol 7HA E ol 18] 2 2 meanvalued] 712 713 U= A3l A

o
-
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96 Using Matlab
= Ao dubAd Aot T o] 52 averagetal AT o 7|4 & FO| & S| A Hofd
Zo] Atk 9 o] 52 averaget il A Ads P o] FA e &4+ meanvalue.ne] 2tal
A%< Uk I ok £ o] 8 Tl += averagé A&t 21 o] o} 2t meanvaluezt il AR
= 3tk S, &9 o] Ed= EAE AREH Ae A7 FLY o5 FY o] FLE A}
&5t "t o] A Ao A= BAE o7 A FPA N EH BTG 22 IW S vSTHE
W olZA 5t o] 5 T ool EH A AAA XFH AHE A F YR T
9] o] 53} Y9 o5& T YA WEIL AFSSoFHE T WS viEth 1B E ghok
ghr9] o] 5ol averagetd o] 3kl ¢ A] average.m] 2tal A -5 Sl oA T

2] matlal] 27\ 7H2 ) pathet= Z o] it o] "gol= AFgA 482
TS e AE2E XA 2 ok ojdd o] Mgy ARkl Sl e dA A
= HEEYE A st a2k glod 5 2 5 fvke olE WA A E g A =
t}. 12 B =2 average.m]2tal vl A2 AA Zsta Sl g E e Wl AFE std
7} by ¥ matlab®] 24 W< pathioll Aol Hol 9= 49 teAE o A4 sl ok
t}. 7] & 2 ol Ao A= c:\MATLABR11\work Wl o] A A3sl= Ao] gutA ol Aot}

2 A 99 St E B Bl 8 o g xE ALkt o) 2 A xeha A E

ﬁ_‘
By
52
rlo
Y
i)
=
o
2
o~
L
i
o

L2 ol ghol ME7E 4] oy shute] WMt A= A4S

: 7
S7HA O sl of =l W8] el ol H7kA] m x| = Zholl th gk A o]t} =, local variab
global variable] t}. 2] <] ¥ =, ot
ZRA AL QA rh DAL A WS g adlo] SR w7t
ol dola e ST U
3l A= globale] 2h= A A AHE AHE-Shoh o The 3 22 S8 WA

function testout=test(xx)

global a b
a=10;
b=20;
¢c=30;
testout=30;

2 ohe gL ol AR e Frk

>>global a b
>>a=1,
>>ph=2;
>>c=3
>>test(c);
>>a

a =
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A4 B5EE7) 97

20

2
2
2
hT

2

9 a £ AFE W ARAA AL F o a9} b 7H7 globalz A A& 3t
7 22k Fhe @92 st cebe AW ol 3o g @S ST tesi}

| Ztzke] Wio] ojw & gho] glA) ol S 3 W okt A as)
vH 1otk c gk HH’W %‘ﬁkﬂ‘r. 2t 129 tesietE FTE fz}ﬂd Ez}.
,C, XX, testouth= o] 2] 7hA] M= AL A 0k QJEZHo 2 xxet W42 A}
=Y o= testoub] 2= M E /\Pﬁﬂﬁ} ARk XXE‘r L /\}—Qﬂ Z] °}J
9} b= <= 3] global= Ad?iOl Hol AL I g AR 3¢l 103} 202 2 x| o] FH o]
b WA Abgo] S AA T o] G2 AAMS X, teskhe B AW £E D
™ Zho] 300|212 1%‘&"4%1“&“1101 9] Folle AE GFS v A A ZFHL

oHA 6“4 Zo s E71= At Ak xehes A7t S0l W] 27
St sizett= -E ol & A o] Y 271 Fetth 2 2 7)o thd ma ngtol =
ol o 3H 7137\}% '3HE“H] A 7Y ﬂl**ﬁh—?‘} ste A2 Y E FolX W] FAdit=
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Wrhe 7t7ke] e Baw AL A AdeE Aol o & Z2 e 7ol

flo

A5 Matlabo|A] 28] 12]7]

¥ gl A matlab] A 1he A3E TR0z 1els el tislA 2 sl iA ofR e
F2 A9t Qol Ak e E 1 ANE AP Sl Fohy] FA HolFA oW BAl
2 Q7] PETh A T oAl 172 T ol thiA 2L SR

A5.1 plot o]

A g RE 2xY 2z 2L ploto] gt HEol2A 12 4 9k 28 Atk help
plote & doj2 & AL 7HA AL of 715 3 BA}

>>help plot

PLOT Linear plot.
PLOT(X,Y) plots vector Y versus vector X. If X or Y is a matrix,
then the vector is plotted versus the rows or columns of the matrix,
whichever line up. If X is a scalar and Y is a vector, length(Y)
disconnected points are plotted.

PLOT(Y) plots the columns of Y versus their index.
If Y is complex, PLOT(Y) is equivalent to PLOT(real(Y),imag(Y)).
In all other uses of PLOT, the imaginary part is ignored.

Various line types, plot symbols and colors may be obtained with
PLOT(X,Y,S) where S is a character string made from one element
from any or all the following 3 colunms:

y yellow . point - solid

m magenta 0 circle : dotted

c cyan X x-mark - dashdot
r red + plus -- dashed
g green * star

b blue S square

w white d diamond

k black % triangle (down)

triangle (up)
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triangle (left)
triangle (right)
pentagram
hexagram

>0T V A

For example, PLOT(X,Y,c+.’) plots a cyan dotted line with a plus
at each data point; PLOT(X,Y,'bd") plots blue diamond at each data
point but does not draw any line.

PLOT(X1,Y1,S1,X2,Y2,S2,X3,Y3,S3,...) combines the plots defined by
the (X,Y,S) triples, where the X's and Y’s are vectors or matrices
and the S’s are strings.

For example, PLOT(X,Y,y-,X,Y,’g0’) plots the data twice, with a
solid yellow line interpolating green circles at the data points.

The PLOT command, if no color is specified, makes automatic use of
the colors specified by the axes ColorOrder property. The default
ColorOrder is listed in the table above for color systems where the
default is yellow for one line, and for multiple lines, to cycle

through the first six colors in the table. For monochrome systems,
PLOT cycles over the axes LineStyleOrder property.

PLOT returns a column vector of handles to LINE objects, one
handle per line.

The X,Y pairs, or X)Y,S triples, can be followed by
parameter/value pairs to specify additional properties
of the lines.

See also SEMILOGX, SEMILOGY, LOGLOG, GRID, CLF, CLC, TITLE,
XLABEL, YLABEL, AXIS, AXES, HOLD, COLORDEF, LEGEND, and SUBPLOT.

>>
o] BFo2 4 HE e 7| A AL 1wl B3 plot(xy)  ehu ) @ A 2
g A E FEE AL A9 o B 42 AS S Brk AE RUA S B

=0°] HAL

>>a=[1 2 3];
>>p=[2 3 4]
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>>plot(a,b);

A o] Wedololl ofsh WEoll AL T BAL s Tidy—o+ 1 FEje] F52 23TH

321

2.8

26

24

22

Figure A.1: Simple plot example: plot(a,b)

385 ok aEA T o Aok A o] S F5E 18 Ro] o1 B Fe 1
al

>>plot(a,b,’.’);

2o A Kol o] Lopi )7t E AETh TReh the ) Zo] ubH R A,
>>plot(a,b,’0’);

ol Al ZARTEET Lhobdl A 22| oWl AL why 1AL,
>>plot(a,b,’mo’);

=LA 3k A o) u}
S HEA AR

N rji

T‘/‘r- a2 olHole ZF ZAEF Atolol S0l F2of thal A A

>>plot(a,b,’:0");

AEA0 T Mol Tl Zlo] G Aol Aol HeHA 2 AFgBTh Lol W o] Mol = Alw
HEA EES EAST 183 2AE Aelo] 4L Yol B Z7e] FAL HalFu
A},
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Figure A.2: Simple plot example: plot(a,b,’.’)
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Figure A.3: Simple plot example: plot(a,b,’0’)
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4
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Figure A.4: Simple plot example: plot(a,b, mo’)
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Figure A.5: Simple plot example: plot(a,b,:0’)
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Figure A.6: Simple plot example: plot(a,b,'g-s’)

>>plot(a,b,’'g-s’);

o] DA 3t oA =MZo| 1A 18T ZF TAEZ Y RE FABGO0H ZOE Alo]
ot AL 2gick 2ele] 3 o A2he HEAL e ze) Bhe] F wheks) Hol A ohe
7} 2 ob2 2] ALE A7} 15 E 37441 9 wlolEwhe Yoltky S & Y UstA] Bol: 2
o] 22 A&7 2aHW =, x=2 HYE A FHor ATt 14 3 B

>>plot(a,b,’vr-.");
>>axis([0.0 4.0 0.0 5.0])

Aol FA b FH BV
y= 2 74 °1F/P16WH°1‘%§711

flo
1
2,
e

S Aoty 28 ol A% |7t FAsIh x= 3t T
3 oF2 7} 2 17 xlabel} ylabelo] 2= 21§ ©]-§31% H ).

>>plot(a,b,’vr-.");
>>axis([0.0 4.0 0.0 5.0))
>>xlabel(’X data’); ylabel(’Y data’);

2% o)A 7hehek o) mpxlute g 9] A% Dol A, o AL 7 titleo] 2 A
2 ol g3k k.

>>plot(a,b,’vr-.");

>>axis([0.0 4.0 0.0 5.0])
>>xlabel(’X data’); ylabel(’Y data’);
>>title('Test graph’)
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451
ar v
35
3r e
25+
2F v’
151

1k

0.5

0

I I I I I I I
0 0.5 1 15 2 25 3 35 4

Figure A.7: Simple plot example: plot(a,b,vr-."), axis([0.0 4.0 0.0 5.0])
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X data

Figure A.8: Simple plot example: xlabel(’X data’), ylabel('Y data’)

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



A.5 Matlabol| /] 28] 18] 7] 105

Test graph
T

I I I I I I I
0 0.5 1 15 2 25 3 3.5 4
X data

Figure A.9: Simple plot example: title('Test graph’)

ojAlE otutE )2 A Q] AL E el = Y2 S 2otk 23w o] d ZHE 3
Hat 28 2 2UES ot o] YEd 2dEV At T st e A
W oA sfopd 7k ? Z1 7 ot printh= B o) S ol & stA AT 11 A printe H4%
ek FAS 7hA 2 Qlok Bkl 4l oW help print s Hhet 2 7hed et R7AA] &
Art dvgstAoh

>>print -dtiff

919} 2ol ALgE Giff o 1
Rtk 22l ol WA = e dg AR 1 1 .
2747 9l A9l 7 v stel wEol AAL oh W of el o] of 2] 47 1
W sz WS Y7 olw B of @A FEA 7he] 1% Aeu BHHE A
3¢ A2 A WALk oput of figureLtif s}l
oA 92 Aol thAA AF 3 % o] 29 figureet= o] &
of 10e) A5 EjA o] % 7o) 9t o 2L matlab
A2 glo] AFE A 19 5L o whs kR ey, of b
SEDEEREVE

o

=]
[
rlr
n)
2,
o
ol
2,
:(?L_',
™
[
uiL)
zo,
A
A

o Y o [ roh

%
2 e

2
12 o
:
v

o

4N

N

[
(2 ot Mo
At e o & @,

]_

B

|79 1o}, 28U 3 tif v} jpg of
2 7) ek, 1) 3 matlabl A ol el g 19 B4 A H3F
£ §Ae-d e 4T AFH Dok tiff ) jpeg, pngol oY F2 AE5A B A
diiff  h-dipeg 5] 2 Aolth A} L1ejW 6 4L ALs) Bk 2] ojels gl
Ao W7k Aok 2w Bz A 4et7] AL o g A 712

>>print -dtiff -f3
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g = 2fo] gr= 718 L figure3.tif

=29 ;;}tﬂapthlf e de s
Pl A ok S5 nF BA

iv
AN
I -
X

A5.2 1 plot o]

ol lelE F ] plot 3 ofe] s|A] Qohiazl. plot B30l & 4 AHgshel 2o) the e
=E1E AL 2 Ba7) ek A ol 319 4 o) A2 =2 Aol T 1
' plotS ol &5 4] 72 1918 Al 232 YTk Tee] ANl A2 T L] A ZBA

A AL ot 1A Shskeh. A 18 Al %] 5 A

3 2efzo] T o4 wlolE] Mg HT ALu) WA Bl BAL AV A
2 oHE BE7) A A 18] Z2 1AL BHE T gen datam O A 3L 3

j=0;
for i=0:0.1:1
=i+l
a() = 12,
b(j) = i"3;
k() = 1§
end

IS S gol Yo zr2aWog HolHE vEn 188 e aL

>>gen_data
>>plot(k,a,k,b);

R L A L

HE 1714 0.1 A0 2 A4S S A BE 7
o] Z-2e] shekalo] A bl ol o] 1 F &42%‘—4‘42& @—g—omu}.zazi%m
o A}E FY87] A A= T £ dlole A .
ol o) TSl AHE I EA. DA AL ool A e 9k =

3 ° %
:L
—r
=
1o
i,
A
N
N
2

F
é
N

hI

2

‘O,
2,
2

>>gen_data
>>plot(k,a);
>>plot(k,b);
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0.9 // 4
0.8 /

0.7 /

0.6~ /

0.5
0.4r-
0.3

0.2

e — L I I I I I
0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1

sehel 28] TR U AN ZeiA s Aol ofue}
ge wo) 2dew

>>gen_data
>>figure, plot(k,a);
>>figure, plot(k,b);

figure = WP olE ol &AM 2HS 2 e Fe e THopekdT) o] W H
£ olgstd HeojAe 1d8 MTE AAT T & AT

>>gen_data
>>figure(3), plot(k,a);
>>figure(5), plot(k,b);

ot Zo] HEE WA TH v A= 19 HEE HAE o= Qith A 21 A
ST A Sk 2L 99 e Ao] ohe} & af Yo FAe aej= s 22 Aot
o] Z A 5}7] Y8 A= subplot o] 2t W H o] & ARESITh o] HEoj= A7l Y Fhe AT E
bk

subplot(no_row, no_col,position_figure);
z B3s) Bolxd A 199 A4S A3 A9 A4S A BED g Ot F 3§
A ohE TR0 A E Aol "k oA E EHA vkso] BHAL
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>>gen_data
>>subplot(2,1,1), plot(k,a);
>>subplot(2,1,2), plot(k,b);

1

0.81-

0.6~

0.4

0.2

0 I I I I I I I I
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0.4
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0 I I
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Figure A.11: Simple plot example: subplot 2X1

TFhNA BAAE A FLeA 4 P2 FARE G5 ES SR THE FTof A WA
22 194149 aolal TR 212281499 2o] "ttt 21y W HAE £ 07 279 ¢
olE]E ¥ F7}sl AL o] HlolBl= 2%+ 13} —2% + 19] A 3ol

j=0;

for i=0:0.1:1
=it
a(j) = i"z;
b(j) = i"3;
c(j) =-i"2+1,
d() =-1"3+1;
k(@) = i;

end

shupoll 22 o] 25 th52] subplot® & o] & stubA ARGSl 7k vbr o) A =

>>subplot(2,2,1),plot(k,a)

A9 A7t A% ol AT 2L b
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109
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0.1

Figure A.12: Simple plot example: plot all data

Figure A.13: Simple plot example: subplot(2,2,1), plot(k,a)

1
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ol—
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Figure A.14: Simple plot example:subplot(2,2,2), plot(k,b)
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>>subplot(2,2,2),plot(k,b)
ool 2 2% 9o 1o T Ak A% S

>>subplot(2,2,3),plot(k,c)

1 1

0.8 0.8

0.6 0.6

0.4 0.4

0.2 0.2

0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

1

0.8

0.6

0.4

0.2

0

0 0.2 0.4 0.6 0.8 1

Figure A.15: Simple plot example: subplot(2,2,3), plot(k,c)
ool P& o 1 T uR o g ¢ =& o 28 787 YAE
>>subplot(2,2,4),plot(k,c)

A oA 2o 1A E EHE L5 AR

ogz7ie] 2d< 1
8 13 A5.29] L0
A d) o] 8] = o}k OE:/_FA a

A1%F 18] 41 A o] ofrtt. o] & 75‘%01]{— Iegene% D‘OW 7] wa‘
U o 2

oZ

l\j %

o o
[

i%cl

g o
Z
2
_\1
_\‘L
ﬂJ
Ll

legend('legendl’,’'legend?’,....’Pos’)
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1 1
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Figure A.16: Simple plot example: subplot(2,2,4), plot(k,d)

location:

Automatic "best" placement (least conflict with data)
Upper right-hand corner (default)

Upper left-hand corner

Lower left-hand corner

Lower right-hand corner

To the right of the plot

P rNwNR O
L TR TR TR TR

oA 7ol & 381724 1% E Ao WE o] Zhzke] el g Yolr A,

>>plot(k,a,k,b,k,c,k,d);
>>legend('x"2',X"3’,’-x"2+1",-x"3+1’,0)

ol FANA 1W 1YL Bt Hw Wel 7} Eo] g FHo] A E u}
labo] o] 7)o 2 S 722 B & o] d R @ 2F 0|t x| A}
matlabe] #-&wl= 71 & Bl k2 uE 2

T A A= 2F THAA HeEvt 22 R E
vk obn} Aekel g 27 YEAT 1T oA 2
£dH At 2R & 7hs sty Fashr] vt

ool = 274 7% 02 gride wHE ol Ak o A& IiFgrid 2w gJEshd Wk
2} o] Al fplot o] 2h= Aol thaA] gotH 2L 99| oA 7hev] F-E g
L o

A &4o aejzs a5t B8 248 A4 Qo
Azt E A o TS 2 FE s gL
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Figure A.17: Simple plot example: legend

oot X ™~ /
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Figure A.18: Simple plot example: legend with user defined position
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Figure A.19: Simple plot example: grid

FPLOT(FUN,LIMS)

oA M ks Wolit] FAIE FUNS BEL Aolt), o] REL §48 BE: AT
FAshch 2 Aeka?oleh §49) G 0% E 274X 1A

function f=x2(x)

f=x"2;
the 3} Zo] WE i dehxam oty AFE sud & et 2 Y8S Y
a9e 28 5 g

>>fplot(x2,[0 2])
I o] FA 7R el AR StE AL & HAY-G. g Y T
A= A 2ol Fo] 28 st S WE AT Fo 7} glek 13
o] JestAHT)

>>fplot('’x"2’,[0 2])

Bz o 4 a=E a8l dAE uHEHA 2R Y v go] 43 "ok
Th2h 2ol 48sfl e Swd 21¥8S 18 5 Sk

>>subplot(2,2,1), fplot('’x"2’,[0 1])

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



114 Using Matlab

35

25F

15K

0.5~

()

I I I I I I I I
0 0.2 0.4 0.6 0.8 1 12 1.4 16 18 2

Figure A.20: Simple plot example: fplot

>>subplot(2,2,2), fplot('’x"3',[0 1])
>>subplot(2,2,3), fplot('-x"2+1",[0 1])
>>subplot(2,2,4), fplot(-x"3+1",[0 1])

A S U e AN A AT £ 5 JE e el Ag e
STH SHAL Tl th} I ThE A S Shehh 19 T of g
W ATk 2 28 o] glol itk st

_E)'_l
i}
N
~)
[
of,
[
,

F

>>fplot('’x"2’,[0 2])
>>fplot('’x"2’,[0 3])

o)8A AL su vhAE 1ol s T obglA| Bek Telw o WA 3 st
o] T ATE e 5 YL ?BE MR AGS B S T W H AT TR T
e 97t ?

>>fplot('’x"2,[0 2])
>>hold on
>>fplot('x"2’,[0 3])

01!

919} 2ol holdeh= M=o & A1§-5hd & T ebo] T Teh=E 18 4 9lck holdehs
R ol Al Telo] 127 L2 8 §A] Shek WP ool ok, of AEjol A] Aok the 3
9 )9 Ak 227 s Als) SIaA = hold off & Rk Fo)3 of &

S ms S0 W B A S AR Aelch o) A4 E A 2

LI

m[oﬂl
-(Nr
N, A

oll
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L I I I I I I
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Figure A.21: Simple plot example: hold

e dtole 2d=E a8l A7 WA 2z g o JdrE A2 on o7
£ ok

ApolA wpx et o2 OIS Al d o
olgA = 4¢E 1S

SHA S 1 matlabe] W el A &
< clear zh= WHE AT B
AfMEclf e HPAE

ARgStE Ao AT 28 B E
HEth 283 e gyole o o

)

ol
=5

o

2
et
N
N

Ir e

o

o
L
Kl
o,
Jl
o
2
r

» 2
5% Ay
Tg‘go
o
"0 e
0.

9

[t
>
ofo
_?L
1=
(it
iy

29 7] 934 = close T
close all o]ztal P& ¢
gt} figure T}

o f
ol
>
rr

1% 2 Horlr o X,
L
N,

O i N
=/
N
i

A F7HA) = B3] R ploto] ek W] & o] §3A 12 el ol thsl A ek v
Stk A matlabel A plote 712 2 91 g o] 4 Hoth. o] A9 ol = 43 B WIS
ol Itk AEAOE hREe] 1YL BE matlabl A 13 5 ek

>>t=[0 1 2 3 4];
>>y=[0 1 1 1 1J;
>>plot(t,y), axis([0 4 0 1.1])

29 F AREA BAANN F9) MAES G0 2 APk A3} THZE 2W A4 o]
B Aol A= 05 Labolo] ofw & ke Aths A2 BASA ekgleh e del=s
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Figure A.22: Advanced plot example: simple plot

Lol BIAE &4 QAN W ADR] A4S
-2 plota} 5 A1t}

A - = Al g2 F A= AAsA stk IR o)Al %2 7} o 2ok vl
Ao Frole oA 28s sloFd7t ? 5, 227 dvhe -2 Aol 09 = 7t
A5 QUEp7E A 191 ghell Ayl grel o gt ghs 7R == 3719 sl A= o1 2 S
oFa 7t ? o] A %ol = 7] &) Agsl 2 plote 2= opF] sl = 7R SHA 1™ 4 gl
stairs?t= % o1 & AHS-sl oFd o o] %% o
FadFe dEoolth AR

>>t=[0 1 2 3 4];
>>y=[0 1 1 1 1]

>>stairs(t,y), axis([0 4 -0.1 1.1])

A3} 2o A Ho]%o] Yil=ulE IS 5 Jth T2 o] 2L A
gokd d Q7 Aes] wWrt o gy g o A wlj A 2 zero-order holé]
2 7ot}

% o 3¢ 1
73 5ol Wo] 24

ool FAY yE e AL x 1WL T BAL A 19S ot 1Y
yZEe] 2ol e 97k gl Ut ol e A& o WA 2ejof B2 2plotyy e
Fol & AMSslE Ut A ZA SA ARSI 223 2® IHE 2B AT wheF o]
JF st oz 28 |E o5 22 A Yyt

>>t=0:0.1:2;

>>y1=t."2;

>>y2=1."3,;

=719 A AR R T
5

o AlE= AAts

REe YYRRo|A ojn) 4L JYrk 2 2 4o
£ 9ol AHgTh TR 2R yinhy2E 22 236 kg Adee Aol
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0.81-
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Figure A.23: Advanced plot example: stairs plot

th ol Ag 2 2z 28l Arolle e 22 23E It ol 2zl e y=

8

7k

of /

of ghol Shpo] 7] WEe] A% TPl A=) G ulaste APt EAAT 124 ¢
3% 2ozl A8 o e U gl 7hE 47 AslA s A 4 ek 28R e
LA yES T gL Aol F aemel gro] A3 oW g Ah= 1 e
%5 glek w3 TFo] TR £AE FBAT M08 TEAN 9 g 2ok A
; o A ALg I 2 o] 29 WAL 4 th2A ASE 5 e 9
As B plot AL 8 Aol a ol Asle] The 19 28 A9l 1 139 P42
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Figure A.25: Advanced plot example: plotyy

>>t=[0 1 2 3];
>>y=[0 1 1 1],
>>plotyy(t,y,t,y, plot’,'stairs’)
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Figure A.26: Advanced plot example: plotyy with different type plot

o] @A &4 slt= I plote g 188 83 U] shs stairsttAlo g 188 8
t}. 0131 2 ThFEt of o] A8& 5 Utk £ o] Fio thslA =& dfofe = I
A ol graphell tha) S A% A A
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gt ol thal A =9 8 A ol AR EH BaA
| oF el € ST o s plotyy o] Ael4 24
Fylabel olehe W ol AL AL of o] B e

-4 y——71‘°1] eh %%0 71 S A=
27 g Alel ] oF "t ploto] 2h= " % 0] & help W &2

PLOT returns a column vector of handles to LINE objects, one
handle per line.

o] o} 717} F AL o 7]t =A] 7heds] Lol b Atk o] 3 St A4 AE AL u) o}
= Zo] ARg-3ht.
>>5
ans =
5
>>a=5
a =
5
>>
ol9} e AFE Bl 1 5ets S dou matla| AL 712 Ao fHLS A AF
& W7 e Afole 9] angh= ®gol 52k g AR %}1 52}+= g= echoingst
t}. 28 agts HEof 58 i 9etd azte tﬂ;%on S5zt= kol A FH o] Arkar A A
echomgE sttt &8 RE2s Ao s S Y3 d8 o ﬂv} woF gk o) A9E ojm el
oﬂ A sk Aols 2l g ﬂ%‘iﬂv‘ri choing 3}1A4] Et}. 134 plot} 2
° 7 A% tF-2 ARgshe A -F-oll= Aol 273 ghol O*Eb} 12| plote] helpe] dF2=
B LINEO] 2} objectd] handless M E| 24 glg8) ot ot 1HEE th334 22 7

o] 753 A,

>>hline=plot(t,y):

9} Zro] JEL 3t plotel] o8l 28 A= 2] LINE objectZ hlineo] gt W E]of] A
etk ol 717F Aok 23 | hlineo]l ojm 3k gho] 012 5 =AE €L 42 FFoll=
set olgt= W H o E AHBA 7Hs e g A= & 4 Utk help set & s H A}
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SET Set object properties.
SET(H, PropertyName’,PropertyValue) sets the value of the
specified property for the graphics object with handle H.
H can be a vector of handles, in which case SET sets the
properties’ values for all the objects.

SET(H,a) where a is a structure whose field names are object
property names, sets the properties named in each field name
with the values contained in the structure.

SET(H,pn,pv) sets the named properties specified in the cell array
of strings pn to the corresponding values in the cell array pv for

all objects specified in H. The cell array pn must be 1-by-N, but
the cell array pv can be M-by-N where M is equal to length(H) so
that each object will be updated with a different set of values

for the list of property names contained in pn.

SET(H, PropertyNamel’,PropertyValuel, PropertyName2’,PropertyValue2,...)
sets multiple property values with a single statement. Note that it

is permissible to use property/value string pairs, structures, and
property/value cell array pairs in the same call to SET.

A = SET(H, 'PropertyName’)

SET(H, PropertyName’)

returns or displays the possible values for the specified
property of the object with handle H. The returned array is
a cell array of possible value strings or an empty cell array
if the property does not have a finite set of possible string
values.

A = SET(H)

SET(H)

returns or displays all property names and their possible values for
the object with handle H. The return value is a structure whose
field names are the property names of H, and whose values are
cell arrays of possible property values or empty cell arrays.

The default value for an object property can be set on any of an
object’s ancestors by setting the PropertyName formed by
concatenating the string 'Default’, the object type, and the

property name. For example, to set the default color of text objects

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



A.5 Matlabol| /] 28] 18] 7] 121

to red in the current figure window:
set(gcf,'DefaultTextColor’,'red’)

Defaults can not be set on a descendant of the object, or on the
object itself - for example, a value for 'DefaultAxesColor’ can not

be set on an axes or an axes child, but can be set on a figure or on
the root.

Three strings have special meaning for PropertyValues:
'default’ - use default value (from nearest ancestor)
'factory’ - use factory default value
'remove’ - remove default value.

See also GET, RESET, DELETE, GCF, GCA, FIGURE, AXES.

| ol 2 Hul & Hips) Kol 7ks] Aok A ZEA o sl A Gw ek 27} 29

317} 3k 3)e) Aol o 27 o] 2k objectt Ak Qlojof Hlrk. 2] 7 o] objects: A

Fol WA ok sl 12 A3 o oblecr] /1A 9l 48 A e e
= golopd A7k & T3 2t

o HHE7] oAl = o B A &l oF H =717
olFA MZHAE ¢ FE7F Wt A T 5 Ak 4 o EAS AL A=A
U 42 o= setthandler _name) & 3td Ath 218 AARG o= Fo]
handler _nameo] 7} ? ZH % of 7| & A Tt plot o]gt= W ojof o3l ol 2= 7k
e I8 A} o= 1 %.4 LINEOﬂ A E handler} Foj&t} 23 22 3 A handler] hlined]]
o3 S HAT = Y=A 27|95 set(hline) S A3 B A}
>>set(hline)
Color
EraseMode: [ {normal} | background | xor | none ]
LineStyle: [ {-} | -- | : | -- | none ]
LineWidth
Marker: [ + | o | *| . | x | square | diamond | v | = | > | < | pentagrar
MarkerSize

MarkerEdgeColor: [ none | {auto} ] -or- a ColorSpec.
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MarkerFaceColor: [ {none} | auto ] -or- a ColorSpec.
XData
YData
ZData

ButtonDownFcn

Children

Clipping: [ {on} | off ]
CreateFcn

DeleteFcn

BusyAction: [ {queue} | cancel ]
HandleVisibility: [ {on} | callback | off ]
HitTest: [ {on} | off ]
Interruptible: [ {on} | off ]
Parent

Selected: [ on | off ]
SelectionHighlight: [ {on} | off ]
Tag

UlContextMenu

UserData

Visible: [ {on} | off ]

>>
ol W2 Ase 7 Atk 2y oA thukE F e A 2 i AR A
A= 7 Aok dA AR e 2 { J ol 22 Ao] e qhol A A= 7
olth. o] FA B A 2ol S 7 5749 gro] g A AR =7FE B sAE
=3} 2ol of Hd At

>>set(hline,’linestyle’)

TeE A 4] Yt g B 4 Uk 1o o s MW g uEYE ohe
3} o] sl Ak

>>set(hline,’linestyle’,’--")

£ oAk

>>hline=plot(t,y)
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Figure A.27: Advanced plot example: LINE object handler 1

a8 A4 E A 5det 19 AS3S 98 5 a1 19} 5/\101] hlineo] T
LINEZ} &&= handleg | %—ESH At} 1 t}& o] handler] S H 7] Ysia= set(hllne) 2}
S golE Qs Bk 1 A% Aol Gt set@ o BT 495 5 A5 o] 4
2kttt 71 th handlel] gt= shub v E AL A AFE o e s &7 AsiA
set(handler _name,’property _name’) < i X A}

>>set(hline,’linestyle’)

[{}1-1:1- 1] none]

>>
918k Zo] @A linestyle ‘-’ & F o] Jth. o] g ‘-’ 2 v H A}
>>set(hline,’linestyle’,’-.")

o) e AHHW L WAL AA7 2 1P B T A539) 2ol 2Hel ] PAlof up
Stk 2o o A 37 A AL 7184 0 = plotS & uf upH 7 oful 5 0] Zof o] v] TS
o2 g olebd o2 A ulE 5 ek A o 7174 W A ol 34 plotyy ol o
S sl aejme] FEjE v R AL,

o] M of = plotyy ol o3t help &g 2313 2},

¢

[AX,H1,H2] = PLOTYY(...) returns the handles of the two axes created in
AX and the handles of the graphics objects from each plot in H1
and H2. AX(1) is the left axes and AX(2) is the right axes.
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Figure A.28: Advanced plot example: LINE object handler 2

G| REE plote] FYols] A9 fARATL FATE Ao T 2okl handed 22
HLZ} H2ele W e Se21 5 2o oot A4S AX 2 Mo Sel=rha = o] 9o}, <
2|7t A sAt "0‘}—‘5 AL 7t7ke] y Sof 22te) el g Holt Aotk 1w Ak 24z
o) & AA3| FojokAt) axeghs 49 helpaha U 4-¢ B t}g3} 2 Hio] 9l
c}.

AXES, by itself, creates the default full-window axis and returns

a handle to it.

AXES(H) makes the axis with handle H current.
<, axeste HH o A2 A 9ol <= W= I I handleg 3 F+= A<
o] v B2 B Hele A2 handle] &5 vHETHAL Hof Qo 2222 e o A

qelel yEe AFT 5 ek A 1wk B A,

>>[haxes, hlinel, hline2]=plotyy(t,y,t,y, plot’,’stairs’);
>>axes(haxes(1))

>>ylabel{Simple Plot}

>>axes(haxes(2))

>>ylabel{Stairs Plot}

91o) Wegolo] o 3hR A7) Z & MAHL ¢ F 1 Fol o] 5L Bk A 1YL The
3} ek
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A=[111;123;13 6]

B=[8 15 357,49 2]

for i=1:3

for j=1:3
C(i.)=A(i,))+B(i.));
end

end
fo) Aol AL Hxo) P 7t 245 YeR) 7] A3l HE 240 sFete APAE
AQe @ Bk 223 wEA ) A4 $387] 84 for £ o] R A Atew
Sk o A2t A 9ol A Z2ae A2 393 ALV O} 5 gl =2
agolth o] < 2] W Fo) 7l As)Be] FEol Auglel 25ol Deiw ofw A A4S 3
of&7t ? o2l d o] WAlsoFE A B E TAE Tt Ay 22 A olv|
Fthe AHd otk 2B R J4 AFEHE ARG wol= o2& o] obF XA AFE5HA]
Fokal ole o)A B3 7)Fol i ATl AZshd "k (o] o Fe AAks F 2
27 A3t} Hoj= ZI AL A TS o] =z ol olelH) AW oju] U F o]&
st g o] A7)0 daglol AHE IS Axbste FEHS v 5 =7t lengthe} sizest=
TdE 719ste 717 o] T At vha T &) fE o] 27w AAkeiokd lengthet
= &7t 49T Aol FEY A A7 5 G AT sizeT T E AHESHE Aol £
Zlolth 919 ALt FHE FAMNA tha Zo] vbso] He}

A=[111;123;13 6]

B=[8 15 357,49 2]

for i=1:length(A)
for j=1:length(A)
C(1.)=A,)+B(i.));
end
end

o] e YUl avle] 4Tglel BYe] FL AN 5 Urk 1WA w 0] Y7}
3l B =}, gkeF &) & o] square matrix} o} 1 rectangular matri} ™ o274 & ZA 7?2

= L I ]
Mol size @5 AL oFE ATk AR S A2 4 ATk sized L T EARE F

<l stub= o] ghola stubs 9] ghelth 2™ thA] 3 A B At

NeR
=
o

_

A=[111;123;13 6]
B=[8 1 5 357,49 2]
[m n]=size(A);
for i=1:m
for j=1:n
C(i.)=AG.)*B(i.));
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end

end
b oAl A=A E A2 Ptk F FHo] Fo Tt AAEA] ALE T = = v7HH
ATk FE A FAXTHE T FEe 375 AL 1 g2 o] &AM AHs R Y 3
710 th3t JAEAE TEo] Abs & 4 ok 27 o|FA st 27?3 o 42
E 2L kel = o A7 7t a0 28 W o B A T AL AR s 18
of Aot T REAA T 2 do] It o] DA & AJA7E T A o3t thu] A2 vk
= B2t

A=[111;123;13 6]

B=[8 15 357,49 2]

[m1 nl]=size(A);
[Mm2 n2]=size(B);
ifC(m1==m2) | "(n1==n2))

error( %S @2 T 2rep);
end
for i=1:ml

for j=1:n1

C(1.)=AL.)+B(i.));
end

- o

Ao % oG 744 BEo] Tl EA /L HAAL Gheth 17 AR R 9] of X
= ¢ 2] Fe A fuie 5@ A Fojofut Hek o] A £ Ao}
El a s

_L
i =
i)
il _YE rr
@ ro sy

217} 2 42k Aol e Aotk §4 %%ﬂTaw%
3] matrix add(A,B) 2t 5t F FH Y g At = 5 9 D}. ojA 1A vE<]
A}

function plus_out=matrix_add(a, b)

[m1 nl]=size(a);
[Mm2 n2]=size(b);
ifC(m1==m2) | “(n1==n2))
error( T g2 T 2kep);
end
for i=1:ml
for j=1:n1
plus_out(i,j)=a(i,j)+b(i.j);
end
end
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o

ol#A F+E WEI W ¥ matrixadd.me 2 A g2 5k hhe] W Ql oA+ i 2

>>A=[111; 12 3; 13 6]

>>B=[8 1 5,357, 49 2]

>>C=matrix_add(A,B);
Aol AJZHE =2 I} geds| wo] Z2Fstal gotH 7] ﬁﬂl TS A A =T}
?0]F2A 22 IWZ Hof LFo D} ] EAYV ol o ¥ & S u| & matrixadd =& Sh
Aok B 5] 2] ofy ™ Al 0|9} T2 FES AlS gtol (| IE 3holof H 7] uf Fof 4J3]

o2 Qo).

AR AR L G A F7HA] o275 WE| LS AlZ T matlabol k= o] F &
A}, 717} matrixsh 21 o] 9101 5 0] 4] €=/} ? 1T} o] matlab: the AL by WA}
AR AL AT Z S S, A W 9 A= A o= U*%ﬂ 8 vhE Zoln
4“13ﬂé&ﬁﬂmmm1+ﬁllﬁﬂ A Bk AT ket g ARA T gl A
FAA oh W AP AA A AL HFA Tk WUrk 1 AL wlel = 53t

>>A=[111; 12 3; 13 6]
>>B=[8 1 5,35 7, 4 9 2;
>>A+B
olgA s FH 1F otk vheF A3} e vt W E W A o W] O AA AT
AL 3he Aok wAE AT FAE £ 7|58 AA dehlE "ok a5 Ux
A28 o) Aol 7t ?3E -2 veAlolgtal shA] ¢bal Ay B S Aitsi A d A
of At}
Ar = B (A.3)
r=A"B (A.4)
oty I Ay B2 ot ATk AEs] XS AAA wellF oA ol &2
olm] of gl Z o] Wi et B g AT o] 4 matlall A LT = I A A7HA = T
91 ct.
>>A™-1 * B
>>inv(A) * B
>>A \ B
AR 7 = Avks o] -15S Srhe o) m) 2 AL§3 2l o] T T WA 7= invels inverses
FolFE B4 o8 A0l 22T upA e 2 ANAA T Yt o AL F AW 8
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A.6 oA
oFAT. matlal A= the 3} 28 7] AHEghe}
Axr =B
r = A\B
A =RB
x=B/A

A9 E/HS & HH oA HEA e
Lin

o] ¥ o A <] A =L Linear equation]E‘r o] —ErX1]94 of 4
AT ADA A Thol] YA ol zet= WE YU A E Y g3 A4S std "tk
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Appendix B

Using Fortran

EEBL o)) S ARH 2 A T2 A AH§ o] 5o gtk Tejut 72columr] A ool
U o8 ARG ST glof o & 74A) Al ko] 917] WEe ALg3k7lo] ojel e o] gtk 1
293 BAE B4Sol BA 9L Visualdh SR B2 A 0 A8 4 ure neSohe 4
3 W2 3 o] Qlojolth. AA7hA) B Algho] AFgel S mak B B4} A1
T8 So] =0T Aol A 917/] Wl eI okd BT i Aojolch EIF A FHTRML
W o} e} 7hA) We A A3 AEE Iek

B.A A W AHE

A w -2 Visual fortrang AHE8H2l Hot o 2] 2 o] =M GA 78 4 e TET =
23S Ao Zlo] Asith 3 Unixu linux Al #oll A= 7Aoo 2 X ES AL
S 5= ok 7 Aol 2 Ao

B.1.1 MS Windowel 4] 2}53}+= £

AL X Zgote XERY F9 AX& 712A0 S wet A& gt 2 g =
23S AL AEA AR5 08T T YA Zo] ZEIAS H 7] HalA =
S A AFHE AFS ok AET G EAFAE BE AL T 5 AV dEe =

7rerel = 2 73 9l sample.forz & 1S 23} 2ol A4S 3t}
C 1 2 3 4 5 6

C23456789012345678901234567890123456789012345678901234567890123456789012
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C Sample file to show basic fortran program
C
program sample

integer i, j, sum

i=1

j=2

sum=i+j

write(*,10) i, j, sum
10 format(3i)

stop
end

AA 223 7TAA APEE ARSIy F 7220 7A 22308 AT = Qi) o
o g2 AM 859 Al Aukd e} fortran99f Aol = ol =A = A3t oy 221
W A guels 7124 9l 2ol S A4Sk 2ol /Mg o program Y] 9l == £
280 AR L AS ) uShe] WEE ol ALEE 7] AL AHEE] ol W2 ol
3k ddo] a8ttt Aol gle oA =2 I A AP A7t dds Ak A
A2 &2 theoll T Aot

Aot Zol 22 IS AN F F oIS AYIE e A E AodHE
Al obs] vl AR 9olM FEHE T2 g fi32.exe ARSI

9] W o= sample.fornt A= Aot stal I thE F 35 A sample.exe AL
sttt Al 50l EFMA AR St A9 et AotEd 3 E e 9 rjojth &
AL o) AE Z2 A0 E Gt A7 ded Ao S e A2 A2FEE BE &
A I &, objectfileg & Z o] o] object codé&g tTHE 2} 1‘:131?49}?3 Al o] A A
e ZE7HAY T ot} thA] S A2k 8 B AL

il . link .
source code="*%, object code——— executive code

A AFESEAL Q= A7t ZE O] B R o] 7 9o = source code &F A7} for® = o] Q)
FE objAPFTEE exe2 HEolth AFFES T wo= Ao FHA o/
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e A2 ET 1132 Welol B Au s Aol AWTEE W57 e Ast A
2% eAdon AL By Ao mradol e 22 1L et A9 2 4
YAV EH 2 2 IRS BEL Aol AR 22 AL o F A4 O Fol
AR du S =290 @72 @A oke gk o] @A) 87] 91514 lcompileonly
2§48 AFg sk 1he) o B o g8l e}

fI32 sample.for /c

o]ACE Y MS AE oA ZTEZH A FTE o] &3fA APTYS vle = vy o
el A =23ttt o] A ol Yo glolB gl S A= HH S |
TH2-oll = Unix M Al o] Al 7 5} 3F+= =Y :

B.1.2 Unix® Al ZE3l= T ETH
Fozu Aol 2w WA N FEAS A5 A e Y 2w Bl Aol 2
=g 4x8) Detn 2 7S sjopEth 250l B RHIH I Yt s WA A
NeRow 2EH AFAe st A7} H ol Aok & Aol 24P samplefor AL 2
2 WAl A Aopdsts o] thE A4S s H A} 25 m Ao A AFE st 3ol =
DR 77 oL} g77 o] T g77 9] A9 E ol & So) At

g77 sample.for

Hok 2 ol s AEHE LS A= Bk 0 =k f9 Afol=
A kA o] F= AT A 7] wlwol aout ot FEjY A utde] vkE
ayeE 22008 A7) AEiAE

O

Ja.out

o
2

Aol Aot A3 spde] o] 5= BA 8] AiA = -0 F S AHESoF |

o] 2}al 3
o,

F

g77 -o sample sample.for

-

tgel AYsta e S 22 Ae B2t Q) w2
SEEENDEEEEEEEEEE REE DL EDERE EREE P
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g77 -c sample.for

o] A= AT A
sample.oby} TS 0] 2]

iz
i
rlr nf
o W
wn
QD
3
=
D
ol
rlr
i)
ne
o
rlj
il
2
(4N
v
o
ki
o
>
[>
1z
K-
>,
rlr

7ro A= A2

Ao ddol A" S ARG StE B HAaEAE 7R84 AR 92 Al2EIQ] A9
© UEA LTS FRESH oS o] aexel Aexedtdo] Qe B A= A2H LS
T2 AR A4S St =3 g0 E ARG Sh=t o= Y RS A= AR5t
€ 8ol ‘cd U} 'CD'E FE8HA deth 5, 22 ¥R = dATTE Aotk 23y
FYE A EFHAME HaFAE FEMA HoA A& =2 aexel Aexette 3t 2 T
stdolm W§@Fojdl 'ed' = JAARHCD' 2= W@ ol= flv A2 ® Y2tk AR F AL
g 25 e AMGete Hay e EF 54 AR A4S g

C 1 2 3 4 5 6

C23456789012345678901234567890123456789012345678901234567890123456789012

C

C Sample file to show basic fortran program

C

program sample
integer a, B

a=1
B=2

write(*,10) A, b
10 format(2i)

stop
end

19 AAE Ao o= BF olw ol B = BASHA] b=tk ZH U 72 o Ao
o] A= o] FAE FEINA AHEFEE T ETS AL U] 2] £ 3 oFF t}. Matlabel]
A& agkal A/ Y3 W et ARkl A3 g

B.1.3 Summary

AF7HA W&= s 2 o3 2o

o 7223 A% 68A YL AAL o n], CL}* & o] §3 comments ]
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o T2 7O A 7THAR AHA A2
o AL 7Y A= AEFNAE e FAAE FY2AE c AFE

Ao E WLl QlojA] 7| B Ao Sofopd 21 WA e] AWM, Ao} B AP, B
=329 gl A 98 R A AL thule Aoletm 2 5 Aok ¥ES w2
B A7) AAA L EE oo Tl i 5o hah WS w B e}

B.2.1 7|&3 74

EET Qoft hE Aol ST D) Aok D Bo] BhA 9tk oA e A o] n] oz
a2 A e e S S g 2ok

B.2.2 7]&% ©o]¥ €YY

7127 ol d) o] ] E}¢J-L integer, real, charactég o] Jth TES =2 78S A3t AL
Aol ek F o] gl ALolEi-ng A FsE HaEintegerd T2 o] AR 1 U A
N4t real W42 QAlsit) 18]l ABE 7F 8 75 = 429 double precision] 2t 3
Bl ] ¥ AHg-$Hth doubleo] 21l Al o] B W= reald ol wls] =7} S 7T
aYBrg W49 ghe A3 AFste 4ol doubled 5 ARS-SfofE Th T W
7} doublez. Ao o= wW®Eeg S ¢ wol AA A "k B 2o 49 A5 A
= o= d-Foll= mo] AL 317 9}

Q_ d
(@]

[

=2
&
(g o
-
e ]
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T3 olej e R A9 B AT e P Y WSS AL FHILA S Aol B A
A2 3 Folof Bk the-2 o Aol T}
C 1 2 3 4 5 6

C23456789012345678901234567890123456789012345678901234567890123456789012
C

C Sample file to show basic fortran program

C

program sample

double precision dsum

i=1

=2

sum=10.0

dsum=10.1+20.2

& +30.3

write(*,10) i, |

10 format(2i)

stop

end
A2 AAARE BP0 sunel s A Aol Gt T olfE Edo) 29 A
7} o] 1B AH 0 2 in(ijklmnz Aot A4E ALPASTt 5 ) oty 2R
Zije A4E Wgo)n, sume A48 W 7}3;} ]2k o 2 dsume] 790l = doubled

Mol T} A% 7S s o] 1 dsum reals 419l gt 39tk 499129 2717 57}

=

ULO

Xﬂ ok
A o]

AL Hl—ﬁg}ﬂ] =} 183k o] 7= dsune] 2= HS4E doublez A &S] Y= H

e Wz E ’\F*OHOFQ 7] IIH—”rOlD‘r. Aol =S ARG AFFoll= 64OKM | =2 2]

o8 MR AMESE A9 W Eelo] theh wel S ] Mofokwr H A wk AL A
SRS 22 IBE B Aol v Ze) BAE AzeA 1T Aot g

I EGEE IE0L WEYE GHT 28 & gk oHst v R 7R nEste ASe
oYL 50l 4TI T T2 WS A Aol Lok AFdolth

a8]3 3 AAdd AHH A AR 07 paramete?} implicit 2 o] ¢ th paramet@l R
= AT E Adske A-Foll Abgo] "t Coll A #define} v]23t Zlojth. W& A F7)
2 Ure BFole A w7t Aok o2 o2 B o] FetA|wk o] HA HT 4
dholl gtk Aetal b A2 22 38 A5t A ASHA AR e g2 7HA
I Y= 71 FAE gu]sta Wy 5—’?‘5}% Zﬂt A o Qe e AFste 47 AR
t}. 218 B2 parameteR A1 A E W4 22 7o) AYPEE ol WA P HLE (A
st7] YAl AR Th
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implicit &2 2] A Aol A of 7] 3% o] 7 ol Wt inz Al ete 4 58T
Aol fle BFrealz Ao == whefiz A&t reall 85 WE7] A=
22 P Ade ALNA ARgslof Atk 2 F A vk o] 213 S Addste AP 4
7 &2 2 oltt. o] 4% implicitE-& /\}%“3}% IZAAEE EE T Sreaz A9
I 3k doublez A A == QlTh
C 1 2 3 4 5 6

C23456789012345678901234567890123456789012345678901234567890123456789012
C
C Sample file to show basic fortran program
C
program sample

implicit double precision(a-h,0-z)
parameter(n=10)

i=1

=2

sum=10.0

dsum=10.1+20.2
& +30.3

write(*,10) i, |
10 format(2i)

stop

end

et 2 Z2 oA ng 100] 2k g2 7HA = AT 24 A d o] 5 AL sumi} dsume
1% doublez A Qo] Hrt.

048%7}11 kg 4 ?ﬂﬁﬂﬂ —E— A2 E8A A B A9 3

S 0Solch S A AL 2! o ABH AL A 5| etk A ANE A5
2 e e 49E gEe 22 olth ofdl APt A5 Y gk YA 3
o1 g3 B3t b A2 up A AFg s o Frh o] £ES UFe] /137t HE 48

program test
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g2

e 1o
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b ohet2. &, Agehe A) 22t gl

o] Ze0] B7}? 193 uhA| O 2 b of
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H h
ey
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o
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=
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rr
N

fru
Y
w o)

-

i
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o

bz o fo
NN
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tn
A
o
X
N
0%
N
X
ol
==

(4o o

Kl — g oH

Y, ok
ol
>~
e

0 o
Lo ®
2 [k
[kl
N

= 1o o i
N,

é[l-mf

(t

2. oo O,
e
flo r|r
oy 2
o
N

=
o
fru
m flo
4>
(4 oo

4t
o 2

PATIR 4

i)
<

o
=y K
o %0,
%

Mo Rl

2o

io
orr

(o o,
iz, 1°
ol =

A
E
2

o
N
b
[
e

N

N
e}

of ot A &0 ok th Aol 482 M d matlab
AFE = Q of A Z2FA A9 3 YA T foll oA A
writezt+= "8 85 AHE =t A &Hs] write(*,*) 2HaL sF AT A &3] writeE AFE-S17]
= write(unit, formatno) 3 e} & A}-&-3 oF T} unite} 2 3= AL writeo]] & siA = o]
7t Edo] H=d 2 AFE S92 unitE Foteks ZAolth oA A F& EA )
HE EHGS s AMAME 2 HES & FA 7283t Aotk dRtd 07 AF§ o=
A+ gHy 7|REoth &, dE S desu= 7| HEE By S HES Eu= gHo &2
|2 = e N 6H S 7| HESt AT 8 07 AME5La U X = AFEA7T 4

gkek o] 2 A A ZA unity] <AHE A SHA] @kl 1 7]

X

[k
o, Hu
[
4o
I

N
N[0 HT roh o i m > (] O,

Ir

= oAGA ford7t? 1™ Aol 7S E AHESHE AHs

i =} 28] T A formatnos= formatz 2] & WS E o u|sit}. ek A F &
Al 7] 181 A= formatzoll o] Aol ot HEE ¢ H3H
Fob TF Fol XU E 285 st B <= o17] sl > £ o] &3t
= 583 JEHE Aol 74 gethe A= v gk A
SHAA T 19 AAl= He s SGste] SES FHE BohA] &

9 s 12 2 o
AW
o
1

of
a &
4
o
ol
fu)
[t

i
s

fo
ok
rlr
o,
for

g oo
e o

ff ulo *
i

M0 0 ® K[ o
rr =

%

o, @

O
-
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aoe zeade) Ao FRATE AL U7 9914 stopl e A9 28 Ag
YA A o 2 end”| YR m2 199 Zrhe AL btk

teoleY FE)S A= integert real, double precisiof A&-3lth= 22 oju] §)
Awk o] Ay Expd 3y} B H character} complex, logicals-©] glth o] g RS2 ofnl:
characterd =& A}-234A4] 2 Zlo|t}. characteB A&-3h= oA & WS o] KA},

program test

character i, a
character*8 j, b

i="I’
j='1 am Tom’

write(*,*) 1, j
write(*,10) i, j

10 format(al, 1x, a8)
write(*,20) i, j

20 format(1x, al, 5x, a8)

a="You’'
b="You are Jane’

write(*,*) a, b

stop
end

o] JAE A ZF B2} 2S5 HEo| W4E AA3Ed characteE S A8 =d FHA
characteftoll = & o] 43t Zlo] o] Utk 7| A o7 T characteE A 15kl A-g-sHd
I W\ A syt "o —Erz}%ﬂ ] stringe] 11 & A} stib+= charactee] T ZHE
= Wgitfas 24 shuihs 7H 5 Qe A olth O v 24 St of YR o Bl 9l
74%01]% characterA @ A 0 2 ARG 3T} 9ol A joF b= 8707118 S A& 7HE 5 &=
’*OIE‘r A Mgl 3 % A3t7] aw%“’ U7 B ARl A] g st A) el WS
S8 Apofut "tk a8 M) gholl& NItE Fhe] EAE JEEHE AS 7] AL
2 2R igkj Mgl oA AAds g3 Fdet 279 ATt R ol H A T =
1=7]0]a ‘1 am Tom' W%k HAl 87 ot A& S RE2ig] AT E &
AA ZHEL AR &9
Hol 27 & ﬂ# Rom g FAs Aot oy FHA 2 FE

ﬁ

—
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€ AHgstth 28] 3 2 art Holl Bole A 371 E ustth &, alebd o 2
°E‘ lx}ﬂ =3, aBolg} 1 31 8xtg] 2 A EHolel= ot} 1 o

£ W"‘Oﬂ STHE Rolt 3971 i o181 s St ok g0 QAR E 8

kJ mT; 1
g Mo o

W r:lo
oK
¥
iu)
glo "o
:
i
it
_|>i
E
by =
s
[o
V)
kJ
)
v}
¥
i)
v
il
i)
rlr
N
3
o
3
i
ftio
N

%T d 12 wluu Aold W4 gHnh o 2 3 UYe Ao 2 AT 2ol
= Hole 3 2 5 okA) Ma| Al 2AS
2 gert Aots] 322}

< Wol A AT o] ¥ A& YW 3hrt AR o 7
ofgt e}, X}Hoﬂ/ﬂ AW A 7t AHE A

AL 34 read} writeE A3t B8 o] A

reade} writeof] T3l &olX =}

_l
ﬂHN'

read(unit, format)
write(unit, format)

I

o gEolit 2o AT unite AT £ 2T TUL ANE BG4S
£ A9ds 3¢ & A8 Ak o 7] unite] A= ol v of /] ATk 1
BT AA 5] of 7 3 WAk AT @AL AHEEHE unite] %471 5,68 0l T} o W3 7} 7}
7 22 ggela olrh 2@ vt ofel o) ojn] st g AN o] AL 9
22 IS el 293 AT of g R o] A e 5pdo] MopH & Aol o B
7122 430 a5 4] opento] slth openz o] 4L the 3 2k

il
Al =

1A

> N L oh
-&‘DJE_\E@LEQ

OPEN ([UNIT=Jio-unit [, FILE=name] [, ERR=label] [, IOSTAT=i-var], slist)

B35 Hole Uzl dAl= B & v H8] & 5 & Aotk 4 Aol Unit 2t
2 AfEch 21 ohg YL 2 75% B3 A o AT Sk o AT AL o) 7] 54A
T 238 A AE A THEo] H AL

program test
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open(unit=9,file="test.in")
open(unit=10,file="test.out’)

read(9,*) a
write(10,*) a
stop
end
o} Zhts] e oA olt) 2 B oflulx 99 unitof A 3} A & testire] Bt IE S 411
10 unitof| A t stouplﬂ‘r— FdS o= Ao HAth ofF 7R & o] Fd=0] fH A=
PHOoZ AT ofUH &9 k& A A= ALE AFSEA AR gt H ok 2o
22 IS A4 5 testl.fortal A4S st F Ad 5L whEolA Ags) KA th3
22 ARE A=t
F:\work>test1
forrtl: severe (24). end-of-file during read, unit 9, file test.in
Image PC Routine Line Source
testl.exe 0040A0C2 Unknown Unknown Unknown
testl.exe 00409EC3 Unknown Unknown Unknown
testl.exe 00409084 Unknown Unknown Unknown
testl.exe 004092FE Unknown Unknown Unknown
testl.exe 00403B22 Unknown Unknown Unknown
testl.exe 004010DB Unknown Unknown Unknown
testl.exe 0042E6B9 Unknown Unknown Unknown
testl.exe 004258B4 Unknown Unknown Unknown
KERNEL32.dll 77E57903 Unknown Unknown Unknown
F:\work>
A2 ot & HEE Fetal Y "unit 9 o & 3HY testing ¢l =T glojE Y 3
= 2714 ¢ %’iD}” 2}a1 ghoh & T3 o A unit 9ﬁ4°ﬂ/ﬂ att= W @2 gdodta Pt
Qo127 7 S AL Pov] sl ojel HAAE W w EER R
Lo B Pl AL BAFE 9.0l ekt 2 /AT At AL WE Al ofuh A S

UPC“W H ool 43 otd S vhe HT’J‘ETﬂoﬂ‘— o] m] test.im] 2l= 9} o] & A5}
NS Aolth B2 L2 AT 9 287?22 o] E A0 Ado] B A Y wf ol
:Lfﬁr/}. Z|BEA o= openy EHEof ol o] Ao H Ao|h Z1H A vk aﬂxﬂ e g
oAM WL ¢lo] S didafiof = Y %kc'] goumg oz]2 WA 7l Aotk 1
2] 11 test.outu} 4 S G o] B A}

]

F:\work>more test.out
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9.000000
F:\work>

ofF & A el H o] Atk F ]Openz«l Hof Bl s sz 74 0] Hof
A=t A7IA THAS AYsitts A2 Lﬂj— 3= gola 7]3] 7} o™i s DVF(Digital
Visual Fortran)= & %S 2rolA B 7] vigtt}, 371X &= & o 7] & 3] oF% =1t OPEN= ] 9]
B AR W vpAue] glofof Ak ey 2E Hlol o HE Ao B b ol
] OPENE 2§ gHtha ekt glo] ofsith.

A 27 reade} writeo]] A ARE-SHE unite] o} DA RhEolA =Tk WS 2RI oA
format]] o3 o} o] formate 2 A AFEAE & HStalA) sk WS o FA €9

S AA7 e i AR E @ Uk

Default Format for List-Directed Output
Data Type Output Format
Integer Iw
Character Aw
Real, Double precision Fw.d
Real, Double precision Ew.d
Real, Double precision Dw.d

_9.

71 4] Data Type2 £ &3t 17t 3 W42 BhS) L o 7] 5h

o] 31 Output Formag ¥4
S 2938t AA Aol A YW LA F2 WA A 24+ =%

P P =
T, A, FAE %‘?%‘

ozim

|

do0 4

2 ) 2| <1t 2h2te] A A ol 2ol sl wis & ael Warel 2718 of vl 3,
ARG AN AR NS R O
DA A2 29 E shele o] Hek 1w /)i Ho] A28 AA T AL 8 o]
Z2o] 5|3 112k3 3h ol R A 2ol H 7 sheth ole g AL oA o]u] of /]
& UL I ol U EE s Seho Apole ol el $0) Ar A3
e el Eelol S A AR o718 ST 2% 98 el o A3ols
&% 20| Ar). Fesjelc Mol 257} 41 AR AL Aol 7} F o] 1)
T e Pl i e D SR S Ko o P B el
Aol dewE NS 29511 12 2A AT o 8 AL 1A FO RE Aol A
5 Q.

2R Aol A B W debs A7 ARl 5 e ol A BE A5 A gl 5§t AG
otk Wi ARS8 ol Agdolste £AE AntwrE 2UAAE AR Fi
Zo]t}. 101234+ 548 2okl F10.543 514 10709 Ae) 8 Susha 454 of
54 A2l FRBT Z, AFEELS 295 YA A9 Aol 457 Sk 257
571°) 3t 22517 Aeh Aol o WEol A2l 2 A AFRES WO A2l B
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S 4% o3 FEL 09 hS FFATE AFA O the ) Zo] ‘LU10.123400] £
o] T} FUFD A A 24e) 49+ 9ol AR e 22 5 UFA 4833 gk Aol A Aol
o] QA g AL Aol 2 Aol eha 425H D7

Z+t}. D+= Double precisio®] kA=
A 0 8e g QA B AR FTh 22l E9) 290l exponentialz % 3}7) )
ol o £ Xt 9ol AHEH oA E ELO. 5 T axF ol E =Y
stal Ezbe 7] 2 & AHE-8HaL exponentia®] +2F -5 A7) 98l A E AFR S 2 2
712 Jenl 7] 916 271e) & AL 3ok &, E2 Z 3 4709 Atel & AR § 30 3
Vg zda) Aok 287 Hw /)2 E 0 2 67)9) AR5 RS H 3 254 o) 3 57)
E =d3letr o 1079 AEls2 = =254 et ol d 1= 0gte 2851

i
i
1%
filo
o,

o
7N o
AE JHE £8o] ¥+ ZAo|r} ‘UL UL0.10123E+021} Zo] &3 o] "Hr}.o] K1l
tlol8 & &8st ARE Sk AARAZE R7FA 7 H QA 2R AL of 2 i u1

TEe HHA 98] 7] vhdnt.

ojJAl= HolHE @ st= A ol thE 2R AAASS AHEAL F VA A=Y &
27 2 nX & otk X AN A= g H - A A AR eboll 2o e nd I A
T2 n et 28a/ 9] Froles &S g7k grloltth o] A el HolHE ¢
s We S0 e tolHE Jogte duolr 28 e st dFode t= & €8<=
stehe oujojth v Ho R BE 29 A A A} of] RAE 2ol Fole I AR
WS shete Yujojtt o]Alor xules UEE W Hei e A=A e A HA=
Aotk 22| oAl Z+hek o Al S T H A}

program test
character*20 a
integer i, j
real b, c

open(unit=10,file="test.out’)

a='Hi ! | am Taechul Lee’
i=1

j=1000

b=1.0

c=l.e+3

write(10,10) a, i, j, b, ¢

10 format(a20, 1x, 210, /, 2f10.4)
write(10,20) b, ¢
20 format(2d10.5)
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write(10,30) b, ¢
30 format(2e10.5)
write(10,40) b, c
40 format('Results are ’, 2(f10.5,1x))

stop
end
ol =raRe AR o} 2L AHE 2 5 Yok
1 2 3 4 5

12345678901234567890123456789012345678901234567890
Hi ' | am Taechul Le 1 1000
1.0000 1000.0000
.10000D+01.10000D+04
.10000E+01.10000E+04
Results are 1.00000 1000.00000

ki)
rlr
'
m%
rlr

10719 Aol EAIE Steka sl om e 9o et} g% o] ‘Lee'ghe &
\M%Jq:u$—ﬂ«%W%1§-azaﬁggi|ﬁTmew7]
L LG AP AL DA £} i T g e S e
oheol 107h2 F R 3 o 419 227 o8 AR5 3ha 747t .0000E £ ¥
%féi%%}@‘ﬂr a % %iﬂi—‘%%%b o2 Z9slt] 717} do) e A A A 2 8544
BT EE F F YL Eo] olglojA FEo] ¥
27 A el At 22 2AE A= ﬁow}
2% 12 o Sua|A obd] 2ho] Wol A\ A Hojof shet] 1A A =
ohoupA e Y REL o] BAY W4E BYEA gn A TR £
Aol T, o] 2ol A formatiz o £ 874 S EALES 9 L hE &
212 () & ol £aA BB ko] AN A2 WEIE o 2
ool 218 Hol A W o] BAE BT E o] &3l YA

i
a

lo ot o 3, 2 4o

o
n)

M

o

|

27

u)

)

>,

By

i

o

[

ro e 1 N O [t e & > 12
© o m@ 2 ot T % HU kI o
r (

e
%
2L 1o
rr I =
ol M
Ho tlo
= o
~ 32T
- 2
0 & K3
ofr

=
»a, I
flo 2 U ol 1N, g2

(T 1B

B.2.4 Redirection

Q) Z ol thek wpA o) o) 7|8 A2 B o]
Q2 HH Yo HE Yol ol £ AFFE 3}

program test
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Usi

ng Fortran

open(unit=9,file="test.in")
open(unit=10,file="test.out’)

read(9,*) a

write(10,*) a

stop

end
Zo] W 39S A5 IL wE oA Agst A wettestine] gk Yol 1
L3S ned 2o Ave 9L 4 Yk

c:\>df test.for
DIGITAL Visual Fortran Optimizing Compiler Version 6.0

&

rlr

Copyright (C) 1997,1998 Digital Equipment Corp. All rights reserved.

test.for
Microsoft (R) Incremental Linker Version 6.00.8168
Copyright (C) Microsoft Corp 1992-1998. All rights reserved.

/subsystem:console
/entry:mainCRT Startup
/ignore:505
/debugtype:cv
/debug:minimal
/pdb:none
C:\DOCUME"1\tclee\LOCALS 1\Temp\obj80.tmp
dfor.lib

libc.lib

dfconsol.lib

dfport.lib

kernel32.lib
/out:test.exe

c:\>test

c:\>type test.in

1

c:\>type test.out
1.000000
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c:\>
9o A Z2 a9 AtARE 23}E HeFE RE RES 23 irh 2 22| o]
A zzade] e He] st ol AlE w0l Bt o] ol Al ol Hol Y Aol

t}.
program test

read(*,*) a
write(*,*) a

stop
end

Z700) A48 =2 293} 79 5 ehA % oper o] g
%}ET% A]—%z‘s]-}_i X1—/\-16-].0:]1;]. o] _LE:/_EILJ g /\] H—B_]'LH r/~|_

c:\>df test.for
DIGITAL Visual Fortran Optimizing Compiler Version 6.0
Copyright (C) 1997,1998 Digital Equipment Corp. All rights reserved.

test.for
Microsoft (R) Incremental Linker Version 6.00.8168
Copyright (C) Microsoft Corp 1992-1998. All rights reserved.

/subsystem:console
/entry:mainCRTStartup
fignore:505
/debugtype:cv
/debug:minimal
/pdb:none
C:\DOCUME"1\tclee\LOCALS™1\Temp\obj86.tmp
dfor.lib

libc.lib

dfconsol.lib

dfport.lib

kernel32.lib
/out:test.exe
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c:\>test
2
2.000000

ohl o] 78 A AT ojw A ao %7]}?
2.000000

= o] ATGS ATe A w AFS T W o] WA T Ao b ATh opere S o] LA
Qe oA 2ATIT 21 W A 2 S D i Abal s ol ¥ 2 1217 AL
QTha AulA el A ko 7} 2 of ). o Al 5E 2] tho] el o] Al =HE T,

Zriol el d o]zl me Tao] AA QET 2L uP R AL e 9] 7]
HEolm 280 3Hel A0 o] 2eE = A2 Ake B2 A7) 6L 2ol
2 A3 obat FT). o] 2lcho] AL T Rie] A9 o} ALEa 5= gl

ol 27 9122 511 compile.oup] 2 H o] Ao AT} S AUtk

c:\>df test.for > compile.out

compile.oub] 2= THole] U] g-2 3l K 2.

c:\>type compile.out
DIGITAL Visual Fortran Optimizing Compiler Version 6.0
Copyright (C) 1997,1998 Digital Equipment Corp. All rights reserved.

test.for
Microsoft (R) Incremental Linker Version 6.00.8168
Copyright (C) Microsoft Corp 1992-1998. All rights reserved.

/subsystem:console
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/entry:mainCRTStartup
/ignore:505
/debugtype:cv
/debug:minimal
/pdb:none
C:\DOCUME™1\tclee\LOCALS 1\Temp\obj89.tmp
dfor.lib

libc.lib

dfconsol.lib

dfport.lib

kernel32.lib
/out:test.exe

A oA § 2ol 2 el 2
U= g 2o A Actol A4S AHBHE A E F ¢ Aot
2 B

W o dojof Ak h&

c:\>type sample.in
2

c:\>type sample.out
2.000000

c:\>type test.in
1
c:\>
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gtho] 42 A5 A8 Y sample.irel 399 g2 W 2ebe g3t A7 Sofglo] 3
o] B Sojrh. w3t sample.ouk H1E 5 A5} 71317 ¥ test.ine] k1L open# 2 o] &3
23 F7h4 9l AE 7E S0l 9lA gk o] A& 7o 3hd Ark 1)
= g8l 490l ok readt writek B9 Ao 51 ¢ 3
2tk o] BA+ o] o] Awe Hrk sholzk o o)y A
o] §3HE 9ol F AHE S} o L Pz AHg3 of

(i of,

U

oAl whA] 2} o] o] E] &} P el & 4] Dimensiorel] thal 4] ol R 2L o] 53] 33t Al 4kel et
< Stp7kE T FE 2 wol AR S 4 vl vk A B ol ti 3 o 71 E sk A E T
223 7+ mA E AL

ghok o 2] Bol A 3709 Hlol e e AL WSS vEea sy o9 A7} 22
o3l a, b, cold Aoz BEolq AR T A7 20h W E v 28 WA al, a2, a®)
Hog wE AA7k? 1e @ whoko] 1009) HolE gt 7hAE Mg wE et 5 al,
a2,..., al0®] 37 B v ¥ A ohpetn 478 Beilet o 3A WSS vEelw dn)
U @5 A ol Swf ALg sheba Dimensiore] ek 2] 9tk Aol W o thah Lobr Al

dimension a(100), b(10,10)
integer i(10)
real c(20)

18] oAl e} Zo] 2A F7HA W L' dimensiors AAE = Aok A=
mensiore] 2k= 7| =5 AMGSl A agts W 100719 2 48 7= Y
| o

Aoltt. 28 1 bel= W4 o) YU 2 10x10F Do H ) PP | X NES
S oo} 2zt ad s a(l), a), .., a(100) Bk 28] 3 o Mejl we) 221 23} P& of
U 3z s Fojgtal sk ZEo] thakd o] Hrh o] A AAdT wfoll= 7|2 A QA WS
o] g§Joll whet ghol 28 A Th A 5ol of 7] A vk o} 77 o} 717} gl 7 -F-oll =(implicit#
= AHEEHA e AR) S E AlFEE RSt AeFPolal WA= Aol FTh
2B R astbe BF A54E W7t Aok 2831 o] 24 dimensiorg AHE-SHA] eFal W
Fo AAstAA FES AIT += ot igkes MUy A5y Aol 1049 #4884
£ 217 Aol "tk 3 npzuto 2 c= 2072 845 JpAE A4E o] Hi= Ao
T} o] g PHE S AA T wj= Fo3loF B Z o] Aojuitt A|Zal= Fho] 2t Zojth
CE 22 I At AFols 0RE n-7hA] 847 EA1A Atk 22 & 7 Ao

uheh AL S Zlo] BhEm R 747he] Qofe] B A ARgsf ot H Tk,
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B.2.6 tdlolg 273}

7FA] 7HA] Hl ol H A Aol thsi A vl ek 22 o] 2Rt vl ol o] oA =
7} = LX] LotH A}, :L‘%*—Xl‘ﬂ%ﬁ& 21l 11:4 2 41"&‘6}1 ARE3E7] Fof] o] m] W A]
32 H A A oFtt gtk T A 3 ARS Sk Apole £A7FERA T 247 dtke
71 0}71 AR

mloj 3&‘ UH

S BN N

program test

parameter (n=2)
real realarray(10)
dimension realex(10)

do i=1,10
write(*,*) realarray(i), realex(i)
enddo

n=10
write(*,*) nroot, ttt

stop
end

rametei-of] &J 3l 2zt+=

Ao Z2 ool tisA g QF%EZ} At} nolal= HWE par
AL 319 1 realexy] €-& di-

o 7 AAE 511 realarraysl E-2 real A A8 <ol 2o A
mension A& ©] 83l A] ﬁod% St ith realexs EE3F W o] 5o EEPE P A ol «l
af real H42 A Qo] E Aojth. 2HBE A DO*TC’ﬂ o3 =9 1 = #2real

A nolr’/} LToﬂ
M%oao] g 7

o] Hprt RF 0w ﬂ oHZM vtk I o= parameteqfﬂ 4611 Al
THA] ghe i deksinh o] A% &A1 7F Aok i o] s s
ol 7] W&ol ThAl Fh= YT 4 gt st e Bz o & 8T

A glo] F HFE ARE ST o] FA Aok 22 *J%o

O dd 24 B F i R 002 o] 5o &8 Zo|th
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DATA var-list /data-list/
I8 AREskE "ol oSl oA A 24 GofE AL
program test

parameter (n=2)

real a, b, realarray(10)

dimension realex(2,10)

data a, b /10.0, 2./

data realarray /1.,2.,8*10./

data (realex(1,i),i=1,10) /10*1./

data (realex(2,i),i=1,4) /2*(12.1, 13.1)/
data (realex(2,i),i=5,10) /5*2./

stop

end
2 9] oA o A W asl b= 7H7H10.001 2.0 2 27|37 5 Qth 1 the realarray“/} v &
< 1.04 2.0 Ur‘ﬂ Xl 25 10.00 8 27317} 5o 1= AEf ot 1t realexii €9 A
= 182 25 1008 27|37 31 FHA Pl A A3 vle 2H2 12. lJJr13 12 =9 =
7135 T vhA = 57 = 2.0 2 2 7]3}E S E ol th o] H A TR I e ' 2735
o ke A2 €L Qlojor AT

npxj o 2 otobd t o] B3} | o] H 22 COMMONRE QY| o] B2 FojA Fx

2O BEoA Mg oh-E AolBE &A| 3 of 7] = 3HA] ezl th

AF7HA A8 S A els] HAt
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o Implicit £2 °]-&std 7|24 ¢ Wol Sl e Holy d< 43¢ € <+ Aot
o Parametefz= AH&sl A A2 3t A&l<

e Data® 2 o] &3 A W0 2t 273 A AZ 4= Yk
e CommonE Atg-ot= AW 22y Rag 7

oh

B.2.7 Summary
ol ¥ ol A vl A2 A estd ok} 2ot

e d o] g A A (integer, real, character, double precision)

B.3 A|o]&

oju] A& A of 71 E 3l AT A& wj--Edl JAA 7HF F 238 A 72 durt Al
JEolth. 1) A2 A e A4S ko Hu) = eholehe Aol A 44
Aojolth ZHZ WA F=th&A HF USIEZ]_'E‘ AHSSTE A] B o] A glo] ol & H A
A 74 uﬂ;\];qe FAoh Aloj ol st A= v A A 12 A A5t 2H S A8 St
7] W ol b v g A AT 5 T

B.3.1 STOR®

STOPES =2 IS F 8 A7+ WP elth EF END o AgHth JEJHJOML
STORPS AHg3stH H =2 3o A= RETURNS A3ttt A| g 7bA] vhEol2 =& T 7Y

L RFFEZRIOYPCR

Z progranr|2t= 7| EE AJZS St Rz 2 O3 of 7| & @A]ﬂ
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ol o] $EL Holq 0 AT QA ThEAelth 2 1 =21 W FRE on)
s} STOPS} 12l 3 =2 29 A4 o] 2212 o w3k ENDZ 74 o] 5 of 9Ith 2% of
STORS AR Th7h AL 3 497k Q] (A9 Aok Aabel] =2 190e 443
chrh e 3 o o] e A Sith) B dolFlobut m2 o] FRAT Y Y

c:\>

o) 3t 2 STOPE o] o] & w4 ah= A oo},

B.3.2 GOTOs-

°] GOTO= <tHo] thehdl W Eoltt o] Ag Agdthe Aol Ag7HA] ZE]
Structured Languagé= ° 7] & 5] & Zolth o] Y2 S W22 nPSA F24
E71Folgtar st ool Yu|ste 2 St AAG ot 2y 2 5 gle WOl
th o] A of 71 & ot A8 & Aoz Ao SA REPA T W A4S 5 Bek w
Tt 22 3E A F ol AA oy A o RA ZA REy g 229 o] AR
2 7he Z2a3g ool olsfdew drtt A& o] GOTOEL Y& IFZo =
A o glong IFE2 A A 2 st7] vhgth AFE o3t W o] Joke AFd 24}
of g ol Al Tafar AR kAT D A A S ok D7 ZobA ¥ Zlolth. A A
&atAvtet & 2A 22 a8e AAstE A= Ao Ao ARohA] wotokd W Eolth
B.3.3 PAUSER

PAUSE® &2 Z 2735 AA] A A7) 7] A8 Abg-oldnh 22035 A5k 4 1
Zraef o] gk gho]l ho v A9 Z2 g AL 3R ohU W FA A LA AHEAT}

3k %k
SF 2~
dad e ==

Fortran Pause - Enter command<CR> or <CR> to continue.
ol St WA A & HoF3 A2 8-S 7Ithel o I A ATt

B.3.4 CONTINUE&

CONTINUE &-& I8 o2 DO Alo]&2] dAit= Al%s7] fa] AHES AT th 72 A
AP RS ALET] A AMgolEth 22 BHSE BolA AR B v, & Flol Ak
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F2g 29ste ol AN AgatA Ak 2o} £Fele 2219 444 AL A8 A
O}_‘:q.

1o

B.3.5 CALL+

ZE AL B2 T3 0|2kl SUBROUNTINET FUNCTION®] 9=t FUNCTIONS 3}
S =8 w7 95| Al AFRo] 5 a1 SUBROUTINES 4 &9 AAS £33 & 3te B8 37
‘: or=rt}. o] 2] 3} SUBROUTINES 433} 7] ¥l 4] = CALL HH & A A& 3} A 8
37 of 715 Sohd AL AFAE AT H?%Ttﬂ T3 E S AR A QAR E Ao
obuth upFof o] ol thsiA A H thE Aol

l

CALL SUBROUTINE

B.3.6 RETURNs%

oA wWQ L2 IS FTF7] f8 A= STOPE S AHE
FaoA Bz 2 73 712 3t1}9] SUBROUTINES H 2 7] 981 A= CALL S AH&- 3t}
2t 289 o] 23 SUBROUTINES] 285 11 ThA] #|Ql =27 o 7 Eolrlr] 98

HE _UM S AHg3lof @71 2 HkE o] RETURNS AM8-3td Hth &, 22 1 309) 423 Ao
E Qo g 527] A AHEE = PP ol

§:°‘

et Agieh. el el =
7

ILI u% —“

SUBROUTINE TEST(a,b)

RETURN

END
Ao} 742 vl F RETURNS 2 Alo] & W7] 7 22 18] Zytrht o v]e] ENDE A}
g0 Aok A R 228 A4S ol B 232 s
B3.7 IFZ
FEe 27 e, o), B8 508 72| JAW o2 REo| go A3 PR =2)g)
229 Zlolth 4% IF 22 A48 2ol mebd 22e] 399 2 WS AYsehs 2

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



154 Using Fortran

Qe Brpe] FPOE A A§IA Grch hFE 2o] oA A IFE A5 ko=
vel IFRA 288 5 93 =3t o] 4% IFE A83d 22192 9717 47 97 o2
o)tk 1A B Ak rhs AT o) Ao T A )9 1A

program test
real a, b

a=10.0
read(*,*) b

if(a-b) 10, 20, 30

10 write(*,*) 'A is less than B’
goto 40

20 write(*,*) 'A is equal to B’
goto 40

30 write(*,*) 'A is greater than B’

40 continue

stop
end

g o] At IFEE AHEstd £4] k&A= 2FH0 433 GOTORES AHE-3 7] wf & <] th.
| Zthes 8ol B8 Erhe 4

231 o e o]u] of 715 A vk A v = Aol A 2l
of A =2 & AATH A S B2k ot 2k IFe IFE o3 vyes 24 et z+
7+e] FH S ¥EE X0 & o]FS St ‘a-b’e AT} B A H kol upet 7+ #
HE o] st 3t oz °l£° A 2 EHs Ut AS A3t FHofl 371 EHS
7 e Alat A3 ghol 44 A AY ZA U AV wElk A7 Aol "t 19
tl 71 th3 gotoF o] §low AL A AYS A Ak F< o 7l kA 919 oAl Aol A ‘goto
40'0] It 10 o] A3jo] & T 20 33 30 EAo] A3 :
D2 10 £ o] A3 H FoA thA] A E KA 400 o2 JhofutE Tl e A S |
W3 Aol ARSSHA Zeta P EE B uE o] 3] Tk of 7] ofth ©
L HRE 53] A9 3R] Tk Aolth % 3 g B Ao e 2
o] FHfoll= errorrt ZojA 1.00 2 FA] HE X FEe] 0.999999% Fho] £ 7= 7
S5 7wl AW ZAUYE A dE e AEA L 2= A E HAE TS
AFHE A= ASE Aok AY dAl = A A glov g dHY AdAAFE AR S
e JFT Fel 5o Y2 5 A7l dWFelth
ol Al A AHEH= =g IFEol thafj A vl 2t B3 o= IF thgof #e] 7]

IF
Fol o3 7| Fof utel £ T FHL /1% Bk
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IF (logical_expression) statement

o] 7] A logical expressior- th 3 22 AE o] 9t}

Relational & Logical Expression
Operator Meaning
LT. or < Less Than
LE. or<= Less than or Equal to
EQ. or== Equal to
NE.or/ = Not Equal to
.GT. or> Greater Than
.GE. or>= Greater than or equal to
AND. True if both A and B are true
.OR. True if either A, B, or both, are true
NEQV. True if either A or B is true, but false if both are true
XOR. Same as .NEQV.
EQW. True if both A and B are true, or both are false
.NOT. True if A is false and false if A is true
o] & 3t Tt 71 FE W= Al A logicalexpression] ¢l 7o vl statemenE A 3L 3t}
A2 S0l A
program test
read(*,*) i
ifi .eq. 1) write(*,*) "Right !' You enter 1"
stop
end
of= Thhs] vk A A2 AREALZE 191 g2 ol Y= sk Aol v write o] A3 o] H
W opd Aol oM AR 344 @3 2L Wk o] DAl IFS Ag e A9 2hde] o
7HE HI2E 3 3 2dgt S8 ol U ALY WA= Hte %Oﬂur/\}&ﬁwr o 553 9
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IF (logical_expression) THEN
statement block

ELSE IF (logical_expression) THEN
statement block

ELSE
statement block
ENDIF
A 7ol A HHTmatlab‘ll 35-9F 9] FArstt). o A BE IFE Agshe A$-olE %
A 2ol ENDIFE Fofet At A & Sl H AL A Zoll= 1%} AAE Eo]H A T2
= A v *Pg IF&2 vk A o 2 AL
program test
real a
read(*,*) a
if(a .gt. 0.) then
write(*,10) a
else
write(*,20) a
endif
10 format(’A is positive and the value is ’, f10.3)
20 format(’A is negative or zero and the value is ’, f10.3)
stop
end
ol A= 2] agke goll wEb A oty W QA E AT S =Yste =
2aaolth EUEL ojr]o] A TIo] Z2 o] FR ek Aol 2l/1H B Hnp

program test
real a, b, c
a=10.0

read(*,*) b
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c=a-b

if(c .It. 0.) then

write(*,*) 'A is less than B’
else if(c .eq. 0)

write(*,*) A is equal to B’
else

write(*,*) 'A is greater than B’
endif

stop
end

e IFEs 85 IFZ v 2ot o] g7 =

= 2L A Rl o o33}
7] 4131 GOTOR- & AH-317 ghobd B8 7 3

EN

k)
i
M
=
o5,
o
ik
<> 4
X0,

5

DO [labell, ] ] [loop-control]
block
[label] term-stmt

| 7128 o] F0} % =0 DO tho] ehl-& FA 343 1)
A Frh 4ol 1A,

ki
e
i)
i
i
gt
d
>
o
ok
N,
i

wy, o
1o
L

o

program test

real sum
integer i

sum=0.
do 10 i=1,10

sum = sum + i
10 continue

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



158 Using Fortran

write(*,*) sum
sum = 0.
do i=1,10
sum = sum + i
enddo
write(*,*) sum
sum = 0.
do i=2,10,2
sum = sum + i

enddo

write(*,*) sum

— ¥
=2
ofj

ASHA whE Zlolth dothsol £ EE 4H 3
HEE AR o714 g i 1R AES
|7} 9] =2 ARSSiAM A =g, S53 S7He
CHOE 15 AHEeth I B R o] Ffofl= 15
Al A ske Brolle EHEE stk ARS S
A DOE-S enddaz oy EHEE AL
7k o1 ZA A ske Aol v bds) HolA ¢
T2 O3S A5k Brole 3] A
L

8 o
= 2
% l
o "
L o
r”f ¥
= E
ofo
E? i
o X,
i -
3~ g, gy M
o o I oy
(r =" o 03’1{-'
M Ho - S
gréﬁmm
NE =g
T
S0 2= rfr
(o T ==

flor
2
o4&
X
ox
)

S5t kot oA
7L ?38tdt ERHSE ARG ST B
th 2HlFo] FHEE A Aete A= ¥
Sl oF =] =l DOE whA] 2 HEE AHES

T 5, S7e 28T cAlolth ol &
10744 #2 S742 st A 2 e < Alddste oA
w2 oldlsted o H =2 ez Ao dnt

229 T% DOES ALgs) HA. o
EAAA A3 Dk Al A oln] P
Sol 2x2 P9 G4 HRA.

g
TN

< Ik
i
=2
2
&

i)
eyl

(g X
in)
Ho
o
I
o
o

0

ol
1w O
@)
M
o
>
ofo
<)
rr
o
—o
o
=
4z
M
:a;:;
filo
u)
i

program test
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real a(2,2), b(2,2), c(2,2)

do i=1,2

do j=1,2
read(*,*) a(i,))

enddo

enddo

do i=1,2

do j=1,2
read(*,*) b(i,))

enddo

enddo

do i=1,2

do j=1,2
c(ij)=a(i,j)+b(ij)

enddo

enddo

do i=1,2

do j=1,2
write(*,*) c(i,))

enddo

enddo

stop
end

program test
real a(2,2), b(2,2), c(2,2)

open(9,file="test.in’)
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do i=1,2

do j=1,2
read(9,*) a(i,))

enddo

enddo

do i=1,2

do j=1,2
read(9,*) b(i,))

enddo

enddo

do i=1,2

do j=1,2
c(i.j)=a(ij)+b(ij)

enddo

enddo

do i=1,2

do j=1,2
write(*,*) c(i,))

enddo

enddo

stop
end

testino] 2= TFelofl A A4l A2 Bl ol 2 2ol S etk 12 W testind} UL v} 3}
o] Zulgj b= o).

1

2

3

4

5

6

7

8
oA H7I? A EE0] o] g2 HH ofF g HHAERZ SR e 2 aolgt A=
F H7)7F A 271?02 A 8= 4o v 2ol st AR RE2 7 th

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



B.3 Al o] & 161

12345678

-] o
QA W =
Sk 4l 8 o]
adelH &
He e 7] vl A=
ol B} 7} EALZ Thal o &

Z

Fej ofvbs o}

Zolth AHEEL EH3] 8719 Hloly g F
A ol HE Ay s} of 2871 ? readdt writet
sk st= 9] HlolH & ¢lo] £t} 1811
i Slojtt S YT A7 glod
| ol a(1,1pll &Fo] H a1 gl7] wEof dl
HAI R E Ho]FE Zolth AA 71 o] Aoz A7 dolE I Y
o

mjo
i)
=

program test
real a(2,2), b(2,2), c(2,2)
open(9,file="test.in’)

do i=1,2
read(9,*) (a(i,)),j=1,2)
enddo

do i=1,2
read(9,*) (b(i,j),j=1,2)
enddo

do i=1,2
do j=1,2
c(ij)=a(i,j)+b(i,j)
enddo
enddo

do i=1,2
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write(*,*) (c(i,j),j=1,2)
enddo

stop
end

]

187 24318 DO 2 shb7}h 9ol A 2 9] °l DO 229} v ¢k 9

Holup =4 F&ol of iy
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program test
real a(2,2), b(2,2), c(2,2)
open(9,file="test.in’)

read(9,%) ((a(i,)),j=1,2),i=1,2)
read(9,*) ((b(i,)),j=1,2),i=1,2)

do i=1,2

do j=1,2
c(i.j)=a(i,j)+b(ij)

enddo

enddo

write(*,*) ((c(i,)),j=1,2),i=1,2)

stop
end
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B.3.9 Summary
o] Aol A= ZF Aol ol thal Al vt o] ZE<2 A Elshd v} 2o

o STORE
e GOTO+
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e PAUSER A&
e CONTINUEE
o CALLE AF&¥

o RETURNE

A Z7HA] A& A2 g7 EL 22 73 29 7|2 A 2471 H+= Ao thal vl d ). o]
Hol|= o]t Q4 o] oA ZETHANAM AMSH = B2 T3 2H4] vy of gisf| A vl &
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AREHE o] ek 7 th= ) 18] 3 Matlaboll A o] ] o 71 & A =2 232 A2 T R L
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B.4.1 FUNCTION
function2 7178 7| &4 o] 2= 2 73] o]t} functione] E&F+ 2 dHEE WAFstyolnzg
oY 7R WS b= Aol FA A% 7| 24 FEl+= oS3 2o

Type FUNCTION function_name(argl,arg2...)
statementl
statement2
statement3

function_name=returned values
return
end
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At ARG SR} Sk T }Eﬁ$%%ﬁ4ﬂﬂﬂﬁﬂﬂtﬁVMwﬂé aszm-
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program test

real a, b, c

a=1.

b=2.

c=sum_test(a,b)

write(*,*) ¢

stop

end

real function sum_test(x,y)

sum_test=x+y

return

end
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program test

real a, b, ¢, d, e, f, g
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g=sum_test(a,b,c,d,e,f)
write(*,*) g

stop
end

real function sum_test(o,p,q,r,s,t)
sum_test=o+p+q+r+s+t

return
end
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program test

real a, b, ¢, d, e, f, g
common /data/ a,b,c,d,e,f,g
a=1.

b=2.
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g=sum_test()
write(*,*) g

stop
end

real function sum_test()
common /data/ a,b,c,d,e,f,g
sum_test=a+b+c+d+e+f+g
return

end

oG B Aol ofe] A7 Gt F
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A BeAx7] AN 44T Aol
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rr > o,

program test

real a(10), sum_result
read(*,*) (a(i),i=1,10)
sum_result=sum_test(a)

write(*,*) sum_result

stop

end
Ag A gefol et A2 Wil A2 W AbE st 475 A E A 92
Zol &8 agt= WS A HH“EH Ad= fﬂ?— Tl A EA gojF 7] vk 5HE AL
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real function sum_test(x)
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real x(10)

sum_test=0
do i=1,10
sum_test=x(i)
enddo

return
end

B 23 o] AFE AL xEhE A5 Sojgrha FeF AW FHUolA o
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B.4.2 SUBROUTINE

ol Wol & Rz e I3 e b AHEE sl AW Sk AusEe 904 A9
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SUBROUTINE subroutine_name(argl, arg2...)

statements

return

end
SUBROUTINE®| 2= A A A8 29 F HHEE Y o5& Aol 2H2he] I8 H o
oh 2 Thg AW S A #3L 7)€% Thgol vlA #he 2 & RETURNE 7 ENDE-E A
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program test
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real a, b, sum_result

a=1.0
b=2.0

call sum_test(a, b, sum_result)

write(*,*) sum_result

stop
end
o] ol Al= M7HE JAFE Wrobx] A7 741 he Sk oAtk HERERS TE5tE A

callo]gt= A& AFE L A HF R o] 52 sumtes|th. T2 oA HEE S ThE0o]
=0

subroutine sum_test(x,y,z)

real x, y, z

Z=x+y

return

end
NE2de A T A5 T ANethe AEe Aol o] g B Fe Aol
ch A EZ R A AHEE X, Y, 2 —t— 2% Ao msolch 912) Fael oAl AL Borol Al A
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program test

real a(2,2), b(2,2), c(2,2)
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do i=1,2
read(*,*) (a(i,j),j=1,2)
enddo

do i=1,2
read(*,*) (b(i,)),j=1,2)
enddo

do i=1,2
do j=1,2
c(ij)= a(ij)+b(ij)
enddo
enddo

do i=1,2
write(*,*) (c(i,j),j=1,2)
enddo

stop

end

subroutine sum_test(x,y,z)
real x, y, z

Z=x+y

return
end

program test
real a(2,2), b(2,2), c(2,2), d(2,2), e(2,2)
do i=1,2

read(*,*) (a(i,)),j=1,2)
enddo

do i=1,2
read(*,*) (b(i,)),j=1,2)
enddo
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do i=1,2
read(*,*) (c(i,j),)=1,2)
enddo

do i=1,2
do j=1,2
d@i.)= a(i,p)+b(ij)
enddo
enddo

do i=1,2
do j=1,2
e(i,))= c(ij)+a(ij)
enddo
enddo

do i=1,2
write(*,*) (d(i,)),j=1,2)
enddo

do i=1,2
write(*,*) (e(i,)),j=1,2)
enddo

stop
end

subroutine sum_array(x,y
real x(2,2), y(2,2), z(2,2)

do i=1,2
do j=1,2
z(i,j)= x(,)+y(i.j)
enddo
enddo

return
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end

o] NBSEL o] 83hH 9 o) m2 1L T} 3} o] 573 okH T
program test
real a(2,2), b(2,2), c(2,2), d(2,2), e(2,2)

do i=1,2
read(*,*) (a(i,j).j=1,2)
enddo

do i=1,2
read(*,*) (b(i,)),j=1,2)
enddo

do i=1,2
read(*,*) (c(i,j),j=1,2)
enddo

call sum_array(a,b,d)
call sum_array(c,a,e)

do i=1,2
write(*,*) (d(i,)),j=1,2)
enddo

do i=1,2
write(*,*) (e(i,}),j=1,2)
enddo

stop
end

Z} o] A A sumarrayel= A 2
asi e 28 W SH B 2= 6l

=

—

subroutine read_array(x)

real x(2,2)
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do i=1,2
read(*,*) (x(i,j),j=1,2)
enddo

return
end

T W QE th3 o] up of "tk
program test
real a(2,2), b(2,2), c(2,2), d(2,2), e(2,2)

call read_array(a)
call read_array(b)
call read_array(c)

call sum_array(a,b,d)
call sum_array(c,a,e)

do i=1,2
write(*,*) (d(i,j),j=1,2)
enddo

do i=1,2
write(*,*) (e(i,j),j=1,2)
enddo

stop
end

—

sHeZol E9ehs REukA $42 3w A,
subroutine write_array(x)
real x(2,2)

do i=1,2
write(*,*) (x(i,)),j=1,2)
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enddo

return
end

o] AmpA| o] &3ttt w12 BH XHA St tha 2ol B A olth
program test
real a(2,2), b(2,2), c(2,2), d(2,2), e(2,2)
call read_array(a)
call read_array(b)

call read_array(c)

call sum_array(a,b,d)
call sum_array(c,a,e)

call write_array(d)
call write_array(e)

stop

end
Aol ot A HFEY zpo] HolA ABFER S o= Agho] ot o A o] &&=
2| st A] okrtal ok of B EEolof oju] o B o] A L2 IS ATl §lo of
Lol 8 Tt oL AT 28 AR GA & 5 DA T gheF b & Abgo| L) ofy
W o Eo] A|7te] & A G Ho Yo 22 By & 5 Q8 20| RE LS =] A
ZrZ g FAoth 2 BE 22 93 AT ufof= o] FFY AHSFFENA oH7 X
o] AA3%t RS Dol A S F) FHopwtAh v 9] S A RERo A4S &

o} 1 ).

subroutine sum_array(x,y,z)

c
c °l M=5TL FAY M =3y ¥ AT e FT AT
c Y =M 25 Id5J2x: ATF TWHrT ST

C input : X,y

C output : z

c

real x(2,2), y(2,2), z(2,2)
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do i=1,2
do j=1,2
z(i,j)= x(i.j)*+y(ij)
enddo
enddo

return
end

919} Zo] 4L GolstopA gk Lpgel] QA4 £l AH4lo] A7) of W ThE Abgte] B
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B.4.3 Hz=g g Azl

ol ol A ol M A4 F RE2IAEL AT Jaske Pl A o) E o
A A F7EA] ol EE ol ) W& T ehA kel who] RE 22 IAES Y 1
Shte) shwre FotAsA AL Sek 29 A AVl BART S 2 el oisiA
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AL )59k W1 E A BT 0 AY S Fesls LA A4S Brhe 5
Lhe] shele] A2 B
program test

integer i, j, k

2
3

|
J
call iconst_minus(i,j,k)
write(*,*) k

call iconst_plus(i,j,k)
write(*,*) k
k=iconst_multi(i,j)
write(*,*) k

stop
end

subroutine iconst_minus(il,j1,k1)
k1l=il-j1

return
end

subroutine iconst_plus(il,j1,k1)
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k1=il+j1

return
end

integer function iconst_multi(il,j1)

iconst_multi=i1*j1

return

end
o] G A stite] st ol A shrhs 7hhe] df testl.f 2t JEHS oW AW otdS Tk
S 5 ok 28 ek o] 2 A & Tt Fof iconstminusgt= A B FE S A5 of H =
BAFole 8L 3t & F thA df testl.f & A3 of Hrt ARAL o] FE o ths Al of
71E dfoF= A vk Ak do7hal o] 3t -E U A] 4709 S Y2 v th o] B A sl ofFF =

2| A7) B2} ZhRke) o) 2ol e} Bt e A gshd H ok,
program test

integer i, j, k

=2
j=3
call iconst_minus(i,j,k)
write(*,*) k

call iconst_plus(i,j,k)
write(*,*) k
k=iconst_multi(i,j)
write(*,*) k

stop
end

subroutine iconst_minus(il,j1,k1)
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k1=i1-j1

return
end

subroutine iconst_plus(il,j1,k1)
k1l=i1+j1

return
end

integer function iconst_multi(il1,j1)

iconst_multi=il*j1

return

end
o] ZF ;] Z+7te] A A F & E test.for, iconsiminus.for, iconsiplus.for, iconsmulti.forz}
2 AFE Aohd o] FASS o gl FA AW AT WE 5 Y272 7 B 2
o] & =t

A2 2=t} Fol B W test.fort maine] 2}
St & Adstd - vtETh 19

AR AL o

X
o, Sk
;!
el
Zin
RO

9232 o gy ol
i 2 10 . alo
s,
o 8 oF >
lo 5 olop
S o ok
bosa

22 ooy

il e B | r,

o T ey 1

ro{l :E‘

o e

OLuJ —l]I' mo

L m@

tlo TV 5

lo N

2 % l:ljl

fud =

fr M

pacy

filo

%

12

=
i)

ulla
ki
N

>
(i
o
=
rlr
=
[
AC)
K
<
2
N
o
1%
i
AC)
2
1t

30,1
e r
i)

e,
=+

1/

i o
o o

(e rlo 32

[0 &L O 2t o Ho n & rfr ©
o ¢
ut
=

>
=2 tr
_—Ou‘:'f,

N

rr

[kl

HU ¢
[d

ric)
o
Iv)

N7 = TR SEAE AH oF Aot

)
2
N
>
3
0>~
N
o
:Onl_if
%
)
>
o
A=)
ne
o

o

o X 1198 A F = (object codelR THE = TH

Numerical Method for Chemical Engineers
(©copyright 2001-2004 Taechul Lee: tclee@prosys.korea.ac.kr



178 Using Fortran

e oObjectcode} T}= H 9 3t glo] HH g 5L o] 83 A3 FI S wte = T
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df /compile_only test.for iconst_minus.for iconst_plus.for iconst_multi.for
o) R = H 3 bW BE HIL ok AE Ao] AZ oW g7} 2o = Ak

df /compile_only *.for

df /exe:test *.obj

2 test.exe d e wEol &t} 1
= 5o test.forotd o] A o] H= AL o

df test.for *.obj

et Y2 S RE2 AL thal P39k SHe 2 glo] T testlorst A2 5t A3 A
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Lojeizpg R zeagos PA0] o] 93 o e AR
obH BA AR TA Bl m2asle] B0 AgeE He Aol
§8Hs oA L Sl A THE A2 o S R A

gtolHel gl & W1 f AR5t fafAl= lib ok ™ w0
Z2IaHY] AL o2 2k

QW
mO
FE
o,
=2
X
>~
e

AF&FHY. libo) 2l

it

F:\work\test1>lib
Microsoft (R) Library Manager Version 6.00.8168
Copyright (C) Microsoft Corp 1992-1998. All rights reserved.

usage: LIB [options] [files]
options:

/CONVERT

/IDEBUGTYPE:CV

/IDEF[:filename]

[EXPORT:symbol

[EXTRACT:membername

/INCLUDE:symbol

/LIBPATH:dir

/LINK50COMPAT

[LIST[:filename]
IMACHINE:{ALPHA|ARM|IX86|MIPS|MIPS16|MIPSR41XX|PPC|SH3|SH4}
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INAME:filename

/INODEFAULTLIB[:library]

/INOLOGO

/OUT:filename

/REMOVE:membername
/SUBSYSTEM:{NATIVE|WINDOWS|CONSOLE|WINDOWSCE|POSIX}[,#[.##]]
/VERBOSE

F:\work\test1>

2ol 3 2S oA m AL oy

714 thg AH ) of 2l Eo] Ldotok E 542 gholH e
= &AL ZdstA gtol BB B E vhe

o]
W Z A3 o] Eo METE 7 WA SHE dolth
o} H 2},

m9 [

lib /out:test.lib *.obj

ol@A YAL 3 AA| tHAE e o = AL 712 obj L E TS FolA test.libo] 2}
£ sl BEolZr) 1 ol A 3HH o] B Bolo] Sof YA WEnk 1iE o
E54E 2 ol 83 A A AE et A} Bk ol B E]of ojw § st So] o] QA &
o} X =},

lib /list:test.Ist test.lib

047]/H Ist 2t FAAE AR ST Ao X A2 ob Y Ak o] Z A HalFH L5l E}_]_
&K 5 Tk REL S o] §e 7k st 23t BHE o]
774@- 2F AT 2= ALY 109 - R H LE TS AR gH7] o 2ol o}2 R o] O]%‘ﬂ]
2% 372 2 SRS vhETh 6o 7t o] st ol A ghol B o] S0 ' F ol

FARE AL Yt st S RS HE

Jﬁ&‘
o
N
©,
lm Sy
N
5
B
é
m

F:\work\test1>more test.Ist
iconst_minus.obj
iconst_multi.obj
iconst_plus.obj

o} 7Heks] Edo) W AT o] Sof Atk Hof Utk ool 47 vhoju el S
BE £ Folt F ol A list b g wrE ol A o] Huaty] miehth Teobd LEel 5
% 72 5heo] of o] e e oo Bof YA & 4 Atk

o9 o] ol eholmel el of 4] Fel Al WL Tels) BAh Ak ehol Hej e of A
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lib /remove:iconst_plus.obj test.lib

i/

2 9L
L eholHefelo] 2EL i} ojs A
lib /out:testl.lib iconst_plus.obj test.lib

&} Zo] 3t whX obj codes ThA] Yol FA "} o] A2 E2 thE obj codes W H =
o btk 2 E s 99] o Aol 2ho] B 2ol 4 S obj codeE Lol ¥ =T
27 3FA] E 11 obj codes W v o] X =}

lib /extract:iconst_plus.obj testl.lib

o] ZA| 3t A3t= obj codes ol B gl 5T 5 k. 2™ 7]E 5] = Z
TE ol EsHY] AsiAl = ol B A sfoF B 7?21 ©d] thA] Hell s Aok 23 H
| T} o) Fol FAsT LA E 8 W

F:\work\test1>more test.Ist

iconst_minus.obj

iconst_multi.obj

iconst_plus.obj

F:\work\test1>lib /out:test.lib iconst_minus.obj test.lib
919} o] 85w 71l £ o] 914 obj codeg Yol = 3] &

A7 = grolBe g & vte= o thafjA v =295 Atk 29 oAl o] gholB

22 & o] &3 Hutd Rl el A A 22 s Bk 78 e i & g Elol Bl e E
A9 Eu] A3 Ao o] AntYdS 3 A Aot

df test.for /link test.lib

o7 3 W Tk ol o). ok F 7heks) g ehol el o) o] B W BAE B Falink e
FAW AL o Fu Dk o)A AR AL BEL Aol B v
2519 318 = me Alzre] Aok 1w ek gl AW B AT 2ol WAL e 7
Solx thed] AA AAL Bw e vol T2 IANL AAS I o Ml el 2 BhE A
shel2 ghul ek A Abs) 2B Bk 12 3 ehe) Hef el of §1 X of thal A LobrAL. el Heel
£ oltlofl glol= H& Aol ol et AR 4L 3w gl DA Eelo] 987t o w Alx
"ol 4 A8l E ol glofof .
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F:\work\testl>echo %LIB%

F\Program Files\Microsoft Visual Studio\DF98\IMSL\LIB;
F:\Program Files\Microsoft Visual Studio\DF98\LIB;
F:\Program Files\Microsoft Visual Studio\VC98\LIB

AL Ao A= A 26 o] FBE Mol th e ghe 27194514+ echo 9%VarNameds
sl=w Bk 2elng AR sl FolE eholneld teAEe g 4] o)A 99
22 Welol2 Agatd Atk o) 7hed @ 2o Yol T rl ot EA 7} At ol
Hele g AT+ Atk 134 2 Aol st U Eelo] Zo] Sof glofokw
Ak

B.4.5 EXTERNAL & A}-£3}7]

ol & sl HA}.

program test
real a, b

a=2
b=f(a)

write(*,*) a, b

stop
end

real function f(x)
f=x**2

return
end
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Ao A= AFTHE T
2bels 2ROt} o] g =
ﬂ“&ﬂfﬂ%ﬂéﬂ .
F7he) Ak o) Aagde dEsH

program test

real a, b

a=2

b=(f(a+0.0001) - f(a))/0.0001

write(*,*) a, b

stop
end

real function f(x)
f=x**2

return
end

o] mz 1ol A% Arbe The 3 2r)

C:\WORK>test
2.000000 3.995895
C:\WORK>
A2 020 B 2ol BR 1 = 2 Auf 9] G 47F Lol B A AT 4o 2
e 292 3] 49 e ohth & el W o] 22 A Hah G4 Fo A
W 7 3o Aohe gholl A S8 g o)A AN slopg s 2otulE o] RS
Aol 4L otd 57 k27h 232w o] g7 sk @ Aork.

real function deriv(f,x)
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real del
del=0.0001
deriv=(f(x+del) - f(x))/del

return
end

program test
real a, b

a=2
b=deriv(f,a)

write(*,*) ’'derivative value of f at’, a,is ’, b

stop
end

real function f(x)
f=x**2

return
end

real function deriv(f,x)
real del

del=0.0001
deriv=(f(x+del) - f(x))/del

return
end
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2t o] =2 o] o] iFo] QISR ABZtsl Bl F o ® B0l AT o]4o] gith ¥ Y
I Aot e otn AL 8 BA ohutw thg ) 2L HAAE BA 2 Ao}

C:\WORK>test

forrtl: severe (157): Program Exception - access violation

Image PC Routine Line Source

test2.exe 0043B4B1 Unknown Unknown Unknown

test2.exe 0040103D Unknown Unknown Unknown

test2.exe 0042CE29 Unknown Unknown Unknown

test2.exe 00424064 Unknown Unknown Unknown

KERNEL32.dll 77E57903 Unknown Unknown Unknown
AL S sk DAZA = £ 7 QAA A sk DA A A7 ATk o] 23t A o]
run-time erroe| th. A7 FA 7F A Zith 28 A EL ojHIT AES S AP 2R
23 Zgo] FREYAY 28 AL B9 oprk asiow oju] A5 sk A oA
2A7L AALE . 18 D72 27 deriv @l febe B0 ol EL A5 A&7 1)
Fol 71 FAl o]t} o] deriv B ek Q1 gho] Be) ghol A B2 ujE Ak A3}
A DA A AT GRA R LA AYE Sk BAN A 2A7L Tk 227
He Aolth. 2B o3t #AIE s A7) fsiA externalow}% 7IHE7E 223 A
°lt}. externalolet= 7] f == A RL2 230l A Aok A Tk ofw o 2 S o
Sete AS FeFE AL Ak 2 RE o] TR S o3} o] £3L F ok

c}.
program test
real a, b
external f

a=2
b=deriv(f,a)

write(*,*) ’'derivative value of f at’, ais ’, b

stop
end

real function f(x)

f=x**2
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return
end

real function deriv(f,x)
real del
del=0.0001

deriv=(f(x+del) - f(x))/del

e} gol £AL B F WL e the I 2L

(e
-
rr
i3
i)
gl
filo
ne
filo
H
39
v

C:\WORK>test
derivative value of f at 2.000000 is 3.995895

F 7)o g SokRith ok 42 R mE I o)A ST SIS E B T AMg S A 2
= o]

externai2 A A< oH/H /\]—%oﬂo]: gt} 2 7| AetA} o] HEo] s A ]
lojok B 22t :’- oﬂ/ﬂ AYZ ot o Zo3A a7 ujfo] o]ZA Rz
g9 ALESh S RolA AR 5 Ak el o2l AL vFo 2 IMSLE A

obmbaombmﬂ

e el o3 b

B.4.6 IMSL A}-&3}7|

IMSL(International Mathematical and Statistical Libraty)t} st X Egt g 73090 2 &
Rolth 2 FREo 2 AT}

e MATH/LIBRARY general applied mathematics and special functions
e STAT/LIBRARY statistics

oA FRELE YA RIS AMGste Ao et F REoE R

o},

e Single precision : function itself or S or A prefix

e Double precision : D prefix
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o] FA FA ol & IMSLE AA| th23} o] Fo] HojA gfolH g2 A o] FHof Slth
e SMATHS : Single-precision MATH library, one of the IMSL FORTRAN 77 Numerical Li-

braries.

e SMATHD : Double-precision MATH library, one of the IMSL FORTRAN 77 Numerical Li-
braries.

e SSTATS : Single-precision STAT library, one of the IMSL FORTRAN 77 Numerical Libraries.

e SSTATD : Double-precision STAT library, one of the IMSL FORTRAN 77 Numerical Li-
braries.

SF90MP : Fortran 90 MP library, a new generation of Fortran 90-based algorithms, optimized
for multiprocessor and other high-performance systems.

2o me) ALg-ahE B} 99 2lo) He)e) S 71-eu MATH

e Linear Systems
e Eigensystem Analysis
e Interpolation and Approximation
¢ Integration and Differentiation
¢ Differential Equations
e Transforms
e Nonlinear Equations
e Optimization
e Basic Matrix/Vector Operations
o Ultilities
=31 ] of] A] Basic Matrix/\Vector Operationé; UtilitlesS& a8l E 7| BEA o 2 AFRSt= o

B Ay #dd 2U59 00e g2 EEolne AA £1s) A0l AT AL ol
t}. 299 ASL FAAN Aol A ARAL R AT TR T,

o] Z ]| A Nonlinear Equations] 32 = —%—% Eldl Ex} t}o 7} Zvo] I A Al Ao o
A A 7HA] FEFo] S Th T o] Al BFoA FIALAL st T FEH
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wetA 7t oAl o 8 B A7 E =R ofU W ThEk4] 9l o ThE FEj Y] T2 A FAH
=X upel 2A Ak dub el Aeole vk e 2y o) FEE EA
Zolth 1Y 1 3}¢EH FEATEHE A= %01 2ol A=A A uet Dk
A Aola 1o ufek FHEFo] A8ttt vpA Y OE ANa"e] 25 e 497 d+e
o] LE 2 WA 6.5°M nonlinear equatiof] A| =% R0 A A oFZF FAh o] 23t
A= FE 129 nEHA Ao A who] grE o] A= Zﬁi st EAE S As] AsiM =
A" og FAH A9 2 = FHE o] &3 A | 22 sl ofwt "t

e Zeros of a Polynomial

— Real coefficients using Laguerre method ZPLRC
— Real coefficients using Jenkins-Traub method ZPORC
— Complex coefficients ZPOCC

e Zero(s) of a Function

— Zeros of a complex analytic function ZANLY
— Zero of a real function with sign changes ZBREN
— Zeros of a real function ZREAL

¢ Root of a System of Equations

— Finite-difference Jacobian NEQNF

— Analytic Jacobian NEQNJ

— Broyden’s update and Finite-difference Jacobian NEQBF
— Broyden’s update and Analytic Jacobian NEQBJ

2ol 3

%ﬂli
kg

SA% FAol o 7hA %
A AHgH ofet Sttt o] ]
obA ARg3HE ATk 1 %
2 g ol 8o M Z2 g
A% ¥ g ZREAL o] 2k

o] SAo) A+ JonE ojyR
5l B = IMSL =8l o] o3t 4
22 HELP 392 #2357

b ok

a%
sof ue} 2
IMSL glo]l B
EER e

2+ 51= vk of] T B A o 5] & & 5} A}. o
280 el A Sobr A

ZREAL/DZREAL (Single/Double precision)
Find the real zeros of a real function using Muller ’ s method.

Usage

CALL ZREAL (F, ERRABS, ERRREL, EPS, ETA, NROOT, ITMAX, XGUESS, X, INFO)
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Arguments
F . User-supplied FUNCTION to compute the value of the function of which
a zero will be found. The form is F(X), where
X . The point at which the function is evaluated. (Input)
X should not be changed by F.
F . The computed function value at the point X. (Output)
F must be declared EXTERNAL in the calling program.

ERRABS . First stopping criterion. (Input)
A zero X(I) is accepted if ABS(F(X(1)).LT. ERRABS.

ERRREL . Second stopping criterion is the relative error. (Input)
A zero X(I) is accepted if the relative change of two successive
approximations to X(I) is less than ERRREL.

EPS . See ETA. (Input)

ETA . Spread criteria for multiple zeros. (Input)
If the zero X(I) has been computed and ABS(X(l) - X(J)).LT.EPS, where
X(@J) is a previously computed zero, then the computation is restarted
with a guess equal to X(I) + ETA.

NROOT . The number of zeros to be found by ZREAL. (Input)
ITMAX . The maximum allowable number of iterations per zero. (Input)

XGUESS . A vector of length NROOT. (Input)
XGUESS contains the initial guesses for the zeros.
X . A vector of length NROOT. (Output)
X contains the computed zeros.
INFO . An integer vector of length NROOT. (Output)
INFO(J) contains the number of iterations used in finding the J-th zero

when convergence was achieved. If convergence was not obtained in ITMAX

iterations, INFO(J) will be greater than ITMAX.

nhE of o] M PAL 99 FEiHTIE F B L FEHE FHol e
293 A2 Bl Ak o] ZREALS| 2l iz 2 132 Muller Alof o] 5]
=1 /\]—B—Q% :=’r © 2 UsagefHoj B oj@ 7| &2 o}y ‘“Zl uhelolt g
SHohaL = AR W A2 A2 HAf o] H g e ade B 7Y WA oRd

—|—‘

i

ot & e rulo_&ﬂd
o, Ezi-p Fﬂ\i

Fgtol 4B A2 Holok A Zlojw] o3 gho] EYAE LA E AR oker ek
ja W5 hed g BA AHg S A7t Feke @4olth o] @4t externakz A1 9lo]

—
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o} glofof 9@ R} St F4E ehlokw BTk FHA A5t §47t 1 T AL
0ol 7Y ATk TR B o] G o] Arhd AA SR A S AR F EEolh
AR Qe ALHOR 202 F45E gho] T AT F Fopd 22 AA Supe 2
o= WelE A& AAshE LR A chANA L A% Aoz Folrl F 2o
EPSSH] SIEha Lhgof Stobdl 2of ETARFZ ] g sl A thAl Zheth thg o] A5t 2
S Bk 29 A5 E o H] ITMAX & A% 4 22 22 4 §17] wEe] up) A4
2 33 IREAES 2AH Foh A 9 ghS XGUESSE 29 2AXE doj5d
hoAM o] RREE AR & 4 glonz B ZAEY ANL ) Foh o)A 28 ol
et 2 HAh FEWSE WOHE A o] glo] Uk 23} T 2ol A 5 g 52
th.Fehe M5t 4H oM % Aol H A 2840 goRE Aol H gtk %,
Aot 22 FohAA S B4 ol AW 2 HIT F 2L T ool 2SS
o gke] Btk 7ol 3 2o thek FHE ZFAL Gt Xehe WATt u uhA o 2 A Abo]
A= ¥ QA oh ™ EA7F g A o e INFORRE 4 ghol Stk Aol 2 ¥+ 7
ol BA QAR FH A i Aol o] Mo ke I i shobul A

A 17 o)A o A ]88l A ZREAL £ 81-& AF&3] HAb Ak 2kt o A 4l o] 2
< ZrotrE k. dste 42 v 2o

flx)=2+22—-6 (B.1)

A

off

H O 3% o
ol FES XEYUOR FAHS

real function f(x)
real X

f = x*x + 2.0*x - 6.0

return
end

1 T ZREALE o] g3k w9l =2 19-& A3 skAL.
program test

parameter (nroot=2)

integer info(nroot)
real x(nroot), xguess(nroot)
external f

data xguess/4.6, -193.3/

eps = 1.0e-5
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errabs = 1.0e-5
errrel = 1.0e-5
eta = 1.0e-2
itmax = 100

call zreal (f, errabs, errrel, eps, eta, nroot, itmax, Xxguess,

& X, info)
do i=1,nroot
write(*,*) x(i), info(i), f(x(i))

enddo

stop

end
o zr2adls Aozl dd SRR A= AR vl ol that dd o] Aok I o fet
= @ external A A2 S| A ARR ST A AT o] &2 ofn] A Ao A
g Wgolth It 277k tid 2 DATAE o] &34 At 2 o3 223
o]y #he dFsta ¢ ZREAL x2S E3th £A4 s 2o A3= Aok E 7
gglo] 2371 v Aoty I g 8o R dor AR s A =43er 2
AX M EHATF INFO Wi IR 77 dol 2t oy I gt auf 49 gs S8 2
ATt o] Z2IWS FASIskE 2ol el dotE Ak feA Fzg 3 Aot gholB
A& o] &3t Ao ol that e F Hohd o8& glo] & 4 Aok e mpx
© 2 o]Hof A}&3 IMSL gfe] B 2] g9 o] &5 smaths.lip|t}. 9] =2 1319 A4l += double
precisiore]] 3 Fol= F 2z 2 1 WS AFESHA] ke B g smaths.lip] ™ 5w Stot

J:\work\numerical\test>df test.for f.for /link smaths.lib
ol FA A Qe AYHAL APshE th 3t T AFE AL 5 3Urk

J:\work\numerical\test>test
1.645751 4 2.4348299E-07
-3.645751 5 -3.8731326E-07

INFO ¥ ol & 22 et Aedod A%
ZF A} S ekel] AL AyE 2 4 9l
o] 0o 7}7h=2 gheltt.

AF o] AL = IMSL o] B 2l & ARS8t 1
2 appendi& nhiE] A e 1 =t AL o e AS
BEo] st AL A AR 3713 Aol o

= s,
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